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11 having appeared to me that M. de la Caille's 
Elements of Aſtronomy would be of ſervice to 
our Engliſh ſtudents, I undertook the following 
tranſlation for their uſe, eſpecially as my notions 


concerning the utility of ſuch a performance were, 
among other friends, confirmed by your approba- 

tion, e | | 
I was induced to addreſs this book to you, as the 
moſt accompliſhed judge of the ſubject ; and becauſe 
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I conceived, that the high eſteem which the public 
had for a gentleman ſo juſtly diſtinguiſhed for his 

ſkill in aſtronomy, would more readily excite the 
lovers thereof to examine a work that appeared un- 
der his patronage : But at the ſame time, knowing 
how ſmall a ſtare of merit belongs to the tranſlator, 
I ſhould have thought it incumbent on me to have 
apologized for-troubling ſo eminent a perſon, bad 
you been unacquainted with the intention of 
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H O' there are ſeveral Treatiſes of Aſtronomy 
L Engliſh, ſome of which. deſerve the higheſt hes 
rafter, yet there are many particulars e eſſential in 

practice, that none of them contain: Now the . of theſe 
Elements having ſupplied thoſe defects, treated the ſubjet? in 
a more familiar manner, and introduced an accuracy in the 
computations not "commonly pratiiſed ; it is preſumed that 
it will be an acceptable ſervice to our Audents to preſent 
them with this Tranſlation. 

In the preliminary treatiſe the ſolutions of Spheric Tri- 
angles are neatly deduced, in a different and eafier manner 
than has been commonly ſhewn ; wherein the determination of 
the parts required, ſeems to be in imitation of thoſe contained 4 
in the precepts prefixed by Mr. Jones to Gardiner*s edition 
of Vlaques Canon Magnus, and other Logarithmic tables. 
In the aſtronomical part, the reader will find many curious 
ſubjetts, Juch as the compoſition and reſolution f Farces; 
Newton's method of differences exemplified in the interpolation | 
of obſervations, by numeral computations ;, the laws of Central 
Forces; the theory of Epicycloids with its application; ſeve- 
ral particulars in the third book of Newton's Principia demon- 
ſtrated in a familiar manner; the whole doftrine of Eclipſes, 
whether Lunar, Solar, or Stellar, illuſtrated, both by com- 
putation and by graphical operations ; together with other 
valuable and intereſting articles, the particulars whereof are 
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ppeciſed in a table of contents, which the Tranflator bas 

prefixed to render the bopk more commodious. 

It may be proper to inform the reader, that the author 

Having been apprized that a tranſlation of his book was com- 
menced, communicated ſeveral Corrections, Alterations and 
Additions, whereby the following werſion in this reſpett has 
ſome advantage above the Original. 
' To theſe Elements is annexed A Treatiſe of Projection, 
tranſlated from a Tra# of the ſame author, in the Me- 
moirs of the Royal Academy for the year 1 . Thes 

. Piece ſhews,, bow every ſpberic pr 4 gm may be conſidered 
from two ſimple proportions deduced from gi! ix why z and 
as it is applied to the doctrine of eclipſes, and other things 


dependant thereon, it was thought a proper Ks. e to 
the preceding work. 
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Chriſt's-Hoſpital, 
Oc. 26, 1749+ 
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A PRELIMINARY TREATISE. 
| Of Spherical Trigonometry. 
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ARTICLE I. | 
Definitions and Netions of Spherical Trigonometry. 

1. [Off NJ EPHERICAL Trigonometry is that 
Wo SAY Science which teaches how to calculate the 
parc of triangles formed on the ſurface 

of a ſphere, by three arcs of great circles. 

: © The {mall circles of the ſphere do not fall 
under a trigonometrical calculation; not only becauſe they 
are of different magnitudes, or that they have not the 


lame radius as the great circles; but alſo, becauſe their 
| B planes 


8 ** 
212 
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planes do not neceſſarily cut one and the ſame axe, nor 

paſs by one and the fame point of the ſphere ; whereas 
the planes of all the great circles neceſſarily paſs through 

the centre of the ſphere.” | 

2. If thro* the centre of a ſphere, a diameter be 
conceived to be drawn perpendicular to the plane of any 
great circle, this diameter is called the Axis, and 1ts two 

_ extremities are called the Poles, of that circle. 

3. Hence it follows, I. That on the ſurface of a ſphere, 
the diſtance from the pole of a great circle to any point in its 
circumference, is meaſured by an arc of 90®. 

4. II. A great circle on a ſphere being given, 1ts poles 

may be found. 8 * 
This is readily done by a pair of compaſſes whoſe legs, 
are bent inwards (and therefore called ſpherical compaſſcs): 
For having opened the points of the compaſſes to the fourth 

part of the circumference of a great circle, then, one 
point ſtanding any where on the ſaid circumference, de- 
ſcribe arcs on each ſide thereof; ſet one point of the com- 
paſſes, in ſome other point of the circumference, and with 
the ſame opening cut the former arcs; and the interſections 
will be the two poles of the given great circle; for theſe 


points will be diametrically oppoſite, and each at go de- 


grees diſtant from the great circle. 

Alſo, On a ſphere, may be deſcribed a great circle, one f 
whoſe poles is given. EEE | 

For the ſpheric compaſſes being opened to a fourth 

art of the circumference of one of the great circles of 
this ſphere, or of any other circle deſcribed on a plane, 
whereof the diameter is equal to that of the ſphere ; then 
with this radius, from the given pole as a center, deſcribe 
a circle on the ſurface of the ſphere, which will be the 
oreaf circle required, 5 . 

5. III. That *tis the ſame thing to deſcribe a great circle, 
or any arc of a great circle from its pole, as to deſcribe it by 
ſetting one point of the common compaſſes in the centre of the 
ſphere, and extending the other point to the circumference 
thereof. Or generally, @ circle, or any arc of a circle may 
be deſcribed on the ſurface of a ſphere, from any point A, 


taken as a centre in the axis of that circle. . For then the 
EF AM circle 
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circle may be conſidered as the baſe of a right cone, 


whoſe vertex is A, equally diſtant from every part of the 
circumference of this circle. | 

6. IV. Each great circle of the ſphere has two poles ; 
and no point on the ſurface can be a pole common to ſeveral 
great circles, 5 AAR 

7. THeOR EMI. Any two great circles deſcribed on the ſur- 
face of a ſphere, mutually cut each other into two equal parts. 

7. DEMONSTRATION, For two great circles, have the 
ſame center; and the interſection of their planes is a right 
line paſſing thro? that center; therefore this right line is a 
diameter common to both circles; but the diameter di- 
vides its circle into two equal parts. | 


8. CoroLLAry., Hence it follows, That two arcs of great 
circles, each leſs than 180 degrees, do not contain a ſpace, on the 
ſurface of the ſphere. For if they cut one another at one extre- 
mity of each arc, they cannot cut at the other exiremities, at a 
leſs diſtance, ' than 180 degrees: But they are leſs than 180 de- 
grees by ſuppoſit ion. Therefore, c. | 

9. Der, A ſpheric angle is meaſured by the ſame arc, 
which meaſures the inclinations f the planes of the two great 
circles whoſe inter ſection forms that ſpheric angle. 

10. Hence it follows, I. That the arc FE of a great tircle, 
deſcribed from the vertex B of any 4 angle EBF (Fig. 1.) as 
a pole, is the meaſure of that angle. And in general, any arc fe 
deſcribed from the vertex, B, and intercepted between the ſides 
BF, BE, of any ſpberic angle FBE, is the meaſure of that angle, 
For let AEBCA and AFBCA, be the planes of two ſemi- 
circles, whoſe. interſection forms the ſpheric angle FBE. 
Firſt, it is evident, if from the center C, be drawn, in the 
planes AEBCA, AFBCA, the radius's CE, CF, each per- 
pendicular to AB, the interſection of thoſe planes; then is the 
angle FCE equal to the mclination of the two planes, and the 
arc FE, deſcribed from the center C, is the meaſure of this in- 
clination. But (5) this arc may be deſcribed from the pole B, 
lince B is the pole of the arc of a great circle which meaſures the 
ſpheric angle FBE. Secondly, If from any other point c in the 
inter ſection AB, and perpendicular to AB, be drawn the lines 
ce, cf, one in each plane, theſe lines are in a plane perpendicu- 
lar to AB, and conſequently are in the plane of a ſmall circle 
parallel to that great circle whoſe pole is B; AB will be an axis 
common to thoſe two circles: The angle ecf (and its meaſure, - 
the arc fe deſcribed from the centre c) will alſo be equal to the 

a io. | B 2 hs incli- 
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inclination of the planes of the two ſemicircles. But (5) the 
arc fe may be deſcribed from the point B, taken in the axe AB; 
therefore any arc fe deſcribed from the vertex B of a ſpheric an- 
| gle, * intercepted between the ſides EB, FB, is the meaſure of 
this angie. | 

11. II. If the arcs which form any ſpheric angle FBE, b. 
continued till they meet in A, then is the angle FAE equal to the 
angle FBE, and the continuations, are the ſupplements of theſe arcs, 
For two arcs of great circles cannot interfect each other twice 
but at the diſtance of 180 degrees; therefore the arcs AFB, AEB, 

are each 180% Now, B is the pole of the arc FE meaſuring 
the angle FBE (10), therefore the arc FE is 90* diſtant from 
the points B and A; conſequently A is alſo the pole of the arc 
FE; therefore the arc FE meaſures each of the ſpheric angles 
FBE, FAE, | 
12. III. If ewo great circles interſect each other, their great. 
elt diſtance is at thoſe points which are 90* diſtant from the inter- 
ſection: And the contrary. | | 
13. IV. If two arcs of great circles interſeft each other, th 
oppoſite ſpheric angles are equal to one another. Becauſe the incli- 
nations of the two planes is the ſame on both ſides of their inter- 
ſection. | l 

14. V. If a circular arc flands on another arc, they form tui 
angles, whereaf one is always the fupplement of the other. 

VI. A ſpheric triangle ABC (Fig. 8.) may be confidered 2 
the baſe of a kind of pyramid ABCD, whoſe vertex D is at the 
centre of the ſphere, and whoſe faces CDB, CDA, ADB, arc 
ſectors terminated by the arcs BC, AC, AB; and by the radii 
_ CD, AD, BD. Where it appears, that each angle of the ſphe- 
rie triangle is equal to the angle of the inclination of theſe faces; 
and each {ide meaſures the angle at the center D, comprehendet 

between the radii. | « . 

15. TRREOR. II. The arc of a great circle intercepted bt- 
tween the two-peles of two great circles, is equal to that arc 
which meaſures the inclination of theſe two circles, or thi 
Jpheric angle which is formed by their interſeftion. 

DEM. For ſince the axe of each great circle is perpen- 
dicular to its plane, and paſſes thro the center of tic 
| ſphere, therefore when their planes coincide, their axes 
will coincide, and whatever inclination their planes have, 
their axes will be equally inclined ; confequently the an- 
_ gle made by the axes of two great circles is equal to the 
angle in which their planes are inclined ;- but the angle 


made by two axes, is meaſured on the ſurface of the * 
| ö 
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by an arc of a great circle comprehended between their 
extremities, that is, between the poles of theſe great cir- 
cles: Therefore the arc contained between the poles of 
two great circles, meaſures the ſpheric angle formed by 
their interſection. | | 

16. Cos. I. In a ſpheric right angle, each fide forming this 
angle, paſſes thro" the pole of the other fide. And the contrary. 
For if the angle FBE (Fzg. 1.) is right, the arc FE is 90* and 
the point E is at the diſtance of 90* from the arc AFB, and is 
therefore its pole; for the ſame reaſon, the point F is the pole 
of the arc AEB. 
17. Cor. II. An arc may be drawn perpendicular ta a given 
arc, from a given point ; which is done by deſcribing an arc of a 
great circle to paſs thro' the given point, and thro' the pole of 
the given arc. | 

18, Cor. III. Tuo or more arcs perpendicular to another arc, 
interſefF each other in its pale, or at go“ diflant from this arc : 
And on the contrary, an arc which.cuts two or more arcs at the 
diflance of 90 from their - inter ſeftions, cuts all thoſe arcs at 


right angles, 


AR TToI ER II. 
General Properties of Spheric Triangles. 


19,/FHzor III. If on the three angles A, B, C, 
| (Fig. 2.) of a ſpberic triangle, as poles, there be de- 
ſeribed three arcs of circles, FE, FD, DE, forming a new 
ſpheric triangle DEF; each fide of this new triangle, is 
the ſupplement of the angle at its pole; and each angle of 
the ſame triangle, is the ſupplement of that fide of of the tri- 
angle ABC, to which it is oppoſite. 

DzM. Since A is the pole of the arc FGHE, the di- 
ſtance of the points A, E, is 90. And ſinceC is the pole 
of the arc DN ME, the diſtance of the points C, E, is go“. 
Therefore E is the pole of the arc NAC G. In the ſame 
manner, the points F, D, are proved to be the poles of 
the ares TABH, MBCL. | | 

Now i ſt. The arc FI og) rc DL. Therefore DL + 
Fl=180*; or DL+FL+Ll1=180*; or DF+LI=180®. 

B 3 There- 
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Therefore DF is the ſupplement of II which is common 


to the quadrantal arcs, DL, FI. Bur the arc LI having B 
for its pole, 1s the meaſure of the angle ABC: Therefore 
the ſide DF is the ſupplement of the angle ABC: By a 
like demonſtration, (GH the meaſure of the angle A, is 
the ſupplꝭ ment of the arc FE; and NM, the meaſure of 
the angle C, 1s the ſupplement of the arc LF. 

2d The arcs Bl, AH, being each of 90, tae arc AB, 
common to both, is the jupplement of the arc | ABH, 
which is the meaſure of the angle IFH. Therefore the 
fide AB is the ſuppl: ment of the angle F. Likewiſe AC 
is the ſupplement of the angle E, and Be the ſupplement 
of the angle D. 

20. Taxon. IV. The ſum of any two ſides 7 
triangle, is greater than the third ſiat. 

Dem. The ſhorteſt diſtance between two points on 
the ſurface of a ſphere, is the arc of a great circle paſſing 
thro* thoſe points; conſequently the ſhorteſt diſtance be- 
tween two angles of a ſpheric triangle is the arc paſſing 
taro* thoſe angles. 

21. THror. V. In every ſpheric triangle, each fide is 
leſs than à ſemicircumference. 

Dzm. Each angle of a ſpheric triangle i is formed by 
two arcs of circles, which after their firſt interſection meet 
again at the diſtance of 180* but before their ſecond 
meetirg they are interſected by the third arc, therefore 
ws ſicie is leſs than an arc of 180. 

Turok. VI. The:ſum of the three ſides of a ſpheric 
vials? is leſs than 360“. 

Dem. In the ang ABC (Fig. 3.) prolong any two 
fides AB, AC, till they meet in D, and the arcs ACD, 
ABD, are each equal to 180%. But (20) DC DB is 
greater than BC. Then will AC+AB+DC+DB be 
greater than BC+AC+AB ; that is, the two ſemicir- 
cumferences ACD, ABD, are together greater than the 
ſum of the three ſides AC, AB, 80. 

23. Tnrxor, VII. Ihe fum of the three angles of a phe 
ric triangle is greater than 80*, and leſs than 540" A 
than fix right angles, 
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Dem. iſt. The ſum of the three angles of the triangle 
ABC, (Fig. 2.) and of the three ſides of the triangle DEF 
together, make three times 180%, or 340“ (19.) But 
the ſum of the three ſides of the triangle DEF is leſs than 


twice 18022.) Therefore the ſum gf the three angles 
of the triangle ABC, is greater than 180®. -4# 
2d. A ſpheric angle is always leſs than 180 ; there- 
fore the ſum of any three ſpheric angles is ever leſs than 
thrice 180%. | 
24. Coror. I. A ſpheric triangle may have three right an- 


gles, or three obtuſe angles. 
25. Cokol. II. Tio angles of a ſpheric triangle being given, 


the third is not therefore given. 

RERMARK. In a ſpheric triangle, the more degrees there are 
in each fide, the more will the ſum of the angles exceed 180? ; 
For then the ſpheric triangle difters more from a right-lined tri- 


angle, 


26, Tutor, VIII. Two ſpheric triangles are equal; 
1/t. If the three ſides in the one, are equal to the three ho- 
mologous fides of the other each to each. 24. If they have 
two homologous ſides and the included angle equal. 3d. If 
they have two equal homologous angles, comprehending an 
equal fide. 4th. If the three angles of the one are equal 4% 
the three angles of the other each ig each. 

The demonſtrations of the firſt three caſes are the ſame 
as in right-lined triangles. That of the th cafe will be 
given at Ne. 73. 8 

Obſerve, that by equal ſides, is meant thoſe arcs which 
have an equal number of degrees. | 

27. Tntor. IX. In every iſoſceles triangle ABC (Fig. 
4.) the angles B, C, oppoſite to equal fides AC, AB, are 
equal ; and if a triangle has two equal angles B, C, the op- 
Pofite faces AC, AB, are equal. 

Dem. 1ſt, Having taken in AB, AC, the equal arcs 
AE, AD, and drawn the arcs BD, CE; it it evident 
that the triangles ABD, AEC, are equal, having the 
equal ſides AE, AD, and AB, AC, including the com- 
mon angle A; therefore BD=EC : Alſo the triangles 
EBC, BDC, having two homologous equal ſides, viz. 
BD=EC, and EB=DC, and the ſide BC common, are 
| "4 equal 


2 De EL; 
N to one another; therefore the angle ABC= angle 
2d. If the angle B=C, the fide AC=AB: For having 
taken CD BE, and drawn BD, CE; the triangles BDC, 
BCE, are equal (26), each having an equal angle included 
between the common ſide BC, and the equal ſides BE, 
CD: Therefore iſt. BD EC; 2d. the angle DBC 
ECB, and conſequently the angle DRA=ECA ; 3d. the 
angle BPC=BEC, and conſequently their ſupplements 
BDA=CEA, therefore the triangles BDA, CEA are 
equal, ſince they have the angle A common, and equal 
angles including the equal ſides BD, CE,; therefore 
AD=AE ; and AD+DC=AE-+EB ; conſequently AC 
K | 

28. Conor. The triangle whoſe three angles are equal, is 
equilateral ; and the contrary. 

29. Theor. X. In every ſpheric triangle ABC (Fig. 3.) 
the greateſt fide BC is oppoſite to the greateſt angle A; and 
the leaſt fide AB, to the leaſt angle C. 

Dem. Make the angle BAD=ABD; then (27) AD 
=BD, and the fide BE=AD+DC. But (20) AD+DC 
is greater than AC. Therefore BC the ſide oppoſite to 
the greateſt angle A, is greater than AC the fide oppoſite 
to B, a leſſer angle. 

30. Turok. XI, Ina ſpheric triangle ABC (Fig. 3.) 
if the ſum of the fides AC, BC is equal, leſs, or greater than, 
180* ; then the external angle CBD formed by the continu- 
ation of the third fade AB, is alſo, equal, greater, or leſs 
than the internal oppoſite angle A. | 

Dem. For having prolonged the ſides AC, AB, to D; 
then ACD=380* (7.) If then, iſt, AC+CB=180*, 
then BC=CD, and (27) theangle CDB=CBD : But (11) 
the angle D=A ; therefore if AC+CB=180®, the angle 
CBD = A. 

2d. If AC Ch is leſs than 180, or than ACD; then 
CD is greater than CB, and the angle CBD is greater (29) 
han the angle Dor A. 
zd. If AC4+CB is greater than 1809, or than ACD; 
＋ CD is leſs than CB, and the angle CBD is leſs than 
Nl A: 1 


ARTICLE 
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ARTICLE III. 


Analogies for the calculation of right- angled ſpberic Triangles. 


[YN the reſolving of right-angled triangles by calculation ; 

it will be convenient to put A at the right angle, B and 
C indifferently for either of the other angles, to agree with 
the analogies ſhewn in the following table; where R ſig- 
nifies the radius, or fine of 90“: u the fine ; ce the co- 
ſine, or fine of the complement ; tan the tangent; cot 
the cotangent, or tangent of the complement. 


A Table for the ſolution of all the poſſible Caſes of Spberic 
- Triangles ABC, Gant a hn G A.. 


— 


, | Oven quired ANALOGE 25 * ae leſs than 900. 
31 | "BC |R 1 AB :: oof AC: cof BC. FAB and AC are of the ſame kind. 
42 AB, AC R «+: fn AB:: cr AC: cot B. If ACislefs than god. 
33 R : cot AB :: fin AC ; cot C. If ARis leſs than gos. 
34 = 1 R:: coſ BC : coſ AC. 
AB, BC tan AB:: cot BC: coſ B. 
| - 5 BC: fn AB ::; R: fin C. [If AB is leſs than 909. 


AC'R 
BC R 


* 4+ "Caſes when the quantity ſought is 


If BC and AB are of the ſame kind. 
If BC and AB are of the ſame kind. 


cot AB: 
: coſ AB :: fin B 


: fin AB :: tan B ; can AC.|If B is leſs than go —=_ 
: 22 cot BC. !If AB and B are of the fame kind. 


2 8 


If AB is leſs than 909. 


= 
A a RRR 3 
1 5 FR & * * 
CY 


: tan AB:: at C: 2 fin AC, 
hs 0 : ſin AB:: R: fin BC. 
cof AR: ce C:: R: B. 


Doubtful. 
Doubtful, 


Doubtful. 


AB jco/ AC: 


coſBC :: N AB, 
fn Ber fr AC 23 R: n B. 
R tan AC: : cot BC: coſ C. 


If BC and AC are af the ſame kind. 
If AC is leſs than 90 
If AC and Ag ate of the ſame kind. 


AB R 


: tan AC:; cot B : fin AB, 
R: /in BC. 


n B : in AC:: 
171 R: fin C. 


2 cof B :: 


Doubrful. 
Doubtful. 
Doubtful. 


4 AC:: tan C: tan AB, 
: cot AC:: co C : tot N. 
: cf AC:: C Q: 2 cof B. 


: tan BC:: ; coſ B tan AB, 
1 Mo B : fin AC. 
21 tan B: cat C. 


&  :fnBEC:: faC : fin AB. 
: tanBC:: coſ C: tan AC. 
qe BC :; tan C: cot B. 


c C: R: 600 AB. 
:cſ B: R: ce AC. 


BC R : cat B 11 cer C : cof BY, | 


20 


If C is lefs than 90 
If AC and C are the ſame kind. 
If AC is leſs than ct. hr 


If BC and Bare of the ſame Kind. 
If B is leſs chan 900. 
If BC is leſs than Jan 900. 


IfCis leſs than 900. 
It BC and C are of the ſame kind. 
If RC and © are of the (a1 ſame Lind. 


ir c is lefs than 90 905. 
If B is leſs than 909. 


| 


If B and C are of the fame kind. 


Remark: on the uſe of this table. 


61, As it is very eaſy to comprehend the uſe of this table, 


"twill be ſufficient to explain the firſt line thereof; which ſhews, 
that | in a riglt-angled ſpheric triangle, if there was given the. 


ſides 
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ſides ABand AC, to find the hypothenuſe BC, this analogy 
would ariſe As the radius, is to the fine of the complement of the 
fide AB, ſo is the fine of the complement of the fide AC, to the 
ine of the complement of the bypothenuſe BC. But becauſe that 
the fines, coſines, tangents, and cotangents belong equally to 
arcs and their ſupplements, therefore the notes in the fifth co- 
lumn ſhew which is to be uſed. Thus, BC in this example is 
leſs than o', if AB and AC, are both of the ſame kind; that 
is, if both are greater, or both are leſs than 90%. And the caſes 
which are marked doubtful, are thoſe wherein it is not ſuffi- 
ciently determined from what is given, whether what 1s re- 
quired be greater or leſs than 900. 


The Demonſtrations of the preceding Ana!ogies. 


62. LEMMA. The radius is a mean proportional between 
the tangent of an arc and its cotangent. 

For the triangles ABC, AED (Fig. 6.) are ſimilar. 
Therefore BC: AD:: AB: DE, but AB=AD. There- 
fore BC: AB:: AB: DEE. he 

63. Lemma. II. In the right angled ſpheric triangle 
ABC (Fig. 7.) if the fides are prolonged, viz, BC to G, 
AC to I, BA zo D, ſo that CG, CI, BD, are each of go, 
and from the poles B, C, be deſcribed the arc DH, GIH, 
fo that EH=9g0*. By this conſtruction, the rigit ang led 
zriangles CEF, HIF, have their parts either equal to thoſe 
of the triangle ABC, or to their complements. 

Deu. iſt. Since Bis the pole of FED, therefore BE 
and BD are arcs of g0?, and perpendicular to FHD; and 
the arcs FED, FCA, being perpendicular to BAD, they 
are alſo each equal to 9oꝰ, and their point F is the pole 
of BAD, therefore the triangle FCE is right-angled in E; 
its angle F, meaſured by AD, is equal to the complement 
of the ſide BA; the {ide FE is the complement of (ED 
the meaſure of) the angle B; the hypothenuſe FC is the 
complement of CA; and the ſide CE is the complement 
of BC. T 

2d. The arc HE being o, and perpendicular to 
CEG ; the point H is its pole (16.) and the arc HIG is 
alſo 90 (3.) The arcs CI, CG, being alſo of 90, are 
perpendicular to HIG ; therefore the triangle HIF is 
right-angled in I, its ſide HI is the complement (of Fo 

whic 
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which meaſures) the angle BCA; its ſide IF is equal to 
the ſide CA (ſince CA, IF, have the ſame complement 
CF.) Its hy pothenuſe HF is equal to the angle ABC for 
the ſame reaſon ; its angle FHI is equal to the hypothe- 
nuſe BC, and its angle HFI is equal to the 3 
of the ſide AB. 

64. Turok. XII. In every right-angled triangle ;, as 
the radius is to the fine of the bypothenuſe z ſo is the ſine of 
an oblique angle, to the fine of its oppoſite fide. 

Dem. Let the ſpheric triangle ABC ( Fig. 8. ) be right- 
angled at A, and formed by the three planes or ſectors 
DCB, DBA, DAC. On — point F in the interſection 
DA of the perpendicular planes DBA, DCA, draw FG 
perpendicular to DA; thro* F and G, draw the plane 
GFE perpendicular to DB the interſection of the planes 
DCB, DBA, and the angle FEG will be the meaſure 

of the inclination of theſe planes, or of the ſpheric angle 
ABC. Then are the triangles EFG, DFG, right angled 
in F:(for FG is perpendicular to the plane DAB. ) And 
FG: GE :: fin FEG: R; alſo GD: FG :: R: fin GDF. 
Therefore FGxGD : GExFG : : fin FEGXR : Ry fin 
GDF. Anddividing the 1ſt ratio by FG, and the 2d by 
R, then GD: GE :: fin FEG: fin GDF. But in the tri- 
angle DEG right-angled at E, GD: GE ::R : fin GDE; 
therefore R: ſin GDE :: fin FEG: fin GDF. That is, ra- 
dius is to the ſine of the hypothenuſe BC, as the ſine of 
the angle ABC, is to the ſine of the oppoſite fide AC. 

Conol I. This analogy is the ſame as that of article 53: 
and taking C for the oblique angle, tis that of Art. 55. and by 
inverſion, gives thoſe of Art. 44 and 47 ; alſo Art. 36 and 41 
ariſe by inverſion from Art. 55. 

Cor, II. In the right-angled triangle FCE (Fig. 7.) by this 
Theorem, R: fin FC:: fin CFE : fin CE; and ſubſtituting the 
equivalent quantities in the triangle ABC, 'twill be R: c AC:: 
coſ AB: cof BC. This analogy is in Art. 31; and by inver- 
ſion, will give thoſe of Art. 34 and 4 

Cor, III. In the fame triangle *Fce, : as R :fin FC:: fin 
FCE: fin FE. And by ſubſtitution, R: coſ AC:: fin C: coſ B. 
. is in Art, 51; and by inverſion, ariſcs thoſe of Art. 48 

59%. 


Cor, 
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Cox. IV. In the triangle HIF; R :fin HF::fiaF:fin HI; 
and by ſubſtituting, R:finB::coſAB:coſC; this is in Art, 
39 ; which by inverſion gives Art. 42 and 58. 

65. Tusox. XIII. I every ripht-angled ſpberic tri. 
angle, as the radius is to the ſine of one fide, fo is the tan- 


gent 2 one of the oblique angles, to the tangent of its oppo- 
fite fide. | 

Dru. Things remaining as in the preceding demon- 
ſtration; in the triangle FED (ig. 8.) right angled in E, 
tis FE: FD :: ſin FDE:R; and in the triangle GFD 
- right-angled in F. FD: FG: : R: tang FDG. There- 
. fore FEN FD: FD FG: : ſin FDE R: Rx tang FDG. 
Or FE: FG:: {in FDE : tang FDG. But in the triangle 
FGE right-angled at F, *twill be FE: FG ::R: tang 
FEG. Therefore R: tang FEG : : fin FDE : tan FDG; 
that is, radius is to the tangent of the angle ABC, as the 
ſine of the fide AB is to the tangent of the ſide AC. 

Coror, I. This analogy is that in Art. 37; and taking the 
angle C for the oblique angle, gives that of Art. 49. 

Cor. II. Art. 37, by inverſion becomes, tang B: R:: tang 
AC: fin. AB; but (62) tang B: R:: R: cot B. Therefore 
R: cot B:: tang AC: fin AB, which is Art. 46. 

Con. III. By inverſion, Art 49, is, tang C: R:: tang AB: 
fin AC. But (62) tang C: R:: R: cot C. Therefore R: cot 
C:: tan AB: fin AC. This is in Art. 40. 


Cor. IV. In the a= FCE (Fig. 7.) By this Theorem, 


R:finFE::tanF:tan CE; and ſubſtituting (63) R: coſ B:: 
cot AB: cotBC ; this is the analogy in Art. 38. As this ana- 
logy expreſſes in general, that the radius is to the coſine of an 
oblique angle, as the cotangeat of the fide adjacent to this angle, 
is to the cotangent of the hypothenuſe; it follows that R: coſ 
C:: cot AC: cot BC, which is that of Art. 50. 

Cor. V. In the ſame triangle FCE; R: ſin CE: : tan C: 
tan FE; and by ſubſtitution R: coſ BC:: tan C: cot B; as in 
Art. 57. By this analogy it appears, that radius is to the coſine 
of the hypothenuſe, as the tangent of one of the oblique angles is 
to the cotangent of the other; whence ariſes R: coſ BC:: tang 
B: cot C as in Art. 54. 3 | 

Con. VI. In the triangle HIF, as R: fin HI::tanH: tan IF; 
and ſubſtituting, R: coſ C:: tan BC: tan AC, which is in Art. 
56: This analogy is generally expreſſed, thus, radius is to the 
coſine of one oblique angle, as the tangent of the hypothenuſe, is 
to the tangent of the fide adjacent to that angle: Hence R : cof 
B:; tan BC: tan AB, as in Art. 52. 

4 Cor, 


AC is leſs than 90, the angle 
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Con. VII. In the fame triangle HI F, R: finIF:: tan F: tan 
HI; and by ſubſtituring, R: fin AC: : cot AB ; cot C, which is in 
Art. 33. and becauſe this analogy gives in general, that radius is 
to the ſine of one fide, as the cotangent of the other fide is to 
the cotangent of its oppoſite angle; it follows, R: fin AB :: cot 
AC ; cot B, asin Art. 32. 

Cor. VIII. From Art. 38. by inverſion. As cot AB: R:: 
cot BC: coſ B. But (62) cot AB: R:: R; tan AB. There- 
fore R: tan AB:: cot BC : coſ B, which is that of Art. 35. 

Con. IX, Art. $7» by inverſion gives tan C: R:; cot B: 
col BC. But tan C: R:: R: cot C. Therefore R: cot C:: 
cot B: coſ BC, as in Art, 60. | | 

Cor. X. By inverſion of Art. 56. tan BC: R:; tan AC: 
coſ C: But tan BC: R:: R: cot BC. Therefore R: cot BC 
;: tan AC; coſ C, as in Art, 45, 


The demonſtrations of the caſes exhibited in the ſiſib column 
of the preceeding table, | 


66. Tarox. XIV. Each of the oblique angles of a right- 
angled triangle is of the ſame kind with its oppoſite fide ;, viz. 
leſs, or greater, than go“, if the oppoſite ſide is lefs, or 
greater, than go“. | 

Dem. In the right angled triangle ABC (Fig. g.) if 
ABC is acute. Continue 
AC to D, ſo that ADO. Then D is the pole of the 
arc AB, and joining DB, the angle ABD is right; there- 
fore the angle ABC is acute. 

Alſo it is evident, that if AC was go“, the oppoſite 
angle ABC would be right ; andin the triangle Ab, if 
the fide AD was greater than go“; taking AC=9o?, 
and joining CB, the angle ABC would be right, and con- 
ſequently the angle ABD would be obtuſe. 

67, TazoR. XV. If the two fides of a right-angled 
triangle are of the ſame kind, the hypothenuſe is leſs than 
g0*; and if they are of different kinds, the bypothenuſe is 
greater than go. 

Dem. iſt. In the right-angled triangle ABC (Fig. 7.) 
if the ſides BA, AC, are each leſs than go“, the hypothe- 
nuſe is lefs than go“. | 


For 


* vo * 9 . - 
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For having prolonged the ſides to D, and F, fo that 
BD, AF, are each equal to go“, then is B the pole of a 
great circle DF, paſſing by D, and meeting the arc AC 
r towards F, without the triangle ABC; there- 
ore BE is an arc of 9o“, conſequently BC is leſs than 

0. | | | 
9 2d. If the ſides AB, AC, (Fig. 3.) of the triangle ABC, 
right · angled at A, are both greater than go, the hypothe- 
nuſe BC is leſs than o. For having continued AB, AC, 
till they meet in D; then the triangle DBC right - angled 
at D (13.) has the hypothenuſe common with the tri- 
angle ABC: But the ſides BD, CD, are leſs than go“, 
fince they are the ſupplements of the arcs AB, AC. There- 
fore, by caſe 1 ſt. the hypothenuſe BC is leſs than 90“. 

3d. In the triangle ABC (Fig. 10.) if the fide AB is 

greater than go*, and the ſide AC is leſs ; the hypothenuſs 
BC is greater than 90. For having prolonged AC, till 
AF=90? ; then becauſe the angle A is right, the point 
F is the pole of the ſide AB. Take BDO, and join 
FD; then it is evident, B is the pole of the arc FD; and 
BE is an arc of 90. Therefore BC is greater than o. 

68. Cox. I. Since (66) oblique angles are of the ſame kind 
with their oppoſite ſides, it follows, that in a rigbt-angled tri- 
angle, if the two oblique angles are of the ſame kind, the bypothe- 
nuſe is leſs than 90“; but greater than g0®, if thoſe angles are 
of different kinds. | | 

69. Cor. Il. Tf the hypothenuſe of a rigbt. angled triangle is 
* Jeſs than go“, the oblique angles and ſides are of the ſame kind : 
but are of a different kind if the hypolhenuſe is greater than 90%. 

70. Cor. III. Pha right-angled triangle, if the bypothenuſe 
and one fide are of the ſame kind, the other fide and its oppoſite 


angle are leſs than go? ; but if the hypothenuſe and one ſide are of 
different kinds, the other fide and its — angle are greater 

than 90. | | | 
71. REMARK. The doubtful caſes ſeldom ariſe in aſtronomi- 
cal calculations, wherein are only uſed right-angled triangles whoſe 
arcs are leſs than 90; for when they have greater arcs, their 
ſupplements are taken. Thus in Fig. 3. to calculate the tri- 
angle ABC, to prevent ambiguity, *tis beſt to compute in the 
triangle BCD, wherein all the ſides are leſs than 90“, and fo are 
the angles, except D: Now the parts of this triangle being known, 

thoſe of ABC will be alſo known. 

ARTICLE 


ARTICLE IV. 
Rules for calculating of oblique · angled ſpheric triangles. 


72. THxon. XVI. In any ſpheric triangle ABC, (Fig. 

16) as the ſine of an angle A, is to the fine of its op- 
pofite fide BC; ſo is the fine of any other angle B, to the fine 
of its oppoſite fide A c. 

Du. From C, draw CD perpendicular to AB, and 
the triangle ABC is divided into the two right-angled tri- 
angles ACD, BCD; then (64) R:\mAC::finA : fin 
CD; and R: fin BC :: fin B: fin CD. Therefore Rx 
fin CD= fin AC fin Ar ſin BC x fin B. Conſequently 
fin A: fin BC :: ſin B: ſin AC, 

73. Cor, Y the three angles of two ſpheric triangles are equal, 
each to each, the three fides are alſo equal, and the two triangles 
are equal ; and the contrary: For equal angle), and equal arcs, 
have the ſame ſinet. 

74. TaeorR. XVII. If any triangle ABC is divided 
into two right-angled triangles ACD, BCD, by @ perpen- 
dicular arc, drawn from the angle C, and dividing the oppo- 


fite fide BA into the ſegments AD, BD, then 
iſt; The ſines of the ſegments AD, BD, are reciprocally 


proportional to the tangents of the adjacent angles A and B; 
that is, as the ſin AD: ſin BD :: tan B: tan A. 

For in the right-angled triangle ADC; as (65) R: fin 
AD :: tan A: tan CD; and in right angled triangle BCD, 
by the ſame, as R: fin DB:: tan B: tan CD; then Rx 
tan CD fin AD tan Ar fin DBx tan B. Therefore 
lin AD : fin BD :: tan B: tan A. 

75. 2d. The coſmes of the ſame ſegments are proportio- 
nal to the coſines of the adjacent. ſides; or col AD: coſ AC 
: coſ DB; cof BC. For in the right-angled triangles 
ADC, BCD; by (31.) R: coſ DC:: col AD: coſ AC; 
and R: coſ DC:: cal DB : coſ BC. Therefore coſ AD: 
col AC:: coſ DB: coſ BC. | 

76. zd. The coſines of the angles BCD, DCA, are as 
the cotangents of the ſides BC, AC; or col BCD: cot BC 
: co DCA : cot AC. For in the right angled triangles 
ADC, BCD; by (30) R: cot DC:: cof BCD: cot BC; 

and 
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and R: cot DC :: coſ DCA : cot AC. Therefore coſ 
BCD : cot BC :: coſ DCA : cot AC. 

77. 4th. he fines of the angles BCD, DCA, are a; 
the coſines of the angles B and A, Or fin BCD: coſ B: 
ſin DCA : coſ A. : | 

For (51) R: coſ DC:: ſin DCA: coſ DAC; and R: 
coſ DC :: fin BCD : col CBD. Therefore fin BCD : coſ 
B:: fin DCA: coſ A. 

78. LemMalll. The fine (ZV) of an are (ZR) (Pig. 
12.) is 4 mean proportional between the radius and (XZ) the 
balf of the verſed fine (SZ) of a double arc (ZRT). Or 
ZV *=EZXXZ. For ZV being the half of ZT, and 
ZX the half of SZ; the triangles Z VX, ZTS, are ſimilar 
and right-angled, becauſe Z TS is a right-angled triangle, 
And ſince ZV isa ſine, the triangle EV is right-angled 
at V. Therefore VX drawn from the right angle V, is 
perpendicular to the hypothenuſe ZE : Conſequently EZ 
: VZ:: VZ: XZ. 

79. LeMmalV. The product of the fine of half the 


fum of the two arcs RB, BQ, (Fig. 11.) by the fine of balf 
their difference, is equal to the produf3 of the radius by half 


the difference of the verſed fines of theſe arcs. 

Dem. RQ is the ſum of the arcs RB, BQ; take BD 
=BR, and QD is the difference of the arcs RB, BQ: 
draw the chords RD, RQ, QD; from the centre E, draw 
EH perpendicular to R | 
the ſum of the two arcs; thro' H, HI drawn parallel 


to RD biſects OD; for the triangles QHI, D, are 
ſimilar : Alſo Ql will be the fine of half the difference 
of the arcs RB, B. Draw the radius EB, perpen- 


| 2 9 "es and FB will er. verſed ſine of the 
arc RB. From the point Q. draw QG, QL, endi- 
cular to EB, RD; 2 5085 the verſed Fa AF x arc 
BQ; GFor QL is the difference of the verſed fines of the 
arcs RB, BQ, and QM is half that difference. Now the 
right-angled triangles REH, QMI, are ſimilar, for the 
angles REH, RDO, are meaſured by half the arc RBQ ; 
and the angle MI g= RDO, Therefore RE : RH :: 


QI: QM. Then ERxXQM=RHxQI. 6 
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Q ; and RH will be the fine of half 
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80. Turo. XVIII. 
(Fig. 11.) it will be 

As fin ACx ſin AB: RR :: fin 53BC+AB+AC—AB 
Vo. {in 4BC+AB+AC—AC : im BAC. 

Or ſin ACx fin AB : RR :: fin;BC+AC—ABx fin 4. 

BC+AB—AC : fin * 4BAC. | 

Dzm. Let BRTZB repreſent a hemiſphere on whoſe 
ſurface is the triangle ABC; take the arc ANS AO == AC; 
then Lr Draw NQ which will be the dia- 
meter of a ſmall circle paſſing thro* the angle C, and 
whoſe pole is A. Make BR=BD=BC ; then RB 
BC+BQ=BC+AC ; and A 
AC+AB: Join QD, RQ; and RD will be the diameter 
of a ſmall circle paſſing thro? the angle C, and whoſe pole 
is B. From the centre of the ſphere E, draw EA, EB, 
EH, perpendicular to NQ, RD, RQ, cutting in o, F, H; 
then is oQ the ſine of AQ, or of the ſide AC ; the right 
line HR is the fine of half RBQ, or HR ſin 
BCF-AC—AB. The right line-QI is (79) the ſine of 
half of QD ; or QI ſin 4BC—ACT+AB. Alſo BP, 
perpendicular to EA, is the fine of the ſide AB; draw 
QL perpendicular to RD, and its half QM, is of the 
ſame value as in the preceeding Lemma. Prolong the 
ſide AC to T, fo that ACT=90* ; and on the pole A, 
deſcribe the ſemicircumference X TZ; then the arc T is 
the meaſure of the angle BAC; and VZ, the half of the 
chord TZ, is the fine of BAC. From the points T, V, 
draw TS, VX, perpendicular to the diameter YZ ; then 
SZ is the verſed fine of the angle BAC, and XZ its half, 
The part QC, of the diameter NQ of the ſmall circle whoſe 
pole is A, and which paſſes by C, is alſo the verſed fine 
- the angle BAC, but belongs to the radius oQ or 
oN. 

Then the triangles EPB, EFg, Cog, CLQ, are right- 
angled and ſimilar; and PB: BE:: LQ: QC; there- 
fore QCxPB=BEXLOQ : But and SZ are the verſed 
lines of the ſame angle BAC, to the different radii 
o EZ; and are alike homologous as are their reſpective 
circles; therefore Q: SZ :: O: EZ; therefore = 

C = 


In any ſpheric triangle ABC 
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EZ SZ; and QCxPBxSZxoQ=BEXLQXQC 
EZ; then expunging of QC. common to both terms, 
and writing EZ for BEXEZ, gives * 


EZ*XLQ : Therefore PBxoQ : EZ :: LQ: SZ :: 
MQ: XZ :: MQXEZ : XZxEZ: Therefore PBXoQ 


EZ :: MQXEZ : XZxEZ ; but (79) ER or EN 
Marinee and (78) XZxXEZ=VZ.. Therefore 
PB: EZ :: RHxQI : UZ. or fin ABy fin AC 

EZ:: fin NAC AB fin 2BC—AC+AB: in 
25A. 


— 


A RTICLE V. 
Solution of all the poſſible Caſes of Oblique-angled T1 VEE 


TH ESE caſes may be reſolved by twelve problems, 

eight of which are performed by dividing of the given 
triangle into two right-angled triangles, by a perpendicu- 
lar arc ; but as this arc may fall either within or without 
the triangle, it will be proper to know when it ſhould 
have either ſituation. 

81. Tarox. XIX. The arc CD, drawn from an angle 
c. of a ſpberic triangle, perpendicular to its oppoſite ſide 
AB, (Fig. 16.) falls within the triangle, if the other angles 
A and B, are of the ſame kind; but if of a different kind, it 

Falls without. (Fig. 14, 13.) 

Dx. 1ſt, If the perpendicular CD (Fig. 16.) falls 
within the triangle, the angles A and B are of the ſame 
kind: For in the triangle CAD right angled at D, the 
angle A is (66) of the ſame kind with its oppoſite ſide 
CD; alſo, the angle B is of the ſame kind as CD; there- 
fore when the perpendicular fall within, the angles are of 
the ſame kind. _ 

2d. When the perpendicular CD (Fg. 14, 1 5.) falls 
without, the angles CBA, BAC, are of different kinds. 
For (66.) in the right-a angled criangle CDB, the angle B is 


of the ſame kind as CD; ang 1 in the right-angled triangle 


CAD, 


— 


halves 
AF, I 
nuſes 
fore th 
quent] 
the pe 
are ſu} 
are of 


angles 


ſame 


diculat 
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cab, the angle CAD is of the fame, kind with CD; 
therefore the angles CBD, CAD, are of the fame kind ; 
but (Fig. 15.) the angle CDB and the ſupplement of 
CAD, viz. CAB, are of different kinds; allo (Fg. 14.) 
the angle CAD and the ſupplement of the angle CBD, 
viz. CBA, are of different kinds. 

62. Thor. XX. If the two leaſt fides AC, CB, of a 
triangle ABC, are of the ſame kind, the perperdicular arc 
CD, drawn from C on thebaſe AB, falls within the tri- 
angle (Fig. 13) 

Deu: In AB take AF AC, BE=BC ; draw CF, 
CE, and perpendicular thereto, from A, B, draw AH, 
BG; then in the right-angled triangles FHA, EGB, the 
ſides FH, GE, are neceilarily leſs than 9o“, being the 
halves of CFE, CE: Moreover, if AC, BC, or their equals 
AF, BE, are ſuppoſed leſs than go“, then theſe hypothe- 
mike are of the ſame kind with # ſides FH, GE ; there- 
fore the angles AFH, BEG, are acute (70), and conſe- 
quently of the ſame kind as the arcs AC, BC: Therefore 
the perpendicular CD falls on EF (81.) And if AF, BE, 
are ſuppoſed greater than goꝰ, then theſe hypothenuſes 
are of different kinds to FH, GE; therefore (40), the 
angles AF H, BEG, are obtuſe, and conſequently of the 
ſame kind as the ſides AC, * therefore the perpen- 
dicular will fall on EE. 

83. PROBLEM I. Given two angles, and a fide oppoſite 
to one of them, to find the fide oppoſite to the other. 

Let A be the angle oppoſite to the known fide; B, 
the other given angle ; and C, the third = then 
(72.)fin A: ſin B:: ſin BC: ſin AC. 

The fide AC may be greater or leſs than 90“, and is 
not determined from what is given. 

84. Pros. II. Given two angles and a fide oppoſite to 
one of them, to find the third angle. 

Let A be the angle oppoſite to the known ſide B, 
the other known angle, and C the angle ſought : From 
Cdraw an arc perpendicular to AB. (Fig. 14, 15, 16.) 


Then R: coſ BC :: tan B: cot BCD. (54.) 
cof B: cof BAC :: fin BCD : fin ACD. (77. 


2 Then 
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Then if A and B are of the ſame kind, the ſum of the 


angles BCD, ACD, will be equal to C the angle ſought: 
Bur if A and B are of different kinds, the difference of 
the angles BCD, ACD, gives the angle C. 

85. Pros. III. Given two angles and a fide oppoſite to 
one of them; to find the fide between the given angles. 

Let A be the angle oppoſite to the given ſide ; B the 
other given angle; C the third angle; from which draw 
the perpendicular CD. (Fig. 14, 15, 16.) 

Then R: coſ B:: tan BC: tan BD. (52.) 
tan A: tan B:: ſin BD: ſin AD. (74. 


If A and Bare of the ſame kind, BD AD AB; but 
if A and B are of different kinds, the difference between 
BD and AD gives AB. 

86. Pros. IV. Given two angles and the included fide, 
to find one of the other fides, 

Let B be the angle oppoſite to the ſide ſought; C the 
other given angle; and A the third angle ; from C draw 


the arc CD perpendicular to its oppolite ſide. (Fig. 14, 
I5, 16.) 
Then R: coſ BC :: tan B: cot BCD. (54.) 


Take the ſum or difference of the angle BCD and the 
given angle BCA, according to the poſition of the per- 
pendicular, and the angle ACD is known. 


Then coſ BCD : coſ 'ACD :: cot BC: cot AC. (76. 


Then if the angle ADC is of the ſame kind with the 
angle B, the ſide AC is leſs than 90“. If ADC and B 
are of different kinds, AC is greater than 90“. 

87. PROB. V. Given two angles and the contained fide, 
zo find the third angle. 

Let B and C be the angles known, A the angle ſought; 
from- C draw the perpendicular CD. (Fig. 14, 15, 
16.) 


Then R: : tan B: cot BCD. 


coſ BC :: (54.) 


And according to the poſition of the perpendicular, the 
_ difference of the angles BCD, BCA, will give 


Then ſin BCD : an ACD :: coſ B: col A. (77. 
And 
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ft the Bl And A is of the ſame kind as the given angle B, if the 

ght: angle BCD is leſs than the given angle BCA; if BCD is 

ce of greater than BCA, then A and B are of different kinds. 
81. 

61 þ 4 Pros, VI. Given two fides and an angle oppoſite to 
one of them, to find the angle oppoſite to the other fide. 15 

B the Let A be the known angle, B the angle included be- 

drau¶ tween the given ſides; C the third angle. 


Then ſin BC: fin AB:: ſin A: ſin C. (72.) 


The angle C may be acute or obtuſe, and is not deter- 
mined from what alone is given. | 
but 89. Pros. VII. Given ta fides and an angle oppoſite 
weei Wl to one of them, to find the other fide. 
Let B be the given angle, C the angle oppoſite to the 
ſide ſought, and A the third angle. From C draw the 
perpendicular arc CD. (Fig. 14, 15, 16.) 


Then R: tan BC :: coſB : tan BD. (52.) 
coſ BC: coſ AC:: coſBD: cof AD, (75.) 


Now if BC and AC are of the ſame kind, BD+AD= 
AB (82); if not, AB is equal to the difference between 
BD and AD. 

go. Pros. VIII. Given two fides and an angle oppoſite | 

to one of them, to find the angle contained between the given 


b. 

Let B be the angle given, C the angle ſought, and A 
the third angle; from C, the angle ſought, draw the per- 
pendicular CD. (Fig. 14, 15, 16.) 

Then R: coſ BC :: tan B: cot BCD. (54. 
cot BC: cot AC:: coſ BCD: col ACD. (76.) 


And C=BCD+ACD, if AC and BC are of the fame 
kind; if not, the angle C is equal to the difference of the 
angles BCD, ACD. 

91. Pros. IX. Gives two ſides and the included angle, 
to find either of the other angles. 
the Let B be the given angle, A the angle ſought, and C 
give the third angle. From C draw the perpendicular CD. 


(Fig, 14, 15, 16.) 
.) Then R: tan BC :: coſ B: tan BD, (52.) 


22 ? Etna 
Now AD will be equal tothe ſum or difference of BD 
and AB, according as the perpendicular falls. 


And ſin AD: fin BD :: tan B: tan A. (74.) 


The angle A will be of the ſame, or a different kind to 
the angle B, according as AB is leſs or greater than BD. 
92. PROB. X. Given do jides and the included angle, 

to find the third fide. 
Let B be the known angle, BC the leaſt, and BA the 
_ greateſt, of the given ſides; From C, draw the perpen- 

dicular CD, which generally falls within the triangle (Fig. 
14, 15, 16.) 

Then R: tan BC :: coſ B: tan BD. (52.) 
© Subtra&t BD from BA, leaves AD: But if the perpen- 

dicular does not fall within, (which rarely happens,) then 
is AD=BD+BA, or AD=BD—BA, according as the 
perpendicular falls neareſt to B or to A. 


Then coſ BD : coſ AD :: coſ BC : : col AC. (75.) 


And AC is leſs; or greater, than 90®, according, as 
AD is of the ſame, or of diffefent kind to CD, or the 
angle A. 
93 Prop. XI. Given the three 4 of a triangle, to 
find an angle. 
Let A Te the angle Googhe, B and C the other angles. 
Then, As the produtt of the fines of two fides AB, AC, 
(including A.) 

I to the produft of the fines of two differences, ee 
che half ſum of the three ſides, and each of the des 
AB, AC: 

$0 is the ſquare of the radius 

To the ſquare of the fine of half the angle A. 

* Pros. XII. Given the three angles, to find either 
1 
Let BO be the fide ſought, and A its oppoſite angle. 
Then, As the product of the fines 9 two angles B and C 

(including BC,) 
1s to the product of the ſines of two differences, between 

the half ſupplement of the three angles and the ſupple- 
ment of each of the angles B, C; 

So 
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BD So is the ſquare of the radius | 
To the ſquare of the coſine of half the fide BC. 2 


This analogy ſuppoſes the triangle ABC incloſed in 
another DEF (Fig. 2.) all of whoſe parts are ſupplements 
to the parts oppoſite in the triangle ABC (19.) | 


95. REMARK. Right-angled triangles may be conſidered 
as ſpheric triangles, whoſe ſides being very ſmall arcs, may be con- 
ſidered as right-lines, and therefore become equal to their fines or 
theif tangents : Alſo, to plain trigonometry, may be applied 
the analogies of ſpheric trigonometry, wherein coſineg or co- 
tangents are not concerned, by uſing only the word fide, inftead 
of fin of a fide, or tan of a fide, Thus, if the three ſides of a 
plain triangle were given, either angle may be found by Pzos, XI. 
Sayings | . 


As the praduct of the two ſides including the angle ſought, 
[s to the product of the differences, between the balf ſum of 
the three ſides, and each of the ſaid two ſides; 


So it the ſquare of the radius, 
To the ſquare of the ſine of half the angle ſought. 
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SECTION I. 


Containing the firſt Part of Solar Aftronomy. 


1. IN this treatiſe it js ſuppoſed, that a perſon, called 
I the Obſeryer, who is acquainted with the principles 
of mathematics, but knowing nothing of aflronomy, 
would however give an exact deſcription of all the ſtars, 
and methodically eſtabliſh from obſervation and reaſon, 
the laws of their motions, with ſuch accuracy, that for 
any given time, either paſt or to come, it might be ab- 
ſolutely determined in what part of the heavens each ſtar min 
ought to be ſeen by an eye ſituated in any given place of Fixe 
the univerſe. 5 4 

2, Io proceed in order, it is ſuppoſed, that the obſerver 
is firſt placed in the centre of the ſun, from whence the 
whole heavens appear at one view, ſuch as in a clearnight, 
an obſerver on the earth ſees only one half, the other half 
being intercepted by the earth; - * : 

3. The obſerver begins by examining the figure of the 
heavens, which to him appears perfectly ſpherical, and the 
ſtars ſeem to be no other than luminous points placed in 
the concave ſurface of this ſphere, whereof the ſun, and 
conſequently the eye of the obſerver, appears to. be in the 
centre, He will refle&, that from this appearance he 
ought not immediately to conclude that the figure of the 
heavens is really ſpherical, that the ſun is in the centre, 

| | | nor 
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nor that the ſtars are all at equal diſtances. For by daily 
experience moſt people know, that if they keep in one 
and the ſame place, they cannot judge at what diſtances 
are the ſurrounding objects, at leaſt thoſe which are not 
within the ordinary reach of their view: Beyond this 
reach, which is not far, *tis only by their own motion, 
or by that of the objects, that they can by reaſon deter- 
mine which is neareſt, &c. Thus to a man in a vaſt 
bare plain of an irregular circuit, bordered by trees and 
not terminated by mountains, the plain will a 
perfectly round, that he is in the centre, and that the 
trees are all in the circumference, whilſt another man at a 
conſiderable diſtance from the firſt, imagines himſelf to 
be in the centre of a round plane, and like the firſt man, 
thinks the trees on its borders are in the circumference. 
So long as theſe men, and the neighbouring objects do 
not change their places, they are not undeceived ; but if 
the objects, or if one or both of theſe men move from 
their places; then they can judge by the appearances at- 
tending theſe motions, and from the principles of optics 
and geometry, which are the neareſt objects, and by how 
much they are nearer than others more diſtant. 

4. The obſerver having afterwards attentively con- 
ſidered all the ſtars for a long time, will remark two ſorts; 
the one, ſcattered throughout the heavens, unequally lu- 
minous, perfectly at reſt, and therefore called by him 
Fixed Stars, or ſimply Stars; the other ſort moving round 
the ſun with unequal velocities; theſe he will call wan- 
dering Stars, or Planets. | p 
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5. * H E obſerver will conclude before he proceeds any 

farther, that ſince the ſtars are fixed, iſt, An ex. 
act deſcription of them may be made, by determining 
from obſervation the poſition and order which ſubſiſt 
among themſelves. 2d. That they will ſerve as fixed 
points or terms, to compare the relations of the motions 
of the planets; and as theſe motions cannot be mea- 
ſured from one and the ſame place, otherwiſe than by the 
angles which the ſpaces run thro make at the obſerver's 
eye, theſe ſtars mult neceſſarily be uſed, conſidering them 
as luminous points fixed in the concavity of a ſphere 
whoſe radius is indefinite, and the obſerver's eye at the 
centre; this ſuppoſition cannot cauſe any error, ſince the 
length of the ſides of an angle, does not alter that angle. 
This uſe of the ſtars ſhews the neceſſity of an exact cata- 
logue of them; wherein their reſpective poſitions ſhould 
be determined with the utmoſt accuracy; and with ſuch 
a catalogue, the ſcience of aſtronomy begins. 

6. The obſerver will at firſt divide the ſtars into feve- 
ral claſſes, according to the ſplendour of their light; the 
brighteſt, he will call ſtars of the fr /ſ# magnitude; thoſe 
of the next inferior light, ſtars of the ſecond magnitude ; 
and ſo in order to thoſe which can barely be ſeen by the 
naked eye, which are called of the tb magnitude; and 
thoſe which cannot be ſeen but with glaſſes, are of the 
ſeventh, eighth, &c. magnitudes. 

7. Afterwards, to avoid conſuſion, and to be able to 
point out any one ſtar, without being obliged to give a 
particular name to each, he will divide them into ſepa- 
rate parcels, of which he will make a particular plan; 
and to each of theſe parcels he will aſſign a figure at plea- 
ſure, ſuch as a Ram, a Bull, a Dragon, a Hercules, c. So 
that all the ſtars in each of the parcels drawn on the plan, 

| | | . 
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may be encloſed in the deſigned figures, and correſpond 
to the different parts from whence they take their name. 

For example. Having drawn a bull about a parcel of 
ſtars, that ſtar which falls in the eye, will. be called the 
ſtar in the bull's eye; another which reſpects the tip of 
one horn, will be named the bull's horn; and ſo of others. 
By theſe means, if any new phenomenon is ſeen among 
theſe ſtars, tis directly known in what part of the hea- 
vens it is, as in the horn, or towards the top of the bull's 
head. 

A parcel of ſtars thus contained in an aſſigned figure, 
is called a Conſtellation. 

8. In practical geometry, when an exact plan of a piece 
of ground is to be drawn, the figure may be divided from 
each three objects, into triangles whoſe ſides are meaſured 
by an inſtrument, ſuch as a chain, and the triangles are 
joined together by the common fides : In the ſame man- 
ner, the obſerver will imagine that each ftar forms'with 
any other two, a ſpheric triangle, whoſe ſides are arcs, on 
the concave ſphere, comprehended between theſe ſtars ; 
and ſince the centre of theſe arcs are at his eye, he can 
meaſure them by the arc of an inſtrument of a circular 
form; whoſe radius is ſufficiently large, to diſtinguiſh 
degrees, minutes and ſeconds, 

Now having determined the arcs ſhewing the diſtances 
of each ſtar from cwo or three others, they may be put on 
a globe, on which may be drawn the figures of the con- 
ſtellations; or general and particular charts may be made 
of them, in the ſame manner, as on a terreſtrial globe all 
the points on the ſurface of the earth are drawn, whoſe re- 
ciprocal diſtances are known ; or as the geographical 
charts are made. 

9. As the earth intercepts from its inhabitants a 
of the fixed ſtars, ſo the ancient aſtronomers divided that 
part of the heavens which they knew, into forty- eight 
principal conſtellations; viz. the Great Bear, Little Bear, 
Dragon, Cepheus, Caſſio ia, Andromeda, Perſeus, Bo- 
otes, Northern Crown, — Harp, Swan, Serpenta- 
rius, Serpens, Sagitta, Eagle and Antinous, Dolphin, 
Little Horſe, Pegaſus, Northern Triangle Aries, Taurus, 

5 | Gemini, 
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Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, 


In 
Capricorn, Aquarius, Piſces, Whale, Orion, Eridanus, WW his ce 
Hare, Great Dog, Little Dog, Ship Argo, Hydra, Cup, Ml with * 
Crow, Centaur, Wolf, Altar, Southern Crown, and South. {Ml for th 
r each 
Within the laſt 300 years, navigators who had failed MW ande 
to countries unknown, to the ancients, having diſcovered Ml Theſ 
thoſe ſtars which are never ſeen in Europe, have formed nome 
them into twelve new conſtellations, viz. the Peacock, for © 
Crane, Toucan, Phenix, Gold Fiſh, Flying Fiſh, Hydrus, Draę 
Camelion, Bee, Indian Bird, Southern Triangle, and the {ll nituc 
Indian. a the b 
10. The figures attributed to theſe new conſtellations 12 
had no other origin than the fancy of thoſe who named whic 
them. It is not ſo with thoſe of the ancients, which took Jeſtia 
their origin from the religious ceremonies of the Etbio- of &. 
Pians, Egyptians, Phenicians and Chaldeans, The Greeks celeſ 
adopted a part, and diſguiſed the reſt by ſubſtituting ſtars 
names and figures drawn from their fabulous hiſtory; Star. 
this has been the ſubje&t of ſeveral learned diſſertations, Tau 
which may be conſulted. tho 
11. The moſt ancient obſervations of the ſtars which gird 
have reached theſe times, were made by Timocharis and whit 
Ariſtillus, about 300 years before the birth of Chriſt ; The 
near 170 years after them, Hipparchus of Rhodes made a the 
catalogue of all the viſible ſtars ;- and 260 years after him, * 
Ptolomy, an aſtronomer of Alexandria, reviſed and pub- hea 
liſhed this catalogue, which contained the names and po- ord 
ſitions of 1026 ſtars, whereof 1022 had been determined will 
by Hipparchus, This catalogue was the only one uſed by 
aſtronomers until the ſixteenthcentury. But about the year Ver 
1437, Ulugh Beig, a Tartarian prince, conſtructed a new ou 
one, more exact than that of Ptolomy ; and in 1600, ny 
Hebo Brabe ; in 1670, Hevelius; and in 1690, Flamſteed, we 
compoſed each a new one, more ample and accurate * 
than the preceding ones. Hievelius filled up the intervals 80 
of the ancients with new conſtellations, wherein he has ne 
been followed by Flamſteed, and by moſt of the aſtrono- be 
mers ſince. be! 


In thi 
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In 1603, Jobn Bayer, a German. aſtrologer, publiſhed 
his celeſtial charts, wherein all the conſtellations are drawn 
with all the viſible ſtars of which each is compoſed. And 
for the ready diſtinguiſhing of theſe ſtars, he has marked 
each with a Greek letter, calling one «, another 8, Sc. 
and nearly according to the order of their magnitudes, 
Theſe names have been followed by all the modern aſtro- 
nomers, who commonly ſpeak of the ſtars, by ſaying, 
for example, the ſtar j in the Great Bear, the ſtar y in the 


Dragon, inſtead of ſaying, that ſtar of the ſecond mag- 


nitude which is at the end of the tail of the Great Bear, 
the bright ſtar in the head of the Dragon, Sc. 

12. To underſtand the name and ſituation of the ſtars 
which are in the heavens, it is neceſſary to have great ce- 
leſtial charts, as thoſe of Bayer, of P. Pardies, of Royer, 
of Senex, or the Atlas Celeſtis of Flamſteed, or elſe a large 
celeſtial globe. In a clear night, find any one of thoſe 
ſtars which every one knows, as thoſe called the Sever 
Stars, which are a knot of fix ſtars in the conſtellation 
Taurus, and called by aſtronomers, the Pleiades; or 
thoſe called the Three Rings, which are three ſtars in the 
girdle of Orion; or the ſeven ſtars,called Charles's Wain, 
which are the ſeven principal ſtars in the Great Bear. 
Then ſeek in the charts for theſe conſtellations, placing 
the charts to correſpond with the known ftars in the hea- 
vens, and comparing, one after another, thoſe ſeen in the 
heavens with their repreſentations in the charts ; the names, 
order, and configuration of the conſtellations and ſtars 
will be found. 

13. With reſpect to the ſtars true place in the uni- 
verſe, their real diſtances from the ſun, their nature, ſize, 
number and uſe, and for what end created, the obſerver 
cannot yet eſtabliſh any thing certain : For being fixed as 
well as the ſun, the obſerver who is in the ſun's centre, 
can find no baſe whereby to determine their diſtance tri- 
gonometrically, And as their number increafes accord- 
ing to the goodneſs of the teleſcope thro* which they are 
ſeen, it is reaſonable to conclude they are not to be num- 
bered : But becauſe of their vivid light, and immobility, 
the obſerver may probably conjecture they are ſo many 


- ſuns, 
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ſuns, that is, of the ſame nature, ze and light as the 


ſun ; and like him deſtined to be the centre and principle 
of motion of ſeveral- habitable planets which turn round 
each at different diſtances. In this hypotheſis, he may 
apply to the ſtars, the diſcoveries that he will have made 
on the ſun, and in the fame manner determine nearly the 
proportion of their diſtances, reſpectively to each other, 
and to the ſun, by meaſuring the intenſity of the light of 
each, which according to the rules of optics is recipro- 
cally as the ſquares of their diſtance from the obſerver. 


jw” 
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CH AT. I. 
Of the Planets. 
ARTICLE I. | 
Of their different Motions in general, and of their Nature. 


14. A Peer the deſcription of the ſtars, the obſerver will 
=> apply himſelf to determine the motions of the 
planets. eee RS WH 
I. He will take notice of ſix which revolve round the 
ſun, apparently from the right to the left, and follow 
nearly in the ſame track, but with velocities very unequal, 
He will aſſign names and characters. to diſtinguiſh them 
by, calling the ſwifteſt of them, Mercury, denoting it by 
the mark ; the others he will denominate as bude 


in order according to their velocities; viz. Venus 9, the 


Earth 8, Mars 6, Jupiter u, Saturn b. 8 
15g. II. He will obſerve that the Earth is always ac- 
companied by one ſmall ſtar, Jupiter by four, and Saturn 
by five. Theſe little ſtars which ſometimes precede, 
ſometimes follow, paſſing before and behind their planet, 
he will call, Secondary Planets, Satellites or Moons. 
16, III. He will likewiſe ſee from time to time cer- 


tain. bodies which at their firſt appearance are very ſmall, 


obſcure, ill-defined and moving very ſlow, but after- 
wards 
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wards increaſing in magnitude, light and velocity very 
ſenſibly, until they arrive at a certain point, after whiem 
they diminiſh in ſize, light and velocity nearly in the 
ſame manner as they were augmented, and at laſt diſap- 
pear. Theſe which are ſeen in all the regions of the hea- 
vens, ſome moving in one direction, others ina different, 
he will call Comets. 

17, IV. After attentive obſervations on the ſurfaces of 
the primary planets, he will remark thereon ſome parts 
more obſcure than others, (called Spots,) changing their 
place, and paſſing from one fide of the planet to the other; 
then diſappearing for a while, become viſible again on 
that ſide where they were firſt ſeen, always continuing 
the ſame motion nearly uniform. Theſe ſpots alſo will 
appear to widen as they advance from the margin towards 
the middle of the planet, and to narrow as they paſs from 
the middle to the other margin, where in keeping always 
the ſame height, they appear like a fillet or lift. Laſtly, 
the time they are ſeen on the planets diſk, is ſomewhat 
leſs than the time they diſappear. 

From which he will conclude, that theſe ſpots adhere 
to the body of 'the planets, that each planet is a globe 
turning on its axis; and conſequently each planet has at 
the ſame time two motions, one whereby they are moved 
round their axis in a ſmall time, and the other by which 
they revolve round the fun: Theſe motions may be well 
conceived by imagining a little ball rolling round a great 
ſphere. The firſt of theſe motions he will call the dilirmal 
motion, or rotation, and the ſecond, the annual motion, 
or revolution, | | 

18. Before the diſcovery of teleſcopes (anno 1609) it 
was not ſuſpected that the planets had a rotatory motion. 
Kelper, a German aſtronomer, who flouriſhed at that time, 
had nevertheleſs in his Phyſical Hypotheſis concluded that 
the ſun ought to revolve on his axis, which has been con- 
firmed by obſervations made ſince. The ſun has been 
found to turn round on its axis in 25 days and a half; 
Jupiter in 9h 56'; Mars in 24h 40“; Venus in 23 20'; 
the Earth in 23* 56 4“, as will be ſeen hereafter, The 
diſtance of Saturn, joined to the weakneſs of its light, 

and 
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and the ſmallneſs of Mercury together with its proximity 
to the ſun, have hitherto prevented obſervations being 
made on their ſpots, and conſequently the times of their 
diurnal rotations are not yet determined : However, by 
analogy, it is highly probable that theſe planets revolye 
on their axes as well as the others. | 

19. As to the nature of theſe ſpots, it is evident, that 
as the planets are not of themſelves luminous like the ſtars, 
but being enlightned by the ſun, they reflect that light to 
us, as will be proved hereafter, theſe ſpots can be no other 
than parts of the ſurface of the planet leſs capable of re. 
flecting light, as are the ſeas, foreſts, Sc. It is very eaſy 
to conceive, that the Earth viewed at that diſtance, would 
appear covered with ſpots diſpoſed in the ſame manner a 
the parts of the world are drawn on a terreſtrial globe; 
that the ſeas abſorbing almoſt all the light, muſt appear as 
large obſcure places, the little iſlands as bright points, 
the great continents, as great enlightened ſpaces ſtrewed 
with obſcure and luminous ſpots. For the cultivated 
earth interſperſed with lakes and covered with foreſts, 
will reflect leſs light: And white earth, high barren moun- 
tains, and almoſt always. covered with ſnow, muſt refle& 
more. Beſides, in viewing the moon with a good glas 
of 12 or 15 feet focus, it is eaſy to diſtinguiſh the hollows 
and mountains: Therefore *tis probable that the planets 
are places inhabited, or at leaſt habitable like the earth, 
More on this ſubject may be ſeen in Fontenelle's Plurality 
of Worlds, and in Huygens's Coſmotheoros. 


ARTICL E II. 


An Enquiry into the Laws of the Motions of the primary 
Planets. 


20. PRevious to the enquiry into the laws of the planets 
motions, a fixed meaſure of their velocities ſhould 
be eſtabliſhed, The obſerver muſt diſtinguiſh ſpaces and 


times in the heavens, ſince the velocity depends on * 
the 


one, 4 
into de 
lures t 
lock \ 
jours, 


— 


1 


uſo, tl 
ſtar 0 
umes | 


ASTRONOMY. 33 
the greater velocity being that where a greater ſpace is 


mii run through in a leſs time, and on the contrary. Now, a 
eing WGeometer placed at the centre of an orbicular motion, can- 
their Wo determine the real ſpaces run thro', becauſe he muſt 
» by Nxnow the real diſtances of the revolving bodies, which is 


impoſſible ; Therefore inſtead of ſpaces the obſerver will 
uſe angles, and the apparent arcs deſcribed in the heavens 
by the planets. 

21, The manner of meaſuring time is arbitrary, pro- 
vided the ſame be always uſed. For this purpoſe the ob- 
ſerver may chuſe the diurnal rotation of any one of the 
planets, as the earth. The time of an intire rotation of 


ealy ide earth round its axis, he will call a Day; which he will 
ould WWivide into 24 equal parts called Hours, each hour into 
er as Neo minutes, each minute into 60 ſeconds, &c. beginning 5 


every day when ſome one ſpot taken on the earth's ſur- 
face, as the city of Paris, is directly oppoſite to the ſun, 
or in a vertical plane paſſing thro? the centers of the ſun 


wed Bind earth; and ending the day when the ſaid ſpot returns 
ated again into the ſame plane. CES 

elts 22. Therefore the obſerver tnuſt have two ſorts of in- 
oun- Wtruments for obſerving the motions of the planets; the 
flect one, a circle, or an arc of a cifcle, accurately divided 
glas Whit degrees, minutes, and ſeconds ; with this, he mea- 


ſures the angles, or the arcs run thro? ; and the other, a 
ock with a very uniform motion, ſhewing the time in 
jours, minutes and ſeconds; 
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| ARTICLE III. 
Of the annual Revolutions of the Planets. 


TH E obſerver having remarked the exact time 

when each planet paſſed over ſome fixt ſtar, and 

allo, the times of ſeveral returns of every planet to the 

Mar with which it was firſt obſerved, he will find tbe 

unes between all the ſucceſſive returns of the ſame plane! ” 
D . 


mets 


and 
oth ; 
the 
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© the ſame ſtar to be equal. 

towing table, 
We Times of the annual Revolutions. 


Mercury - - - 87 days - 23 hours - - 153 minutes, 


Venus 224 -- 16 484 
Earth 3688 - = = 6--- = - 9 
Mars 686 - - 232— 302 
7 ²Üe Ü d O 
Saturn 10759 - - - - - 8 -- - - - O 


5 


ARTICLE IV. 
Of the Paths of the Planets. 


240TH E obſerver will examine; iſt. Whether the 
curve deſcribed by each planet, 1s in one and the 

ſame plane, or is partly in one plane, and partly in ſeveral 
others. 2d. Suppoling the orbits of the planets are each 
in one plane, whether they are the planes of great or ſmal 
circles of the celeſtial ſphere. 3d. Whether all thele 
planes coincide, or are differently inclined to one at 
other. 5 | 
In order to this, the obſerver will recollect, that being 

in the centre of the apparent celeſtial ſphere, his eye is in 
the planes of all its great circles: Now having remarked 
by what ſlars a planet paſſes in his revolution, theſe wil 
be ſo many points of the orbit; then taking a plane plate 
of any matter, and directing its plane to two of thoſe ſtars, 
he will readily ſee thoſe obſerved ſtars or points which art 
above and thoſe which are below this plate, which in this 
fituation repreſents . the plane of a great circle of the 
ſphere, paſſing thro? his eye and thro” two points of th 
Planet's orbit. And thus it will be found whether all the 


ſtars by which a planet paſſes is in the plane of the platt 
or not, and confequently whether the orbit of each planet 
is 2 Curve coinciding with the plane of one of the aa 

circles 
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circles of the ſphere : Henee the two firſt caſes are Er- 
ſolved. | 5 

23. By the ſame method he will ſee that although theſe 
planes are but little inclined to one another, yet their dif- 
ference is very ſenſible, eſpecially when the planets happen 
to be in conjunction, for then it is almoſt always obſerved 
that one paſſes above the other, even at the diſtance of 
ſeveral degrees, | 

26, It may be eaſily found if three or more points in 
the heavens are in one and the ſame plane of a great circle, 
by ufing only a ftretched thread or a ſtrait ruler; thus, 
hold the thread ſtretched a little before the eye, fo that it 
may appear to cut two of the ſaid points. For then it 
will Cut all the others if they are in the ſame plane, pro- 
vided they. are not too far diſtant to be ſeen without 
moving the head. For ſince the planes of all great cir- 
cles of the ſphere interſect at the center, the cye by the 
ſtretched thread determines the poſition of one of theſe 
planes; conſcquently every ſtar which, in the heavens, 
appears to deſcribe a right line, is in the plane of a great 
tircie, in which the eye is placed at the center. 

27. The obſerver then proceeding to examine thro? what 
gion of the heavens the planets paſs, will find that they 
un ſucceſſively - thro? the conſtellations Artes, Taurus, 
Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, 
Capricorn, Aquarius, Piſces. And as this track is com- 
poſed of {ix orbits, which in ſome places recede from each 
other, and in other places interſect, they mult therefore 
form a girdle or zone about the heavens; like as when 
kveral wheel · rutts running ſometimes parallel, and ſome- 
times croſſing, form on the earth a broad track. The 
obſerver will call this zone, the Zodiac: whoſe circuit he 
vill divide into twelve equal parts called Signs, beginning 
at any ſtar, as the firſt ſtar of Aries. Now each ſign will 
contain thirty degrees, and take its' name, in order from 
the firſt ſtar, or according to the conſtellation it includes; 
ſaying thus, the firſt ſign, or the ſigh Aries; the ſecond 
bgn, or the ſign Taurus, Ec. 

28, The ancient Greek aſtronomers who aſſigned to the 
conſtellations the names and forms which are ſtill retained, 
D 3 took 


1 = for the firſt 


The © ever 


point in the zodiac, the ſtar 7 in Aries, 
becauſe, this ſtar was next to the ſun when he entred the 
vernal equinox. At that time, each conſtellation occy- 
pied exactly the ſpace among the ſigns which carried ity 
name. Thus the conſtellation Aries was contained in the 
firſt ſign ; that of Taurus, in the ſecond fign, &c. But 
as that point of the | heavens anſwering to the ſpring ha 
gone backwards 50” of a degree every year, all the ſtan 
appear to have adyanced forwards as much; and at thi 
time, the ſtar y has advanced nearly a ſign ; ſo that the 
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conſtellations do not now correſpond to their reſpective 


ſigns, notwithſtanding each ſign till retains its ancient 
name. The conſtellation Aries being at preſent almoſt 
removed into the ſign Taurus, and the conſtellation Tau. 
rus into the ſign Gemini, as is readily feen in the celeſtial 
charts. 

Among the modern aſtronomers, fome reckon the 
leſtial motions from the true equinox ; others from the 
ſtar y in Aries: But theſe, to agree with the formerin 
their calculations, always add the difference between tht 
place of this ſtar and that of the equinox ; this diffcreng 
is called the Preceſſion of the Equinoxes. 

29. The following characters have been en to 
repreſent the ſigns of the zodiac; which ſhould be wel 


remembred. 
Aries Leo & Sagittarius £ 
Taurus 8 Virgo m Capricorn 
Gemini 1 Libra Aquarius # 
Cancer 5 Scorpio m Piſces &. 
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ARTICLE V. 
Concerning the Inequalities of the Planets Motions. 


T H E obſerver conſidering more particularly the 

motion of each planet, will ſoon perceive that 
they have very unequal velocities; he will endeavour to 
diſcover the law of theſe inequalities, their cauſe, if only 
wel one, but if ſeveral, to diſtinguiſh them; and alſo in 
ien what manner theſe cauſes act, by obſerving every day at 
the ſame hour, the place of each planet in its orbit during 
one revolution at leaſt. Thus, to find the theory of Mer- 
cury ; ſuppoſe the obſerver has determined with his in- 
ſtruments, for each day at noon, the following poſitions 
of Mercury in his orbit, (ſee pag. 38.) that is, the num- 
ber of ſigns, degrees, minutes and ſeconds, of a celeſtial 
arc comprehended between the centre of Mercury and a 


rena ing meaſured always from the right towards the left, is 
what is called according to the order of the ſigns. | 
ted WF 31. Then comparing together all theſe obſervations of 
e well the poſitions of Mercury; their differences, (which are 
| wrote on one ſide in the table) are the diurnal motions, 
and conſequently the apparent velocity deſcribed each 
day; now the obſeryer will examine, iſt. Whether theſe 
inequalities are only apparent, or proceed from any al- 
teration in the diſtance of that planet from the ſun, al- 
though its motion be really uniform; for experience ſnews 
that a body moving uniformly, appears to go ſwifter in 
proportion as its diſtance is leſs: And the contrary : For 
it is a principle in optics, that in equal times the apparent 
velocities are inverſely as their diſtances. ad. Whether 
riet theſe inequalities are not real, and if the planet does 
not move ſometimes ſwifter, ſometimes ſlower, without 
changing its diſtance from the ſun. 3d. And whether 
both theſe cauſes together do not contribute to produce 
thele inequalities, 
| D 3 e 


ſtar which he meets in entring the ſign Aries. This be- 
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from the iſt ſtar of ꝙ at noon, | 
| ig. deg. min. ſec. differen 
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. 
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Obſerved diſtances of Mercury Obſerved diſtances of Mercury 
x . 
from the iſt ſtar of ꝙ at noon. 
1740. fig. deg. min, ſec. differen. 
4] June 14.6 2 4 30... 50 237 July 30. 7 
| =. 4.1 rs ax 2 gn 7 
| 16.0 12 19 40, ? rouge, Auguſt 1 7 
17,0 217 41 44. 47 4 2. 7 
| 18.0 23 13 37. 41 — 3. 7 
I 19,0 28 54 37.5 4129 4. 7 
20.1 4 45 9. 397? 3 
| 21.1.70 43 40,7 593 8. 3 
22.1 16 49 33.6 1575 7- 8 
* 23.2. 45.6 295 8. 8 
0 ö 9. 8 
. | 25-2 $ 39 52.6 23 10. 8 
26.2 12 2 51. —.6 22 11. 8 
ö 27.2 18 26 18.6 2225 12. 8 
4 23. 2 24 48 38...6 I 4 13. 8 
29%3 1 8 6.6 "2. 14. 8 
30. 3 7 23 25...6 3 20 15. 8 
July 1. 3 13 33 8.6 272 16. 9 
nt Be BEOS, 17. 9 
134g 5 537 © 2.3 30-8 18. 9 
4. 4 1 17 10.—5 772 19. 9 
1 e 20. 9 
F 6. 4 13 22 57.5 <4 52 21. 9 
2.4 17 41 Tees? Ga 22. 9 
8.4 22 49 28— 53 2. 23- 9 
1 9.4 27 9 1 —4 49 2 24. 9 
10. 5 2 7 3... 25. 
1 11. 5 7 16 49... 2246 21 18 
13. 5 1 47 49, 2, 27. 10 
ö 13-5 16 9 . I * 28. 
14.5 20 24 26.—4 823 29. 10 
| 15-5 24 30 54 —3 38 30. 10 
| £5 rat Bo or 31.10 
17.6 2 21 47,.3 32 9 Sept. 1.10 
13.6 6 7 40,3 #543 4 
19.6 9 47 17,3 3947 * 
If 20.6 13 21 29,5 34 2 11 
3 28 48 4-1 
21.6 16 50 7... 3 2 
22.6 20 14 4.3 73 57 x _ 
23-6 23 33 24. 1727 11 
24. 6 26 48 41.3 —— 6 8. 11 
25-7 0 © $5 19 9. 11 
20-7 2 7 4.3 744 10. © 
27:9 6 13 11.3 * 7 a 
28.7 9 13 42.2 88 357 12. 0 
rey 29.7 12 12 33 2 56 24 13. © 
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To proceed then he muſt recollect, that the dia- 
meter of one and the ſame object appears leſs in propor- 
tion as its diſtance increaſes; and the contrary. For tis 
a law in optics, that the angles under which the diamelers 
of an object are ſeen, are reciprocally as the diſtances of this 
objeft from the eye, when the angles are ſmall. It is eaſy 
to conclude from theſe principles, that the apparent ve- 
ocities of one and the ſame object are directly proportio- 
nal to the angles under which its diameter is ſeen. - From 
whence the obſerver will deduce theſe two rules. 

32. I. If the inequalities of the planets are real, and 
cauſed only by a change of their velocities in their orbits, 
without changing their diſtance from the ſun, their diameters - 
cught to be ſeen (from the ſun) under a conſtant angle. d 
33. II. Tf the planets in themſelves have an uniform mo- 
tion, and if their inequalities are apparent and cauſed only by 
8 continual change in their diſtance from the-ſun ; their Ute 
locities, or the arcs, deſcribed in equal times, are as their 
diameters. | ik; 18 
34. To know which of theſe rules take place, the ob- 
ſerver will determine from time to time, with great accu- 
racy, the angle under which he ſees the diameter of Mer- 
cury, particularly when his velocity is greateſt, or leaſt; 
this angle is always found to increaſe from the time of the 
lealt velocity to the greateſt, and on the contrary: Thus 
on the 26 of June 1740, it was 25 23%; and on the ꝗ af 
Aug. it was 16” 37”, From whence it evidently follows, 
that the ſirſt rule does not take place; and that if the or- 
bit of the planet is a circle, the ſun is not at the centre, 


the diſtance of the planet from the ſun changing every 


inſtant, | 


35. Following the ſecond rule, ſay, as the leaſt dia- 
meter 16 37”, is to the leaſt velocity 29 44 20", ob- 
ſerved between the g and 10 of Auguſt ; fo is the greateſt 
diameter 25” 23”, to 40 17 5” the greateſt velocity 
that Mercury ought to have in one day, if the ſecond 
rule takes place; but it was found that between the 26 


and 25 of June, the velocity of Mercury was 6* 23' 277: 


Therefore iſt. the inequalities of the planet's motions are 


not only apparent, nor cauſed alone by the variations of 
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their diſtances from the ſun : 2d. Since the greateſt ob- 
ſerved velocity exceeds that given by the ſecond rule, by 
2* 12 22”, therefore when the planet approaches the ſun, 
its motion is really accelerated, and muſt be added to the 
rent acceleration cauſed by its proximity, Conſe. 
quently he inequalities of the motions of the planets ariſe 
from a phyſical and an optical cauſe , that is, they are partly 
real, and partly apparent. | | 
36. The ancient aſtronomers blended all the phyſical 
and optical inequalities of the planets into one only, and 
this made all their theories falſe, in doubling the excen- 
tricities of the orbits, and giving wrong diameters, and pro. 
portions of diſtances. But Kepler, who ſaw that from the 
perigee to the apogee, the diameter of the ſun did not de. 
creaſe more than one minute, inſtead of two minutes, ac. 
cording to the theory of the ancients, neceſſarily diſcovered 
an optical inequality nearly equal to that of the phyſical, 
and conſequently diminiſhed his excentricity by one half: 
And this has been confirmed by all the obſervations made 
fince his time, See his book intitled Aſftronomi s Pars 
Optica. 
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. ARTICLE VI. 
Of the Figure of the Planets Orbits. 


3;/JFH E obſerver continuing to examine his obſerva- 

tions, will remark, - 1ſt. That the velocities of 
Mercury regularly decreaſe from the greateſt velocity ob- 
ſerved the 26 Fuze, to that of the leaſt, on the 9 Auguſt, 
increaſing afterwards with the ſame regularity with which 
they had before diminiſhed, fo that at equal diftances on 
either ſide of theſe two terms, the velocities are equal. 
2d. That near the terms, the velocities are more uniform, 
or leſs unequal. 3d. That the diftance of theſe terms, is 


fix ſigns, or half the orbit, and the time from the 26 of 
June to the 9 Auguſt, is 44 days, which is half the time of 
the annual revolution of Mercury. Ath. That the planet 


being 


Il 
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being returned about the beginning of September, to the 
fame place where it had been obſerved about the beginning 
of June, will have the ſame velocity in the ſame points. 

38. From whence the obſerver will conclude, iſt. that 
the curve deſcribed by the planet is regular and returns 
into ſelf. 2d. That the two points of the greateſt and 
leaſt velocities, are diametrically oppolite to the ſun, 
ſo that a right line joining them paſſes thro* the ſun's 
centre, and is a diameter of the curve; this line is called 
the line of the Ap/ides, its two extremities, the Apfides of 
the planet; the one called the ſuperior Apis, or Apbelion, 
is that point of the orbit where the velocity is leaſt; the 
other, called the inferior Apis, or Peribelion, is that 
point where the velocity is greateſt, 3d. That the po- 
ſition of the line of the Apſides is apparently fixed in the 
heavens, ſince tis found (23) that the returns of the pla- 
net to the ſame ſtar, are always made in equal times, and 
that the velocity is always the ſame when in the ſame 
point of the heavens. 4th. That the cauſe which moves 
the planet, acts in the ſame manner at equal diſtances on 
either ſide of the lme of'the Apſides. 


— — 
— — — — — - 


ARTICLE VII. 


Of 2 phy/ical Hypotheſis, to find the curve deſerited by 4 
Planet, and to diftribute its, inequalities in the different 
points of its Orbit, . 


39-BY the principles of Mechanics, find a phyſical hy- 
potheſis wherein each planet ſhall alternately ap- 

= to and recede from the ſun, to accelerate and re- 
rd its velocity according to ſome law agreeing with ob- 
ſervations; now from ſuch an hypotheſis, with the help 
of Arithmetic and Geometry, may be deduced rules for 
calculating what has been obſerved in paſt ages, and alſo 
what may be obſerved hereafter, | 
40. To proceed therein methodically, and with as much 
certainty as is poſſible, the obſerver will recollect in order, 
the following mechanical principles, . 
ARTICL8S 


The EER MENTS of 


Aar VIII. 


Mechanical Principles, whereon is founded the Phy/i Ty 
Aſtronomy. 


41. A Xiom I. Effetts are proportional to their cauſes. 
That is, an effect increaſcs or decreaſes in the 
ſame proportion as does the action of the cauſe which 
roduced the increaſe or decreaſe. 


42. Axiom II. A body. of itſelf has no rendency ot 


power to change its tate of reſt or motion. 
43. Therefore, 1ſt. If a body is once put into motion, it 
will continue ſo, unleſs prevented by ſome cauſe. 

44. 2d. A body in motion, always moves proportio- 
nal to the impreſſed force without changing its direction 
or velocity; therefore, 4 body urged by an impreſſ:d foret, 
always tends to move uniformly in a right line. 

45. 3d. The velocity af a body in motion, cannot be di. 
mĩniſbed, or increaſed, without receiving a new ſhock, att- 
ing contrary to, or conſpiring with, its firſt velocity. 

46. 4th. A body in motion cannot deſcribe a Polygon, 
without being turned out of its rectiline direction, by 
cauſe afting in a new direction at each angle of the 
Polygon, 

47. Axiom III. One body acting on another, or 4 
power acting on a body, always meets with a reſiſtance equal 
zo its effoxt, and in a contrary direction. That is, reaction 
is always equal to action, in a contrary direction. 

Since a phyſical action, without an obſtacle, or reſiſt- 
ance, cannot be conceived, ſo an action of greater force 
than an obſtacle cannot be conceived. For ſo much of a 
force as is greater than neceſſary to produce the effect, is 
a meer loſs, and does not act: So, action weaker than an 

obſtacle, acts without effect; but it is not deſtroyed 
otherwiſe than by a reſiſtance in the obſtacle, equal _ 
directly oppoſite to that of the action. 

E Thus, if a man with a cord draws a ſtone, the cord is 
every where equally ſtretched, which ſhews that the re- 
ſiſtance of the ſtone draws the cord towards the ſtone as 

much 
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much as the man's hand draws the cord towards himſelf. 


For if the cord, while ſtretched, be cut in the middle, 
the end held by the man, vill fly towards his hand, by 
its ſpring, and the end tied to the ſtone will fly to the 
ſtone. But if the cord had been only drawn by the hand 
and not by the ſtone, it is evident that the end next the 
ſtone ought not to retire to it, but continue to be carried 


towards the hand. | 


48. The propenſity which all bodies have to remain in 


a ſtate of reſt, and the reſiſtance they make in changing 


that ſtate, is what philoſophers call the vis inertiæ. 
49. DermiTions. I. An uniform motion is that which 


a body receives by an inſtantaneous action of any power; 
or rather, that by which a body deſcribes equal ſpaces in 
equal times. | ; 


50. II. A motion uniformly accelerated is that which is 


produced in a body by a continual repetition of equal 
actions, equally augmenting its velocity at each inſtant,” . 


51. TEO EM J. When a body moves uniformly, the 


' [paces run thro in equal times, are as the velocities, The 
7 7 


ſpaces run thro with one and the ſame velocity, are as the 
times; and the velocities wherewith equal ſpaces are de- 
ſcribed, are inverſely as the times. 

Tis eaſy to conceive that a ſpace uniformly run thro? 


in a fixed time, as a minute, will be greater, in propor- 
tion as the vclocity is greater; alſo if at the beginning of 


the ſecond minute, the velocity ſhould be doubled or 


tripled, then the ſpace deſcribed in this minute will be 


double or triple, and conſequently always in proportion 
to the velocity ; the fame reaſoning will ſerve for the 


bother parts of the Theorem. For 'tis plain, that a body 


moving always with the ſame velocity, deſcribes ſpaces, 


greater in proportion as more time is employed therein : 


And that if the ſpaces deſcribed are equal, the velocity in 
running thro? one of theſe ſpaces will be greater, in pro- 


portion as it takes leſs time. 


52. ThroREM II. In uniform motions, the ſpares E, e, 
deſcribed by the bodies A, B, in different times T, t, and 
with the velocities V, u, are to one another as the products 


VT, ut, of the velocities by the limes, or E: e: VT : ut. 


Du. 


| 
| 
| 


44 
DzMm. Suppoſe firſt that the body A with a velocity 
& equal to that of B, deſcribes a ſpace & in the time T; 
then to compare the ſpace e with E, which A deſcribes 
with the velocity V, by (5 1.) ſince the time J is the ſame, 
E: e:: V: a; and to compare the ſpace & with e which B 
deſcribes in the time t, ſince the velocity « is the ſame, 
6: e:: T: 1. Therefore Ee: ce:: VT: wi; and E: e 
3 | 


53. REMARK. Mathematicians expreſs by a ſimple equa- 
tion, the conſtant proportion between the variations of two 
quantities commonly incommenſurable and heterogenous ; thus 
inſtead of ſaying the ſpaces are always as the times, they write 
et, although ſpace, which is a permanent extenſion cannot be 
equal to time which is ſucceflive extenſion, and heterogenous to 
ſpace ; But by this they mean that the ſpace is augmented or di- 
miniſhed in the ſame proportion as the time increaſes or decreaſes, 
The inverſe ratio of the velocities to the times, is expreſſed thus, 
f, for an inverſe ratio may be ordered like a direct one, pro- 
vided the terms are the denominators of fractions whoſe nume- 
rators are 1. To ſhew that any quantity is not variable, or is 
always conſtant, tis made equal to 1; in this manner THEO. I. 


may be compenciouſly expreſſed, thus: In uniform motions, if 


t=1, then eu; if u=l, et; and if e=1, u=7: And 
TEO. II. In motions uniform, e gut. 

54. When a general formula contains quantities either con- 
ſtant, or ſuppoſed conſtant; or a product or quotient of quan- 
tities invariable, or ſuppoſed ſo; then without changing the re- 
lation of the quantities, the formula will become much mote 
ſimple by ſubſtituting 1 in the place of ſuch conſtant quantity, 
and making the neceſſary reduction. Thus in e=zt, if the time 


s ſuppoſed conſtant, then tt, which wrote for t, gives e=uX1, 


or =; this ſhews at ſight, that if the time is conſtant, the 
ſpace is as the velocity, Alſo in the formula p== ſhewing 
the abſolute value of y; if ab is ſuppoſed a product of conſtant 
quantities, then p== » Which ſhews, that although the real 


value of P is = „ yet there is no variation in the relation of 9 


but in proportion to the variation in the quotient of the variable 
quantity x divided by the variable quantity gs. And by other 
ſubſtitutions, the formula expreſſes no morc than the relation of 
the variations of p. 

Conor. 
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65. Conor. Hence, in a uniform motion, where gut, 
then 2 „and 12 | 


56. Taeor, III. A motion any how unequal and in any 
curve may be conceived as compoſed of an infinity of uniform 
and rectiline motions during each indefinitely ſmall inſtant of 
the finite duration of that motion: Alſo that it is only at the 
beginning of each of thoſe inſtants that the moving body re- 


ceives a variation in its velocity and direction, which con- 


tinues without other variation during this inſtant, 

For in each inſtant, the moving body makes but a ſtep, 
theſe ſteps compared together may be irregular and in dif- 
ferent directions, but the inequality or deviation cannot be. 
conceived in one ſtep taken ſeparately. 

57. Tutor. IV. In à motion uniformly accelerated, 
the velocities are as the times; or ut. 

For the moving body receives at each equal inſtant a 
new and equal impreſſion, and conſequently a new and 
equal degree of velocity. The ſum of theſe degrees is al- 
ways equal to the ſum of the inſtants ; therefore the ve- 
locities are always as the times reckoned from the begin- 
ning of the motion, 

58. The ſpacee, run thro' in a certain finite time t, by a 
motion uniformly accelerated, is equal io half the ſpace run 
thro in the ſame time by an uniform motion with a velocity 
u equal to that acquired by the acceleration at the end of the 
time t; or thus, in a motion uniformly accelerated e; 
whereas in an uniform motion e tu. | 

For t being divided into an infinity of equal inſtants, 
the degrees of velocity at the ends of each equal inſtant 


are in this arithmetic progreſſion =1=, 2, 35» 455» 
&c. o u. But dividing each inſtant, the motion be- 
ing uniform, the ſpace run thro? is as the velocity (g 1) the 
body then has. Therefore each term of this progreſſion 
expreſſing the velocity, expreſſes alſo the relation of each 


correſponding ſpace ; and the ſum of all thefe terms ex- 
preſſes the whole ſpace run thro? in the time 7. But the 


ſum of this progreſſion is equal to the ſum 15-+# of the 
extremes, multiplied by half the number of terms, that 13, 
2 
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by half the number of inſtants, or by : Therefore the 


Whole ſpace is repreſented by 1—þux{="*, becauſe 18. 


S - . 

59. Turok. VI. 
formly accelerated, are as the ſquares of the times, reckoned 
from the beginning, or as the ſquares of the velocities ac- 
quired at the end of the times. 

For in the formula eg, by ſubſtituting = (57), 
will be e, or e; and ſince 2 is a conſtant quantity, 


therefore e uu, or eit; that is, the ſpaces are as the 
ſquares of the times, or of the velocities, 


60. Corort. In a motion uniformly accelerated, the times 
are expreſſed by the ſeries of natural numbers = 1, 2, 3, 4, 5s 


6, &c. and the degrees of velocities by another ſerics wherein 
each term 1s proportional to the foregoing one; the correſpond- 


ing ſpaces by a ſeries wherein each term is proportional to thoſe _ 


of a ſeries of the ſquare numbers 1, 4, 9, 16, 25, 36, &c. And 


the increments of the ſpaces, or the ſpace run thro” in each ſuc- 


ceſſive interval of time, by a ſeries whoſe terms are proportional 
to thoſe of the odd numbers 1, 3, 5, 7, 9, 11, &c. becauſe the 
differences between the ſucceſſive ſquares are the terms of this 
ſeries. 

61. ScHorium I, The velocities acquired in each inſtant, 
and conſequently the ſpaces really run thro', depend on the in- 
tenſity of the accelerative force acting on the moving body. 
One accelerating force weaker than another, gives a leſs degree 
of velocity, and runs thro' leſs ſpaces in the ſame times; not- 
withſtanding which, the velocities are always in the ſimple ratio 
of the times, and the ſpaces in a duplicate ratio of the times. 
Alſo, when the accelerating forces are different, the ſpaces de- 
ſcribed in equal times, are as theſe forces: And when the ac- 
celerating force is the ſame, the ſpaces are as the ſquares of the 
times. Therefore putting F for any accelerating force, there 


ariſes the following general formulæ, ett, f= 175 t=V 7 | 


\ REMARK. It may be demonſtrated generally, that e=t ; 
or that the ſpaces run thro* by vertue of accelerated forces, are 
among themſelves as the product of theſe forces by the ſquares of 
the times, in the ſame manner .as was demonſtrated (52) that 
in uniform motions the ſpaces are as the product of the velocities 
by the times. 

For if a body A deſcribes the ſpace E in the time T', by an 
accelerating force F; and a body B, the ſpace e in the time r, 


by 


The ſpaces run thro* by a motion uni- 
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by we accelerating force 7. Then i is Ez en FTT it. Sup- 
poſe A at firſt has an accelerating force f by which it deſcribes. 
the ſpace « in the time I, then comparing the ſpace with the 
ſpace E which A ought to deſcribe in the ſame time T, it ap- 
pears that E: „:: F:; and comparing the ſame ſpace with 
the ſpace e deſcribed dy the body B with the- ſame accelerating. 
force 7, 2 is 2: :: TT: tit, Therefore E-,: 0: E: 2 2 
FTT: 

62. — II. It has been found by experiments that bodies 
falling on the ſurface of the planets, fall by a motion uniformly 
accelerated, The accelerating force which produces this effect is 
called Gravity, Alſo it has been determined from accurate ex- 
periments and indiſputable reaſon, that on the ſurface of the. 
earth, bodies falling freely, and meeting with no ſenſible re- 
ſiſtance, run thro? 16,0878 feet Engliſh in the firſt ſecond of 
time of their fall. Therefore in the preceeding formula 
16,0878, when t is expreſſed in ſeconds of time. 

63. Schr. III. There may be conceived a force conflantly 
retarding, and which at each equal inſtant gives to a moving 
body, an impreſſion contrary to that of its motion, and conſe- 
quently occaſion the loſs of equal degrees of velocity, in equal 
inſtants ; this retarding force will have exactly the ſame proper- 
ties, in a contrary direction, with the accelerating force, reckoning 
the times and ſpaces from the inſtant wherein the retarding force 
will have totally deſtroy'd the motion. Thus a ftone thrown 
in the air, its gravity is a force conſtantly retarding its elevation; 
and when it has totally deſtroy'd the motion upwards, it becomes 
a conſtant accelerating force making the ſtone fall exactly with 
the ſame degrees of velocity, and in the ſame time in which it 
mounted. 


64. Tutor. VII. If a body is impelled by two or more 


' powers, at the ſame inſtant, to move in one and the ſame 


right line, it will move uniformly in this line with a velocity 
proportional to the ſum of thoſe powers. But if they act in 
contrary directions, the body will move that way towards 
which the greateſt aggregate power is directed; and its ve- 
locily will be proportional to the exceſs of the ſaid aggregate 
above the forces acting in a contrary direction. 

This evidently follows from the firſt Axiom (41.) 

65. Corox. Since two powers acting in one and the ſame 
direction are united, and thoſe which act in oppoſite directions 
mutually deſtroy each other, excepting the exceſs of the greater 

above the leſſer, it follows that. if the. ditections of two powers 


are oblique, they neither act in the ſame or oppoſite directions ; 
but 
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but their efforts partly conſpire and are partly oppoſite, conſe 
quently they partly unite and partly deſtroy, according as the 
two right lines expreſſing their power and direction, have the 
ſame, or contrary directions. | 

66, Lemma. If there be talen as a radius, the right 
tine BC (Fig. 17.) meeting the plane DB obliquely (thereby 
L 2 of both parallel, or coincident, and perpendicu- 

r poſitions,) the fine CA of the angle ABC of obliquity ex. 
Treſſes the perpendicularity of the right line BC, and the fint 
complement BA will expreſs the paralleliſm or coincidence, 

For becauſe the right line BC is partly parallel and 
partly perpendicular to the · plane DB; it may be con- 
ceived as formed by the track of a point whoſe ſteps are 
alternately parallel and perpendicular to the plane DB, 
rendring the track like the ſteps of ſtairs; but becauſe the 


ſteps are indefinitely ſmall, their aſſemblage may be taken 


as a right line: Now on this hypotheſis it is evident that 
AC is equal to the ſum of all the perpendiculars to DB, 
and AB is equal to the ſum of all the parallels. There- 
fore AC meaſures the perpendicularity of BC to DB, and 
AB meaſures the paralleliſm or coincidence. But BC be- 
ing taken as radius, AC is the fine of the angle CBD, and 
AB is the ſine of the angle ACB, the complement of 
DBC. Therefore, Ec. | 


67. Tazor. VIII. Fa body C (Fig. 18.) is at the 
ſame time urged by two powers making any angle ACD, ont 
repreſented by CA capable to drive the body uniformly fromC 
to A in à given time T, and the other repreſented by CD 
capable to drive the body uniformly from C to D in the ſame 
time IT; the body will uniformly deſcribe in the time T the 
diagonal CB of a parallelogram CABD formed on the two 
right lines CA, CD. 

As the directions CA, CD, form an angle, the powers 
act on the body C by efforts partly conſpiring and partly 
oppoſite ; the conſpiring efforts ought to be expreſſed by 
two right lines either coincident or polited in the ſame 
manner ; and the oppoſite efforts, by. two lines perpen- 
dicular to the direction of the conſpiring efforts, but ſitu- 
ated contrary ways. Now the body having no force of 
itſelf, it is evident, 1ſt. that it will not be moved * 
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the oppoſite efforts, be totally deſtroyed the one by the 
other, which cannot happen unleſs they are equal, and 
therefore expreſſed by two equal perpendiculars. 2d, That 
it will neither follow the direction of CA or CD, but only 
that of the conſpiring efforts, wherein it will move as ff 
urged by one force equal to their ſum ; therefore it muſt 
run thro? uniformly in the time T, a right line equal to 
the ſum of thoſe lines expreſſing the two conſpiring efforts. 
Now draw AD, then a right line CB, paſſing thro” I, the 
middle of AD, will be the direction of the two conſpiring 
efforts. | 

For then AF, DF, drawn from the points A, D, per- 
pendicular ro CB, are equal; becauſe the rectangle triangles 
AEI, IFD, have their angles equal, each to each, and the 
hypothenuſes Al, ID are equal: Therefore the perpen- 
diculars, equal and poſited in contrary directions, expreſs 
the oppoſite efforts of the powers CA, CD; allo (65) the 
right lines CE, CF, poſited in the ſame manner and co- 
incident, expreſs the conſpiring efforts. Then making 
CB=CE+CF, the body C will uniformly run thro” the 
right line CBin the time T. Moreover, ſince CB=CF+ 
CE, therefore EB=CF. But becauſe the triangles FID, 
IEA, are rectangled and equal, FI=IE, then CI=IB: 
Therefore drawing AB, DB, the quadrilateral CABD, has 
ts diagonals biſected, forming thereby the oppoſite tri- 
angles congruous. Therefore this quadrilateral is a pa- 
ogram. | 7 | 

68. Coror. I. A diagonal being always in the plane of its 
parallelogram, it follows, that a body urged by tw forces at 
once, continues in the plane of the directions of thoſe forces. 

69. Corot.. II. A force which can move the body C to 
Bin the time T, produce exactly the ſame effect as the u- 
nited forces CA, CD. Therefore the firſt force may be ſubſti- 
tuted for the two others, and reciprocally, for a ſingle force may 
be ſubſtituted two others, ſuch, that each would make à body de- 
ſeribe either of the contiguous fides of a parallelegram. in the ſame 
time that the ſingle force would make that body deſcribe the diago- 
nal, This is called the reſolution of one force into two. 

70. Cool. III. If a finite power acts directij againſt an 
immoveable plane, or body whoſe maſs is infinite, its effort conſiſts 
my in preſſing it, but ultimately produces no motion. 


þ For 
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For the effort of this power being diſtributed to every finite 
part of the infinite body, only an infinitely ſmall force will be 
impreſſed on each, conſequently the motion received by the 
body is infinitely ſmall, or nothing; therefore the effort of th 
power conſiſts only in preſſing the plane. G 

71. But if a finite power expreſſed by CB (Fig. 19.) as onthe 
immoveable plane AE, in the oblique direction CB, it preſſes it u 
otherwiſe than as this oblique direction participates of perpendi. 
cularity, ſince its effort is compounded of two, the one CA perpens 
dicular, and the other CD parallel to the plane (ſo that CB is the 
diagonal of the parallelogram ACDB) the right line CA expreſſu 
that part of the effort ating on the plane, and which is deſtroyed 
by the reſiſtance ; and the right line CD, that part of the effert ut 
acting on the plane; and conſequently is not deſtroyed. So if: 
power CB capable of moving a body from C to B in the time J, 
ſhould act on this body placed at the point B on an immoveabk 
plane AE, it will make it run through in the time T the line N 
equal and parallel to CD, but the body preſſes the plane AE with 


a force exprefled by CA. 
72. SCHOL. In the demonſtration of this Theorem it hu 


been ſhewn that the forces ex preſſed by AE, DF, (Fig. 18.) de 
ſtroy each other, but it is evident that theſe two forces actig 
directly contrary the one to the other, their real effect is to keep 
the body in the diagonal CB, becauſe the force AE prevent 
its riſing towards A and repells it towards D; and the force DF 
hinders it from deſcending towards D, and repells it equally to- 
wards A; whereby the body cannot go out of the diagonal, 
73. Tator. IX. A body at the ſame time urged by t 
powers inclined to one another, deſcribes a right line, if tht 
powers are of the ſame nature; that is, both uniform, ot 
both variable according to one and the ſame law, &e. 
But if theſe powers are of a different nature, they at 
ſeribe a curve (called a Hrajectory) whoſe ſpecies depend u 
the relation the two powers have to one anoiher at each in. 
ant. | 
Dem. Let a body C (Fig. 20, 21.) be urged by ary 
two powers in the directions CD, CA, whercof one cal 
move the body C to D in three very ſmall inſtants of 
time, and the other from C to A in the ſame three im 
ftants, Having divided CD and CA eaca into three 


parts according to the law of each power, and compleated 
the parallelograms GE, HF, AD; it is evident, 1ſt. that 


at the end of the firſt inſtant the body is found in I, * 
* e 
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end of the ſecond in K, at the end of the third in B. And 
fince theſe inſtants are indefinitely ſmall, each of the 

wers act uniformly during that time, Now at the be- 
ginning of the firſt inſtant the body being urged by two 
forces, the one capable of moving it from C to E, and 
the other from C to G in the ſame time, it ſhould be at I 
at the end of this inſtant. And becauſe the two firſt in- 
ſtants taken together are ſtill indefinitely ſmall, it may be 
ſuppoſed that at the beginning of the motion, abſtracting 
the firſt inſtant, the body is urged by two forces, the one 
capable of moving it from C to F, and the other from 
CtoH in the ſame time; therefore at the end of this time, 
the body will be in K, the extremity of the diagonal CK. 
In the ſame manner, becauſe the ſum of three inſtants 
make only an indefinitely ſmall particle of time, it may* 
be ſuppoſed, abſtracting the two firſt inſtants, that at the 
beginning of the motion, the body is urged from C 
to D. and in the ſame time from C to A, and conſe- 
quently it ſhould go from C to B, and will be found in B 
at the end of the third inſtant. 

74. 2d. It is evident, if the powers are of the ſame 
kind (Fig. 20.) the right lines CA, CD, are ſimilarly di- 
vided, and conſequently the lines CE, CF, CD, are re- 
ſpectively proportional to the lines CG, CH, CA. Bur 
becauſe of the parallelograms, the angles CEI, CFK, 
CDB, are equal, and the lines El, FK, DB, are equal to 
CG, CH, CA, and conſequently proportional to the lines 
CE, CF, CD: Therefore the triangles CEI, CFK, CDB, 
ate ſimilar. And the angles at C are equal, and the ſides 
CE, CF, CD being in the ſame right line CD, their ſides 
Cl, CK, CB, and conſequently the points C, I, K, B, are 
are alſo in a right line. Therefore if the two powers are of 
A lame kind, they cauſe the body to move in a light 

e. 5 
75. But if the two powers are of a different kind, and 
CD (Fig. 21.) was deſcribed by an uniform power, and 
CA by a force conſtantly accelerating ; the right lines El, 
FK, DB, are not proportional to thoſe of CE, CF, CD; 
for CG is leſs than GH, while CE= EF; therefore the 
tlangles CEI, CFK, CDB, are not ſimilar; and although 

E 2 the 


52 . The ElzunnTsof Nö 
the angles in E, F, D are equal, yet thoſe at C are ng 
ſo: Then the ſides CE, CF, CD, lying in the ſame right 
line, the ſides CI, CK, CB, will not be in one right line; 
therefore the points C, I, K, B, are not in a right line. 

76. 3d. If CA be taken as a diameter of the cury 
CIKB, the parts CG, CH, CA, are the abſciſſes, andthe 
parallels GI, HK, AB, the ordinates. Or, if the curyei 
taken from CD, the parallelograms GE, HF, AD, ar 
parallelograms under the correſponding ordinates. But 
the nature of a curve depends on the conſtant relation be 
tween the abſciſſe and ordinate : Therefore a curve ds 
ſcribed by two forces of a different nature, depends on the 
proportion theſe two forces have to each other in every 
inſtant, 

Thus, in the preceding hypotheſis, the curve CIKBiz 
a parabola, For the force expreſſed by CD being ui 
form, the ſpaces CE, CF, CD, are to one another as the 
times; conſequently theſe lines, or their equals GI, HK, 
AB, may expreſs the times reckoned from the beginning 
of the motion: And the force in the direction CA being 
conſtantly accelerated, the ſpaces CG, CH, CA, are n 
one another (59) as the ſquares of the times, or as th 
ſquares of GI, HK, AB; fo that the curve CIKB is ſud, 
that the abſciſſes CG, CH, CA, are as the ſquares of th 
ordinates GI, HK, AB ; Therefore it is a parabola. 

77. To render this notion more evident. Let à * 
P (Fig. 22.) urged by two forces, one uniform, and con 
quently tending to make it move uniformly in the d 
rection it has at the end of each inſtant, and the other 6 
ther conſtant or variable, but always directed to one a 


the ſame fixed point S, towards which the body P is ci 
nually driven; this body deſcribes a curve PQpO, alu 


concave towards the fixed point 8. | 

Far if any finite duration of this motion be divided int 
indefinitely ſmall, and equal inſtants ; and if the body! 
having already run thro? the indefinitely ſmall ſpace Pl 
receives at the beginning of the next inftant a direfio 
towards 8, expreſſed by the right line QG; it is evident 
that the body P without this new impreſſion, and with 
uniform motion only, would in this inſtant run -y ts 
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F equal to and in the ſame line ; but bein 
at ns Te — by both, it will run thro? the d 
agonal Qp of the parallelogram QFpG, and arrive at p at 
the end of this inſtant. For the ſame reaſon, at the end 
of the next inſtant, the body would be found in E, fo that 
Ep, if it had not received at the beginning a new 
direction towards S expreſſed by pH, (orpri G, iſ the 
force towards S is always conſtant ; but if variable, theſe 
tyo quantities are unequal) whereby it proceeds in the di- 
agonal „O. Moreover the uniform force, compounded 
with the force which directs the body towards 8, (and 
therefore called the central force) makes P to deſcribe the 
curve PQpO concave towards S, whoſe nature depends 
on the proportion of the two forces, and their poſitions at 
each inſtant. : BB 3. 
78. If the line SQ. (Fig. 23.) is perpendicular to PF 
the direction of the uniform force; and if the quantities 
PI, QG, pH, expreſſing the central force at each inſtant 
drawing the body towards S, are equal to the quantities 
R, pF, OE, whereby the body recedes from S by the 
direction of the uniform force, then will the curve PQpO 
be a circle: For by the combination of theſe two forces, 
the body is always equally diſtant from the point 8. | 
79. It appears then that the motion of the ſtars about 
the ſun may be attributed to the effect of two forces com- 
bined nearly in this manner; therefore *tis neceſſary to 
examine the laws of this ſort of compound motions, to 
ſee if the celeſtial motions are analogous to them. 


* 
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ARTICLE IX. 


The propertie s of motions, compounded of an uniform motion 
and of one conſtantly lending towargs the ſame fixtl 
point. 


8 THxon. I. A trajectory deſcribed zy vertue of tay 
| forces, one uniform and the other central, will bau 
no point of contrary flexure, ſince tis always concave to the 
central point (77): but eceteris paribus, 7s curvature it 
greater, in proportion as the central force exceeds the un 
form force, and reciprocally. 
The arc PQp (Fig. 22.) is more curved than the are 
QO, ſince the central force in Q expreſſed by Q, i 


greater in proportion to QF, than the central force inp} 


expreſſed by pH is in proportion to pE ; and conſequent 
ly, this force draws the body more from a right line, thah 
that of the force pH. ; | 
81. To make this generally true, the expreſſion of the 
uniform force muſt be the ſame in all points of the 
curve, and the direction of the central force muſt make 
always the ſame angle with that of the uniform force 
this is the meaning of the exception caters paribus. 
82. TOR. II. A trajectory deſcribed by two forces, 
as in the preceding, is aways in a plane paſſing thro* tht 
center S, and tbro the firſt direction of the uniform ford 
3 | 
For the fide Qp is in the ſame plane with the right lines 
QF, QG or Qs, ſince it is the diagonal of a parallelogram 
formed by theſe lines. In the ſame manner the diagonal 
FO is in the plane of the right lines pH or pS, and pE or 
QE; it is therefore in the ſame plane as Qp, and fo df 
others. 
REMARK. It muſt be well obſerved, that by the terms con/ant 
force, uniform force, uniform projeftile force, &c. is not to be un- 


derſtood a force which always deſcribes the ſame ſpace in equal 


times; for it is plain that QF, YE, repreſenting this force, are not 
equal right lines; on the contrary *tis evident that its expreſſion 
muſt be regulated at each equal inſtant by the effect of the central 

| force, 
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force, fince it is at each inſtant the diagonal of a new parallelo- 
am; and this is the origin of the inequality of the velocities : 

t is called ſo only in oppoſition to the central force, which is 

always accelerative, as will be ſhewn hereafter (157.) 

83. Tarox. III. If from a central point, and lo the ex- 
tremities of any arc of a trajeFory be drawn two right lines; 
the area of the included ſector is always as the time in running 
thro" the arc. | 

For 1ſt. The triangles SPQ, SF, are equal; having 
val baſes PQ, Qt, and one common vertex 8: But the 
miangles SQF, Sp, ſtanding on the common baſe SQ, 
and comprehended between the parallels SQ, Fp, are alſo 
equal; therefore the triangles SPQ), Sp are equal. In 
like manner may be demonſtrated, the equality of the 
triangles SQp, SpO ; conſequently in equal times, are 
deſcribed equal areas comprehended between the arcs of a 


- trajeRtory and rays drawn to the centre. 


2d. If the third inſtant was double the ſecond, the 
body P by its uniform force would deſcribe pE double 
to Qp, and the area of the equal triangles SpE, SpO," 
would be double to that of the triangle Sp; and ſo of 
others in proportion to the times, 

REMARK. Any finite area being the ſum of an infinite num- 
ber of very ſmall areas, whereof each is proportional to the infi- 
nitely ſmall correſponding inſtant ; the ſum of thele areas is pro- 
portional to that of the inſtants ; and conſequently a finite area 
is as the finite correſponding time. 

84. Corou. I. The time in running thro' the arc PQ (Fig. 
24.) is to the time in running thro" the arc rm, as the ſector PO 
2 ſector Srm. This is one of the two famous laws of 

epler. g 


85. Cox ol. II. If the arc PQ is very ſmall, the ſector PS 
is nearly a rectiline triangle; and the circular arc PM, deſcribed 
from the centre 8, is the perpendicular which meaſures its height. 
Therefore the time in running thro the arc PQ, may be expreſſed 
by PMXSQ, or by SRXPQ ; either of theſe products being as 
the area of the triangle SPQ. | 


86. Tuzor.IV. The velccily u of a body in any point 
QQ of its trajefory (Fig. 24.) is reciprocally as à line SR 


drawn from the central point S, perpendicular to QR @ lan- 


gent to the trajeory in that point Q. Oru=g. 
E 4 


_ 
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For the time in running thro” the indefinitely ſmall are 
PQ'is (85) as POXSR. But this time, being infinite 
ſmall, is (55) as the ſpace PQ divided by the velocity i. 
Therefore PR = And dividing by PQ, SR 


— 1 
Or 1 =. 


87. Taxor. V. The velocity of a body in different point; 
L. 1, a, of its trajeftory MLQ (Fig. 25.) is acce/erated, 
uniform or retarded, according as the ray from the central 
force makes with the curve, (or a tangent to the curve) an 
acute angle CLS, right angle CIO, or obtuſe angle CMR, on 
the fide towards which it is directed. | 
Du. The ray CL being oblique to the tangent 
LS, the central force expreſſed by FL, muſt be reſolved 
into two parts (71), one Fm or L perpendicular to the 
curve, ſhewing the real effort whereby the central force 
retains the body in the curve MLQ ; and the other Fn or 
ML expounding the effort of the central force in the di. 
rection mL, towards which the body moves. This effort 
therefore contributes to augment the velocity of the body, 
On the contrary, in the point à, the part ov, or pA of the 
central force ga, acting on the body in the direction m 
oppoſite to that towards which it moves, conſequently 
diminiſhes its velocity. But in the point /, the central 
force f/ cannot be divided becauſe its action is in a per- 
pendicular direction. 

88. Cokor. The welcity of a body deſcribing a circle by a 
central force tending to its centre, is always uniform. For then 
the rays from the centre of force are perpendicular to the tangents 
of this trajectory. LE | 

89. I. True angular velbcity, or true motion of a body ina 
given time, 1s the angle formed at the central point by two rays 
from the centre of forces, drawn to the extremities of the arc of 
a trajeftory run thro” in the ſame time. | 

90. II. Mean motion, or mean angular velceity is that with 
which a body would always move uniform, relative to the cery 
tral point. This velocity is known in a given time, thus, as 
the time of a revolution is to 360 © ©", ſo is the given time, to 
its correſponding mean motion, 


9h 


| fun. 
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91. Lemmal. Am angle P, its arc A, and radius R 
(Fig. 52.) may be compared together by the following equs- 
tions, A=PXR; P==; R= bs 

Deu. 
dius r; then A: a:: PR: pxr. For if on the radius 
R be taken the arc Q, meaſuring the angle 2. Then 
Q:a::R: 7; but to the ſame radius R, A: Q: P: p. 
Th. Ax Q: a Q:: PæR: xP. Or A: a:: Px R: pxr. 
Therefore Ag PCR. ; 

Lemmall. Between two quantities whoſe difference is 
very ſmall, the geometric and arithmetic mean propor tionals 


are equal; that is, the product of the two quantities whoſe 
difference is very ſmall, is equal to the ſquare of half their 


DEM. The product of the two quantities x and x 2, 
i a; their arithmetic mean is x+ —, whoſe ſquare 
6 xx4+ T differing from the produtzx+ 5, only 


by an infinitely ſmall quantity of an inferior order, which 
may be rejected as nothing. 

92. TuEOR. VI. The true angular velocity u of a body de- 
ſeribing in a very ſmall time any ſmall arc PQ of its tra- 
jetory, (Fig. 24.) is always reciprocally as the ſquare of the 
diſtance SI, from the point S where the central force reſides, 
to the point I where the body is found at the middle of the 
time, or u Sn ; | 

Dem. The angular velocity ꝝ is expreſſed by the an- 
gle PSQ, meaſured by the arc PM deſcribed from the 
point S. Then (91) 22 ing But in equal times and 
ſmall areas, PQS is (83) in whatever part of the trajectory 
the body is, a triangle nearly rectiline, whoſe ſurface is 
conſtant, and conſequently the heigth PM is always in an 


inverſe ratio to the baſe SQ, that is PM= 88 and by 
ſubſtitution, = But in very ſmall times, SP hy 
SQ differ very little, Then (Lem. II.) SPXSQ=9I . 
Therefore u= =: R 


93. 


Take another angle p, whoſe arc is a, and ra- 


\ 
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Conor. Heute if from the centre of force be obſerved the 
angles deſcribed by a planet in its orbit in very ſhort times, as the 
eth or g3gth part of its periodical revolution, from thence may 
. be. dedured the relation of the diſtances from the central point, and 
conſequently the figure of the trajectory may be determined. 

94. SCHOLIUM. Itis evident that the determination of a trajec- 
tory depends on knowing the true angular velocity during a very 
ſhort time. But in a time fo ſhort, tis next to impoſſible to ob. 
ſerve directly the true motion of a planet, becauſe ſuch obſervas 
tions are always ſubject to ſmall errors, whatever inſtrument is 
uſed, notwithſtanding the utmoſt care, Now a ſmall error ina 
ſmall angle will very much influence the deductions made on a 
great diſtance. 


as poſſible. 

"The beſt method for knowing the true angular motion of a 
planet in a very ſhort time, conſiſts in obſerving very accurately, 
at nearly equal intervals of time, as day by day, every 2d day, 
c. three or four poſitions of the planet, ſo that the difference 
between each ſucceſſive obſervation ſhall not exceed B or 9 de- 
grees. Theſe obſervations, or their ſucceſſive differences being 
interpolated, that is, divided into a great many ſmaller differences, 
(which, conſequently correſpond to leſs intervals of time,) and 
ſo ordered, that in their variations they obſerve the ſame law as 
the firſt differences did before they were divided ; by theſe means 
the errors in obſervation are diſtributed into a great number of 
parts, whereby they become almoſt inſenſible. 


The. method of Interpolating. 
5. This method, and the following formulz, are nearly the 
fame with thoſe of M. Meyer (ſee com. Acad. Petropol. vol. 2. 
p. 180.) as follows. 


Let there be two ſeries of any quantities. 


m np qr /. 
; . d. „ 
So that to each term of the upper ſeries, correſponds a term 
in the lower one, deduced fiom the other according to a certain 
law ; the terms of the firſt ſeries are called Roots, and their cor- 
reſponding terms in the ſecond ſeries, Correlatives. On theſe 
ſeries may be formed two queſtions ; 1ſt, Another root x being 
ſuppoſed ; required its-correlative, 2d. Any correlative y being 
ſuppoſed, what will be its root? The method of interpolation, 
is the art of reſolving theſe queſtions, 


Tf 


Therefore in ſuch nice enquiries, the effect of 
the inevitable errors in obſervations are to be diminiſhed as much 


the v 
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| ſeries, Sir 2 Newton has given a gene 
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If the law was khowh from whence the correlatives were de- 
faced from their reſpective roots, the ſolution would be oaly 3 
otherwiſe, a law muſt be found correſponding to the. two given 
theorem to kink ” 
this law, which may alſo be obtained as follows, nes 
0 Suppoſe 1ſt. That the ſeries conſiſt only of two terms ” Þ. 
And the law of deriving each correlative from its root is ex- 
preſſed by gb. | „ 5 
Where x repreſents any root, and þ are conſtant quantities 
whereon depend the values of a, 6, to be determined by the folk 
lowing computation. =__ : 
Let n. Then g bm =. 
Alſo let x=n, Then g+hn=6. 


Hence = „ and ==, n 


| Je bn>——bm 3—2 
Therefore the law g Cb will be ——+—=s 


Suppoſe 2d. That each ſeries conſiſts of three terms? * 3*2, 
And the general law is g+bxþkux; * . 
Then putting gm Am | 

| g+bn + In =b 


. g+bp+ip=e 
the values of the conſtant quantities g, B, & will be obtained. 


a- - Ie 
— — — * 


And gz ——— S—— mm. 
2 — P | 
be—a axp—n—bxp—mÞþcxn—m a 


X—n—Mme 


Wy 


1 


e- , 
akp——n—bxp—miroxn—m 
n np nN u 


From whence tis eaſy to deduce the law g-Tbæ- lr. 


Suppoſe, 3d. If each ſeries conſiſts of four terms, and the law 
is g+bx+txx+1x* ; then putting x ſucceſſively equal to m, , 
?, 9, there will ariſe four equations from whence may be deduced, 
as before, t he values of the conſtant quantities g, B, &, I; and fo 
of more ter ms. * 

Following the example of Sir 1/aac Newton, each root may be 
taken as the abſciſs of a curve, and each cortelative, as the cor- 


reſponding 
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- reſponding ordinate, and by theſe means this Problem is ſolved: 
| * number of given points, to draw @ curve of the paraby 
ce kind. | | 

_ Ts facilitate the uſe of this method, here follow calcula 
tions of the values of the conſtant quantities g, 5, &, I, in the 
different caſes that commonly happen, together with formulz to 
find the roots correſponding to the leaſt or greateſt correlatives, 
and reciprocally ; according to the method de Maximis & A. 

ni mi 


| 96. The general formula is tr Thu 3 whoſe Maximum 


or Minimum is Fn 
ſ 1 — —— 


— —— —— 


Aa- ＋ꝰZe 
Caſe IV . Given” * 4 70 h=2b—Lc—i9 


g=a, 
k=Ec—b 
Caſe V. Given I 2 55 (8 
0 b . 
So. 


Por four roots and their cor relatives. 
97. The general expreſſion is 1x* Tr Ag. 


k Whoſe Maximum or Minimum is * 7 * A= 
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| = 9X9 —n—bpaXg—þ—dnpXp—n 


D- ? 
A= 
PuXpoon * 
| == un An 
Caſe IV. g I=3b—ta—tc+1d 
Given ] #=a—$b+2c—3d 
9 . 1. 2. 3] hþ=3b—#a—ic+3j4 
4. B. c. 4 Cg. | 


Given =2a—S—d 
012.3) == -i 


Caſe V. I=—1c+1d 


0 b. c. 4 l g=0, 


Examples of the uſe of theſe Formule. - 

98. I. To find the place of Mercury in its orbit, at any given 
time. As 27 June (N. Stile) at ſh, This may be done by 
Caſe I of the fecond Formula, by interpolating the obſervations 
made og the 25, 26, 27, and 28 of June; making m=25, 
#=26, $=27, 9=28 ; allo a=2* 5% 39 51, b=2* 129 2 51%, 
e=2* 18® 20' 18”, d=2* 24% 48 38", Then ſeek by I Cale of 
the Formula /x*--kx*+hx+#, the correlative correſponding to 
the root 277 —=x But as this calculation would be very te- 
dious, it may be ſhortned as follows, Iſt. Reject the 2* in each 
term, and reckon only the degrees, minutes and ſeconds. 2d, 
Becauſe the roots 25, 26, 27, 28 in arithmetic progre ſſion, 
for them may be ſubſtituted o, 1, 2, 3, obſerving that o ſtands 
for 25th of Zune, 1 for the 26th, 2 for the 27th, 3 for the 28th, 
This done, it falls under Cafe IV. and a=5® 39 51“; or in ſe- 
conds 22391“, 433710, cg 66378“, = 89318“. And 
by the neceſſary ſubſtitutions, /=— 15 1, ESO E, h=22935"z, 
and g=20391", fo that the formula for interpolating will be 
—I53%%+b0}x*4+-229355x+20391, Make x=2 days 7 hours, 
or x=2z3=22,29167, which ſubitituted for x in the formula, 
gives — 151K 188 f; +bozx*=317% ; +229353*= 


525 59 2, and the ſum of theſe terms is 73080'=209 18 o., 
Therefore on the 27th of June N. S. at 7 hours, Mercuty was in 

2* 20® 18' 00. 
99. The ſame thing may be more readily found by putting 
the firſt correlative a=0, which happens, when for b is taken 
| the 


* 


ASTRONOMY, 63 
the difference between the 1ſt and ad correlative ; for c, the 
difference between the 1ſt and 3d correlative ; for d, the diffe- 
rence between the 1ſt and 4th correlative: Thus, take b== 
22980, c=45987, 4=68927 ; then by the V Caſe of the ſecond 
cond Formula, find the fame values of the conſtant quantities 
„ l, b, as above, ſo that the formula for interpolation is 
—-153x%-þ603x*+229353x; and if x==2,29167 as before, the 
formula is reduced to 52689, whoſe value is 145 38 09”, which 
is the difference between the firſt correlative and that ſought ; 
this difference added to 2* 5 39 51”, gives 2* 200 187 of for the 
place of Mercury at the given inſtant. | | 
100. II. To find. the angular velocity Mercury had at that 
time, or, which is the ſame, what arc Mercury appeared-to de- 
ſcribe in a ſhort ſpace of time taken before and after the 27th of 
June, N. S. at 7 hours, viz, between 6 and 8 hours. Now, ia 
one of the two formulz of the foregoing example, as the ſecond; 
firſt put x=24 or x==24 ; and it will be reduced to 51732" ; 
then put x=2+=23, and the formula is reduced to 5360459}, 
the diff. r2nce is 1913 r or 31 53 45”, and this is the angular 
yelocity of Mercury during two hours on the 27th of Fune, 
N. S. at 7 hours. | 
In the ſame manner may be found the angular velocity at any 
other given inſtant, as on the 25th of June at I Sh by making 
Alt, and x=43$; and by ſubſtituting, gives the true place of Mer- 
cury in its orbit on the 25th of June, at 14b and at 166 their 


difference will give the true angular velocity on the 25th of 


June, N. S. at 15 hours. | 

101, III. To find the time when Mercury was in any point, 
asin 2* 209 18 O. This is the inverſe of the firſt example; 
therefore with the firſt formula found in this example, make an 
equition,viz. 153x34+60}x*+229355x+20391==7 3080; while 
roots are #=2:75, #=391's, #=—J7x 3 the leaſt of which is evi- 
dently that which is ſought, the other two being uſeleſs: There- 


fore Mercury was in 2* 20? 18' o” on the 27th of June, at 
* 7 , 


7b O O. 3 

102, To avoid the difficulty in extracting the roots of this 
equation, try ſucceſhvely different valves of x, until one is found 
which ſubſtituted in the equation, gives the firſt member equal 
to the ſecond, or nearly fo ; then the reſt may be found by pro- 
portion ing. | 

103. REMARKs, I. A root being given, the correlative is 
found by ſimple ſubſtitution ; but from a cortelative given, the 
root cannot be found otherwiſe than by ſolving an equation. 

104. II. If the given roots are quantities which neatly increaſe 


or decreaſe uniformly, alſe it their correlatives increaſe or de- 
| creaſe 
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creaſe alike uniformly, then three of each are ſufficient to inter. 
polate by, provided the roots increaſe while the correlatives de. 
cr:aſe, or the roots decreaſe while the correlatives increaſe. But 
when the roots or correlatives are ſuch quantities, whereof the 
differences are very unequal, or without being very unequal, do 
firſt increaſe and then decreaſe, or the contrary ; or if they are 
partly poſitive and partly negative, then there muſt be uſed at 
leaſt four roots and four correlatives, or more, which may be 
generally ſolved by the preceeding formulæ only; this caleulu 
is nothing more than an approximation; for by knowing of cers 
tain diſtances, the intermediates may be found ſuppoſing their 
inequalities follow a conſtant law; and the computation will be 
more accurate as the diſtances are leſs, their differences leſs jr 
regular, or the law found approaches the true law of theſe in- 
equalities. | 

105. III. The differences of the given roots may alſo be inter- 
polated by the formulz de Maximis & Minimis, as well to find 
that belonging to the given inſtant, as the greateſt or leaſt poſſible, 
And thus, more obſervations may be employed in the calculus, 
whereby the interpolation is more accurate. As in the following 
example. 


Inne Places of $ 


24. 1*29%19 2“ 3 9* ſecond diff. 
2 3 8 $7.6 5 9 . . 12 11 =a 
26. 2 12 2548 a5 g9 20 T'0 27, 58 
27. 218 26018 6 22 20 I 7 e 
28. 2:24 48 38 6 19 28 2 02 == 
=D: | 


- Theſe are ſix obſervations from the 24th to the 29th of Jun 
with their five differences called fir/t &ifferences, and the fout 
differences of theſe differences called ſecond differences, Now li 
evident, 1% That the time of Mercury's greateſt velocity is com- 
prehended within theie {1x days. 25. That the four ſecond dil 
ferences anſwer to the 25, 26, 27, and 28 of June. 3“. That 
the two firſt of thoſe differences being affirmative, and the two 
others negative, Mercury's greateſt Velocity muſt have been 
when that ſecond difference was neither affirmative nor negative, 
but So. Putting therefore o, 1, 2, 3, over-againſt 25, 20, 2), 
28 of Fune, and a, b, c, d, for the four ſecond differences, the 
4th Caſe of the ſecond general formula (97) gives for the inter- 
polation /=—3}, #=15+}, h=—116, g=131. Then —31 
+15izzx—116x+131=0, whoſe root & 1, 286, gives the m- 
ſtant of Mercury's greateſt velocity, which anſwers to the 20th of 
June at bh 52. | 
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107. Taror. VII. F from the centre of force 8 (Fig. 
28.) a circle TMN be deſcribed, of equal area to any bounded 
1%. When the body A is in the points 
N. M, where that circle and trajectory interſect, its true 
angular velocity is then equal to its mean ; but is leſs, inall 
points. of the trajectory without the circumference of the cir- 
ch; and greater, in all thoſe within ; The points of inter- 
{eftion are conſequently the accelerating or retarding points re- 
latively to the mean. 2%. The greater the angle at the inter- 
ſeftion, the ſooner the difference between the true angular and 
mean velocities begins at theſe points. ; 
Dx u. Since the centre of the circle TMN coincides 
with that of the forces, and its area is equal to that of the 
tryetory, then if a body B makes a revolution in the 
arcle in the ſame time that the body A makes its revolu- 
yon in the trajectory; it follows, 1*. that the mean an- 
gular velocity of the body B is. always equal to the mean 
angular velocity of the body A, conſequently they deſcribe 
equal areas in equal times. 20. Thediltance of the body B 
from the centre of forces S never altering, its true angular 
velocity is always equal to its mean. 3*. The body A being 
at the interſection N, and conſequently its diſtance from 
the centre S equal to that of the body B, the area it deſcribes 
in paſſing thro' that point, is included between two rays 
ſtom the centre of forces equal to thoſe including the area 
deſeribed by B in the ſame time. Now thoſe two areas 
being equal, they form equal angles at the point S, there- 
fore the true angular velocity of the body A is equal to that 
of the body B at that time, conſequently the true angular 
velocity of the body A is then equal to its mean angular 
velocity. 4*. When the body A deſcribes the arc NAM 
of its trajectory, its rays from the centre of forces, are 
longer than the radii cf the circle; and as it deſcribes areas 
always equal to thoſe of B, thoſe radii conſequently form 
a leſs angle at the point S. Therefore in the arc NAM, 
the true angular velocity of the body A is leſs than its mean. 
The contrary happens in the arc NPM. Therefore the 
points N, M, are the accelerating and retarding terms of 
the angular velocity. 5* The true angular velocity is equal 
to the mean only in the points N, M; and is equal no 

F | longer 
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longer than while the little arc N or M of the trajeQuy 
ſenſibly coincides with the circle, Now the greater the cu 
vilinear angle ANM, the leſs is the coincidence of the ty 
jectory at the point N: Therefore the greater the ang 
at the interſection of the trajectory with the circle, th 
ſooner the true angular velocity differs from the mean. 
108, ThrOR. VIII. In any angular trajectery, that i 
ſuch that two rays from the centre of forces as SB, SE, a 
SD, SC, (Fig. 26.) are equal when they make with the lin 
of the Apſides PSA angles at S equal on both ſides; 15. 7k 
time a body takes in going from one Apſis P, to the other in |, 
is equal to half its periodic revolution. For the diſtances a 
either ſide the line of Apſides being equal, the velocity muf 
be the ſame in D as in C, in F as in G, in E as in B, &. 
and mult diminiſh along the arc PGA in the ſame mann 
it augmented in the arc AFP. 2%. If it paſſes thro” th 
ſuperior Apfis A in going from any point E to its oppoſitt i 
C, the time then employ'd is longer than the ſemi-revolutim; 
But in paſſing thro* the inferior Apis P the time is ſhort 
than the ſemi-revolution. For in going from E to C thro 
the ſuperior Apſis A, the velocity muſt decreaſe in al 
the arc EGA, and accelerate only in the little arc AC; 
And in paſting thro? the lower Apſis P, the velocity it 
creaſes in all the arc CFBP, and diminiſhes only in th 
little arc PE. : | 
Ic. Cox ol. Hence is deduced an eaſy method for deter 
mining the line of the Apſides of a planet; as in that of Me- 


cury, whoſe orbit is known (38) to be pretty regular, and 
motion nearly uniform in the line of the Apſides. For by inſped: 
ing the obſervations (pag. 38) Mercury is found to have beet i 
Perihelion about the 26th of June, and in Aphelion towards tit 
gth of Augu/?, The calculation muſt then be as follows. 


26 June at noon . . . place , , 2 12 2' 51 
9 Auguſt tnoon , ....... 8 13 912 
| Difference 6 1 6 21 


Therefore on the gth of Auguſt at noon Mercury had ni 
1 & 21” beyond fix ſigns, from the 26th of June. Seceki 


what hour on the 26th of June $ was oppoſite to the gth d 


_ Auguft, that is, in 2* 13% ꝙ 12” ; this is deducible from Me: 


cury's motion which was 6* 23 27” in 24 hours, and neat! 
uniform 
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uniform ; Therefore ſay, if $ in 24 hours runs thro' 6% 23, 
it muſt take 4h O 10 to run 1* 6' 21” ; conſequently on the 
26th of June at 4h 9 1c" Mercury was oppoſite to the gth of 
Auguſt at noon. Now the interval between thoſe times is 43 
days 10h 50 50“, leſs by 36 46 56” than Mercury's ſemi- re- 
volution which is 43 days 23h 37 46. Therefore Mercury 

fſed thro* its Perihelion in that interval, conſequently on the 
2bth of June at 4Þ g' 10 Mercury was not yet arrived at the 
peribelion. Now to find at what hour he paſſed thro” it, repeat 
the calculation for the days next following. 


27 June at oon 2* 18ů 26 18" 
10 Aug. noon 815 83 32 | 
"HE OW Difference 5 27 27 14 


Therefore Mercury on the 27th of June at noon was diſtant 
2* 32' 46” (the complement to 6 ſigns) from the oppoſition of 
the 10th of Auguſt; now in the proportion of 623 27 to 
day, Mercury was in that oppoſition on the 26th of June at 
14h 30 4 after noon, that is, in 2515 53 32”, The inter- 
val between that time and the 1oth of Auguſt is 44 days gh 29 
56", exceeding the ſemi-revolution' by gh 52' 10”, Mercury 
therefore did not paſs thro' the Perihelion during that interval; 
whereas on the 26th of June at 14h 30'4” it had paſſed; now 
by the foregoing calculation at 4h 10”, that is, Ich 20 54 
before, it had not paſſed thro' the Perihelion. Say then, as the 
3 46' 56 (leſs) and gÞ 52 10“ (more than the ſemi- revolution) 
is to 10h 20' 54” ſo is the leſſer 3Þ 46' 56” to 2h 52 1 the 
time elapſed ſince the 26th of June at 4 9 10 to that of its 
paſſing thro' the Perihelion; this paſſage conſequently happened 
oh the 26th of June at h 10 11“. Now Mercury moving 6? 
23 27 per day, was at 7h I 11” in 2 13 55' . Mercury's 
Perihelion is therefore in 2% 13 55 O, and its Aphelion in 
„ 

110. REMARKs. I, The hour of Mercury's paſſage through 
the Perihelion may be found, without renewing the calculation, 
dy the following Analogy. As 30 39 7”, the difference between 
Mercury's Aphelion and Perihelion diurnal velgcities, is to 25 
44 20", its velocity in Aphelion; ſo 3Þ 46 56, is to 2b 50' 12", 
which added to the 4h g 10“ of the 26th of June, gives the 
time of its paſſing thro' the Perihelion at Ch 59' 22”, and the 
Perihelion's place 2% 13 54 32. The demonitration of this 
analogy depends on the theory of relative motions, | 

111. II. The Perihelion's time and place may be had more 
accurately by interpolating as obſervations of the 25, 26, 27 a 

| 2 an 
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and 28 of June, and thoſe of the 8, 9, 10, 11 of Auguft : Mey, 
cury is found on the 26th of June at 4h in 2 136 46”, and y 
Bh in 2% 1410 41'z, with a tue angular velocity of 1037 55% 
in 4h; this is Mercury's greateſt velocity in the Perihelion, 
Mercury is alſo found on the gth of Augu/? at 4h, in 8* 135 of 
35“, and at 8Þ, in 8 14 3 58", with a true angular velocity of 
27 2J 75, this is its leaſt velocity in Aphelion. And the time of 
the Perihelion paſſage will be found on the 26th of June u 
bh 59' 27 in 2* 1354 30ʃ. J 

112. The foregoing Theorems are ſo many indiſputable truths, 
and independant of all aſtronomical ſyſtems. It remains therefore 
to examine what kind of curve the planets deſcribe, if ated upon 


by a conſtant uniform force, and by a central force tending to- 
wards the ſun. | 


I 


ARTICLE X. of 
Of the Curve deſcribed by the Planets in their Trajectorits, 


113. FH E moſt ſimple curve is the circle; bu 
(34) as the planets in every inſtant change ther 
diſtance from the ſun, it would be neeleſs to ſuppoſe the 
ſun in the centre of this circle. 
114. Mercury's trajectory cannot therefore be a circle, 
unleſs the ſun be ſuppoſed in ſome other point S, than 
the centre C (Fig. 27.) fo that right lines drawn from the 
point S to the circumference, may repreſent the different 
diſtances of Mercury from the ſun. 

To ſee if this hypotheſis agrees with obſervation; 1!, 
thro? the points S and C draw the line of the Apſides PA, 
for then SP repreſents Mercury's leaſt diſtance from the 
ſun, and SA its greateſt : The point P is the Perihelion, 
and A the Aphelion. 2*. From S as a centre, with the 
radius CA, deſcribe a circle NTMIN, whoſe area i 
conſequently. equal to that of the ſuppoſed traſectory, and 
its circumference interſected in N, M. 3. Determine 
the relation of the right lines SP, SA, SN or SM, which 
vs 5 
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to be done (92) from the obſervations independant of 
the hypotheſis of the trajectory. For tis evident that Mer- 

cums greateſt angular velocity is in P, its leaſt in A, and 

is mean (107) in N. Now (111) Mercury's greateſt an- 
gular velocity is found 1* 3 65 K in 4 hours, and its leaſt 
in the ſame time is 27' 23” 6”, therefore to find the mean; 

Gay (90), As 87 days 23* 15 32”, Mercury's whole re- 

volution, is to 36* 0 0 0; ſo is o to 40 55" 24”, 

Mercury's mean motion in 4 hours. | 

115. Now the relations of the right lines SN, SA, SP, 
are eaſily determined. For SN being ſuppoſed of ooo 
parts, then (92), As the greateſt velocity 13 55/2, is to 
the mean 40 55” 24 ſo is SN*, to SP*. Therefore 
SP is 8001 1 1. of thoſe parts. Again, as the leaſt velocity 
27 23“ + is to the mean 40 55 J; fois SN*, toSA*:. 
Therefore SA is 1222441 parts. 

116, If the trajectory PNAM is a circle equal to 
TNIM, the ſum of the right lines SP, SA, muſt be equal 
to twice the radius SN, which is evidently contrary 
to obſervation, for 2022552 is not equal to 2000000: 
It follows therefore that the trajectory MPNA cannot be 
a circle, 

117, Moreover it is a property of the circle, that the 
ſegments of any two interſecting chords, are in a recipro- 
cal ratio. Therefore SA: SB :: SD: SP. And Sa“: 
$B* :: SD* : SP*. Now int ing the obſervations 
of the 16, 17, and 18 of July, there will ariſe 38' 117 for 


thetrue angular velocity, in four hours, and is the ſum of 


the velocities correſponding to two hours before and two 
hours after Mercury's paſſage thro? 6* 2 1 51”, the po- 
lition whereof is ſomewhere towards D; by interpolating 
alſo thoſe of the 9, 10, 11 of September, will give the true 
angular velocity 49' 41”, for two hours before and two 
hours after Mercury's paſſage thro* o 2 13 51 in B op- 
poſite to D. Therefore (92) 38 11: 49 41 :: SB* to 
SD*. Alſo 1 3058: 27 23 :: SA“: SP*, Therefore 
if the trajectory is a circle this proportion muſt ariſe, 1˙ 3 
55 T: 38“ 11½ :: 49 41” : 27 237. But this is evi- 
dently falſe, for to make the product of the extremes 
equal to that of the means, the laſt term ſhould be 29 41”. 

| F 3 | Mer- 
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Mercury's trajectory therefore differs greatly from ; 
. circle. | 

118. That it differs from a circle is readily found by 
conſidering, that its mean diſtance being leſs than half 
the ſum of the lincs SP, SA, Mercury's orbit muſt be 
flatter roward the points M, N, than towards A, P ; and 
this difference of curvature agrees better with the ellipſy 
than with the circle, whoſe curvature is every where equal, 
And on that account. Kepler perceived the neceſſity of 
ſubſtituting the ellipſis for the circle, tho* the latter had 
till then been generally uſed by aſtronomers, 

119. After the circle, the ellipſe ſeems the moſt natura 
curve for a trajectory. And as every planet in its revo- 
lution is found once in Aphelion and once in Perihelion, 
the ſun cannot therefore be ſuppoſed in the centre of that 
ellipſis, for then theſe two phenomena would each happen 
twice, the Aphelions when the planet was at the ends d 
the greater axis, and the Perihelions when at the extremities 
of the leſſer axis. The ſun muſt therefore be placed elſe- 
where: This moſt naturally ſeems to be in one of the 
Foci. | 

The ſun being then ſuppoſed in the Focus S of the el. 
Iipſis PMAN- (Fg. 28.) the dimenſions of that ellipſi 
muſt be deduced from obſervations, and compared in or- 
der to know whether they agree. 

120. Thus, I. The greater axis AP of the ellipſis muſt 
be equal to the ſum of the Aphelion and Perihelion di- 


ſtances SA, SP. Conſequently if from the centre 8, 41 


circle TNM be deſcribed of equal area to the ellipſis, the 
right line AP muſt then (115) be equal to 2022552 ſuch 
parts, whereof the radius contains 1000000. 

II. The area of the circle TNM being equal to that of 
the ellipſis, its diameter is a mean proportional between 
the two axes of the ellipſis. Therefore as 2022552 is to 


2000000, ſo is 2000000 to 1977699, the value of the 

leſſer axis Bd. | | 
121. Now, if Mercury's orbit is an ellipſis, 1. when 
that planet is three ſigns or goꝰ diſtant on either ſide of 
its Apſides, as when in K and k, its diſtances SK, St 
muſt be equal, and their ſum equal to the parameter # 
che 
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the greater axis. Therefore the line of the Apſides paſſing 
thro 2* 13 54 30 (111) and thro' 8* 13* 54 30“ it ſol- 
lows that Mercury's true angular velocity muſt be equal 
in 3 1354 30“ and in 111354 30... Now the ob- 
ſervations of the 12, 13, and 14 July, and of the 5, 6, 7 
September being interpolated, Mercury will be found in 
5135 54 300 on the 11 of July at 11h 30%, with an an- 
lar velocity of 43 44 4 in four hours; alſo in 11* 30* 4 
30 on the 6th of September at 150 42', with an angular ve- 
Jocity of 4.3' 44 K in four hours. Say therefore (92) as 43 
44/2, is to the mean diſtance 40 55 f ſo is the ſquare. 
of SN or 1000000, to the ſquare of SK or Sk, whoſe 
Root is 966972, and its double, or the line Kk, is 1933944. 
Now ſay as the greater axis 2022 552, is to the leſſer axis 
1977699 3 ſo is the leſſer axis, to the parameter of the 
ter axis, which gives 1933840, a difference almo 
inſenſible from K& or 1933944. | 5 
122. In like manner, drawing thro? the focus I the or- 
dinate Ir or IR, alſo equal to the ſemi- parameter and con- 
ſequently of 966920 parts; in the right angled triangle 
SIr, or RIS, there is known IR, or Ir, and IS (equal to 
the difference between SP and SA)=422330. There- 
fore the angle RSI, or rSI, is 66* 24 18”; and becauſe 
the line SA paſſes thro? 8* 13* 54' 3o”, the line Sr paſſes 
thro* 6* 5* 30 12%, and SR thro? 10* 20 18' 45", But if 
the trajectory is an ellipſis the angular velocities mult. be 
equal in 6* % 300 12", and 10. 20* 18' 48", and SRþRI, 


or Sr rl greater axis AP. Now by interpolating the 


obſervations of the 16, 17, and 18 of July, and thole of 
the 30, 31 Auguſt and 1 of September, gives at thoſe two 
points an equal angular velocity of 36' 44'z 3 therefore 
the diſtances SR or Sr=1055373, which added to RI= 
966920, makes 2022293, differing very little from the 


value of the greater axis, 2022552. 


123. It therefore plainly appears that all the obſerva- 
tions agree in giving the poſition of the points A, P, M. 
N, K, R, v, in an ellipſis, in whoſe Focus the ſun is placed. 

124. Another way of trying if this hypotheſis corre- 
ſponds with the obſervations, is by taking any three po- 


ſitions of a planet in its orbit, and thro' thoſe points to 


F 4 deſcribe 
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deſcribe a conic ſection; if the dimenſions of that ſectioꝶ 
agree with thoſe already determined independent of the 
three given poſitions, tis evident Mercury will have run 
thro? an ellipſis. =: 

125. LemMa. Fa right line DA (Fig. 29.) perpey- 
dicular to the greater axis of a conic ſection, be drawn at the 
diftance AS (beyond the vertex S with reſpett to the focus F,) 
- ſo that AS: SF:: SC: FC or :: Ss: Ef; then if from 

any point M of the curve, a right line MF be drawn to the 
Focus, and MD perpendicular to DA; it will be, MD; 
MF:: AS: SF:: SC: FC:: Ss : F,. 

Deu. Draw the ordinate MP, then AP=MD ; 
let CS=a, FC=c, CP=x; now SF =a—c, FP - 


and (by conic ſect.) FM , or = —— 
But by conſtruction AS: SF (ac) :: SC (a) : FC (6, 
Therefore As: -.; 


c 


and MD=AS+SF+FP= —— Ta- -= 


c 
ad -c 


8 
aA Xx 


Now tis evident that 5 
Therefore MD: MF:: SC: FC. 
If che ſection had been an Hyperbola, then SF=;—, 


P=x—c, 


cx — 22 ac— 24 X — 22 
FR re, ASS"=", and MD="Z. 


a Yr Cc 

I=— 0x & 

Allo = : 
126, Corxor. I. Hence As: Fs : AS: SF:: CS: CF. 


a4 Nac 
1 


2: 4c. 


— — — 


22 42 C. 


2 -c 


For in the ellipſis As=29a+ 


„ and Fa., 
2! I : 4 e. 


127. Cox of. II. The three conic ſeftions may alſo be deſcribed in al 
uni ſorm manner, taking AD for the directrix, and MD, MP in 
a conſtant ratio: The ſection will then be a parabola, ellipſis, d 
hyperbola, according as MD is equal, greater, or leſs than ME. 
For the ratio of MD to MF being equal to the ratio of the axis df 
the ſeCtion to the diſtance of its foci, theſe lines being infinite 
in a parabola are therefore deemed equal; but in an elliphs & 
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ks is greater, and in the hyperbola leſs than the diſtance of the 


1 PROBLEM. Three rays SB, SC, SD, from the centre 
if force of a planet (Fig. 31.) being given in magnitude and 
poſition, 10. find the poſition and dimenſions of the conic ſettion, 
which is its trajectory. © -- 
SoLuTION. Draw the indefinite right lines CB, CD, 
and make SB: SC :: EB: EC, and SC: SD:: CF: DF; 
_ SCXBC __ SCXCD 

then CEZ cz and CF= ——. 

And the indefinite right line paſſing thro' the points 
E, F, will be the directrix of the trajectory. For BH, 
CI, DK, being drawn perpendicular to FE, the triangles 
ICE, HBE, are ſimilar ; therefore IC: HB :: EC: EB. 
Now by conſtruction EC: EB :: SC: SB. Therefore 
IC: HB :: SC: SB; or IC: SC :: HB: SB; allo IC: 
KD :: CF : DF :: SC: SD. Therefore the perpendicu- 
lars HB, IC, KD are always in the ſame proportion as 


the lines SB, SC, SD. Conſequently EF is the directrix 


of a conic ſection paſſing thro? the points B,. C, D. 

Thro' S draw ASG perpendicular to FE; make CI: 
CS :: 8 + GP S, or take SFC and 
SA= Ds. this gives the vertexes A, P, of the conic 


ſection, which is eaſily conſtructed. 


129. Calculation; in each triangle SBC, SCD, two 
ſides and the included angle are known, whence are de- 
duced the ſides BC, CD, and the angles BCS, SCD, BCF. 
Having found CE and CF by the equations (128) then 
two ſides and the included angle are alſo known in the 
triangle CEF, whence the angle CEF is found. In the 
right angled triangle CIE, CE and the angle CEl, be- 
ing given CI is found. Draw SI, then in the triangle SIC, 
the ſides CI, CS, and the angle SCI ( ECI— BCS) being 
given: The angles CIS, CSI, the ſide SI, and angle SIG 
the complement of CIS, are alſo known ; in the right- 
angled triangle SIG, SI, and the angle SIG are known, 
whence SG is eaſily deduced. Then SP, SA, are found 


by their equations (128), their difference SO gives the 


diſtance between the foci O, S. And their ſum 2 
| the 
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the axis PA. Laſtly in the triangle BSO, wherein the 
three ſides are known, viz. BS given, SO found, and 
BO equal to PA—SB ; the angle BSA being found gives 
the poſition of the line of Apſides PA to the line SB, | 


130. EXAMPLE, 
the 17 July in 65 2 13617, with a true angular velocity 
of 38 11*;, in four hours; the obſervations of the 24, 


25, 26 Auguſt, being interpolated, the true angular ve- 


locity in four hours is 31 84 in gs 29 14 26”, The 
angular velocity on the 6 of September being alſo deter- 


mined, is 4344 f in 11* 13* 54 30' ; now regard 


being had to the mean diſtance 10000, correſponding- 
with the mean velocity 40 553, the diſtances SB, SC, 
SD, anſwering to the three obſervations, are SB= 
103515, SC=11325%, SD=967243, alſo the angle 
BSC=3* 27% O 35" or 1177 © 35”, and the angle CSD 
44* 40 4”. Hence BCS is 29* 55, 5 BC=18941, 
SCD 56* 40 O, CD=81243, BCF 86* 44' 5", CE 
215004, CF=5:647, CEF 14* 41 44", Cl=54543, 
CSI=124* 47 45", CIS of 99 49 4, SI 47281, SIG 80˙ 
I0' 56”, SG=46589, SP=80104, , SA=12209, SO=z 
41983, BSA=71* 37 25", or 2117,37 23", which laſt ad- 
ded to 62 13' 51” the poſition of SB, gives the place of 
Mercury's Aphelion in 85 13* 51 14%. Theſe dimenſions 
agree very nearly with thoſe found above, their differences 
Ariſing only from the ſmall fractions neglected in this cal- 
culation. * e "Terr: hl 
131. From obſervations and like calculations made 
on the reſt of the planets, the obſerver will thence natu- 
rally draw the following concluſion 3 that all the primary 
Planets move in ellipſes in whoſe common focus the ſun is 
Placed ; and that their inequalities are ſuch, that the areas 
comprebended between rays from the centre of forces and arts 
of each elligſis, are proportional to the times in running 
thro" thoſe arcs. See Ne. 174, the Table of the dimenſions 
of the ellipſes of all the planets. | | 


ARTICLE 


} 


Mercury being found as above oh 


# +-* 


4 
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ARTICLE XI. 


The manner of diſtributing the inequalities of the planets is 
the different points of their orbits. 


32 T H E obſerver having determined the dimenſions 
of the ellipſes of each planet, and an epocha of 
one of their paſſages thro* the Aphelion, the place of any 
anet in its orbit for a given time may then be calculated, 
firſt finding a method for aſſigning the angle at the ſun 
comprehended between rays drawn to the Aphelion and 
the planets place at the time given, (this angle is called 
the true Anomaly) ſo that the area included between thoſe 
rays and the elliptic are be to the whole ellipſis, as the 
time elapſed from the neareſt paſſage thro* the Aphelion, 
ito the whole revolution of the planet. 


133. Required Mercury's true place for the 15th of 
Auguſt, 1740, at noon, | | 


The difference between the given time and the epocha 
of Mercury's paſſage through its Aphelion (anſwering to 
the 29th of Auguſt 1740, at Ch 37 O, ſee Table Ne. 174) 
is 16 days 17h 23 ©”. Let AMPHA (Fig 30.) be Mer- 
cury's orbit, whereof AP is the greater axis, GH the 
leſſer axis, A the Aphelion, P the Perihelion, and the fun 
in the focus S, Let alſo M be Mercury's true place in its 
orbit, required the angle or true Anomaly ASM. 

134, On the greater axis as a diameter deſcribe the 
circle ADPF, and ſuppoie a body moving uniformly in 
that circumference in the ſame time that Mercury un- 
equally deſcribes its ellipſis, they both paſſing thro” the 
point A at the ſame inſtant ; ſay then, as 87 days 23 1 5 32%, 
is to 360˙ O. ſo is 16 days 17 25 of, to 687 26/28", 
Take on the circle an arc AD of. 68® 26' 28” (this arc is 
called Mercury's mean Anomaly.) | 
135. Having drawn the radius DC, then ſince two 


areas having in each one dimenſion equal, are to one 
another 
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another in the proportion the other dimenſions ; therefor 
the area of the ſector ACD, is to that of the whole circle, 
as he arc AD, to the OO circumference, or as 16 days 
17h 250", to 87 days 23h 151 32-, Now M being ſup 

fed Mercury' s true place; the area ASM is to that of 
the whole ellipſis, in the ſame proportion as the times 
Therefore the area ASM, is to area ACD, as that of the 
whole ellipſis, to that of the circle : or as GH to Ap. 

x36. Through the point M draw the ordinate MI in- 
terſecting the circle in N; then the areas ASM, ASN are 
to one another as GH to AP. For being compounded 
of the ſegments Al M, AIN, which are to each other 
(by Conic Sect.) as GH to AP; and the areas of the ti. 
angles ISM, ISN, becauſe of their common baſis IS, be- 
ing alſo to one another as the altitudes IM, IN, or as GH, 
to AP (by Conic Sect.) Therefore their ſum or the areas 
ASM, ASN, are to one another as GH to AP. Noy 
the areas ASM, ACD are alſo as GH to AP; therefore 


the areas ASM : ASN :: ASM : ACD. Therefote the, 


area ACD=ASN. _. 

137. But the areas ASN, AC, are compounded of 
the common ſector ACN, and of the ſpaces NCS, NCD, 
Therefore the area of the triangle NCS is equal to the area 
of the ſector NCD. And as the area NCS=;NCxST, 
and the area NCD A N CDN; therefore the perpendicu- 
lar ST is equal to the circular arc DN. 

138. Now the quadrature of the circle and conſequently 
that of the ellipſis not being known, *tis impoſſible to 
nd a right line ST equal to an arc DN. A very neat 


approximation may however be found by the following 


trral. 

139. Calculate firſt what arc of the circumference 
ADPE is equal to the excentricity CS. Now the radius 
of acircle is equal to the length of an arc of 57 * 17 44% 
(known by this analogy : As 355, is 180 © ©”; fois 
713, to 57% 17 2 ) Say then as CA 4076, 18 to 
CS (211165); fo is 37 17 447, to 11 37 50%, the 
value of CS reduced to the arc of a circle. Aſſume any 
value for the arc AN, ſuppoſe 6o degrees, then in the right- 


angled triangle CST the angie 60?, the ſide CS 11 57 
2 50 
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0-7. z whence ST is found i 40”, Now if the value 
of AN had been taken true, ST muſt be equal to DN, and 
ST+AN equal to the arc AD. But by adding 10* 27 
40, to 60 makes 70* 21 4o', which exceeds 667 26'28" x 
whereby it appears that the value taken for AN was too 
great. Suppoſe therefore that AN is equalto 58* 48˙ the 
exceſs of 68* 26 28” above 10? 21' 40";.then by calculat- 
ing in the ſame triangle CST, the value of ST 10% 
7%, will be found; now that value being added to 
58* 4 48" gives 68* 14 5" for the value of AD; this alſo 
news that the value taken for AN is not yet exact. There- 
fore ſuppoſe AN equal to 3817 11", thedifferencebetween 
10* 917 and 68* 26' 28", By repeating the calculation 
ST will be 10* 10 39", which value added to 58* 17 1 
falls ſhort of 68 26' 287. Let AN be ſuppoſed 58* 15 49 
difference between 10® 10 39“ and the true value of AD. 
Then ST is found io 10 307: This added to 3815 4975 
making AD too little; AN muſt then be ſuppoſed equal 
to 58 15 58", and ST is found 10? 10 31”, adding to 
it 38 15 587 makes in this laſt hypotheſis 6826 29 for 
the value of AD. Laſtly AN being ſuppoſed 5815 57”, 
ST is again found 10 10310, which being added toge- 
ther make 68 26' 28"; therefore the value of DN orST 
is certainly found within leſs than a ſecond, In this caſe 
the arc AN or angle ACN is called the rue excentric 
Anomaly, ay 

140. Now let CA=1 ; from the point M as a centre, 
with the radius MF deſcribe the ſemicircumference QRO ; 
prolong; SM to O. Then 
SO or SM MI or 2CA or 2: SR or SF+FR or 2CS+ 
2IFor 2CI or 2 coſ AC N:: SF or 208: SQ or SM—MEF. 

Or CA or 1: coſ ACN :: CS: 3SM—iMF=CSx coſ 
ACN, Therefore SM=14+CSx cof ACN, | 


141, Now from the principles of. plane trigonometry 


==", * ASM. But in the right-angle triangle 

SMI, *tis SM or 1+CSx coſACN :R or 1 :: SI or CSA 
CS ＋ coſ ACN 

Slor CS coſ ACN : col ASM: wETITIIITETY There- 


fore 
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fore ASM N cof ACN—CS— co ACN _ 
1+ col ASM CICX col ACN+CS+ col ACN > 

1>—CEÞ cof ACN XCS—1 Sp — cof ACNxSP SP 


3+ CS + coſ ACNxCS8Þ1 © SA cot ACNXSA © SAT? 
1— coſ ACN SP 

e = Ixt', zACN. The two values df 
1— coſ ASM . 971 e er 
e l- Sire , SASM=S N', ACN: And 
AS: VSP t, ACN: , ASM. By this analogy 
tis found that ASM=48* 32 17" which being added to 
the poſition of the line SA=8* 13* 54 30”, gives that a 
the line SM, and conſequently is Mercury's true place in 
10* 2* 26 47”, very near the obſer vation of that day, 
(See pag. 38.) 

142. REMA RES I. The difference between the true and 
mean anomaly, is called the equation of the planet's centre. In 
this example the equation of the centre is 19® 54' 11”, this is the 
angle CES. Now *tis evident that if the two right lines CD, 
SM, are ſuppoſed to revolve on the points C, 8, both departing 
at the ſame time from the Aphelion, and arriving together at the 
Perihelion, then again returning to the Aphelion, the angle ACK 
of the mean anomaly will, in all the ſemicircle ADP, be external 
reſpectively to ASK the angle of the true anomaly, But in the 
other ſemicircle PEA, the angle PCE of the mean anomaly wil 
always be internal reſpectively to the angle PSK of the true ano- 
maly, 'Therefore the mean anomaly exceeds the true one from 
Aphelion to Perihelion ; and is leſs than the true one from Peri- 

* helion to Aphelion; conſequently the equation of the centre ſerving 
to reduce the mean anomaly to the true, is ſubtractive from A- 
phelion to Perihelion, or in the firſt ſix ſigns of. the mean ano- 
maly ; and additive from Perihelion to Apbelion, or in the fix 
laſt ſigns of mean anomaly. But in the Apſides is nothing. 

143. II, When a planet's excentricity is very ſmall, as is that 
of Venus, and even that of the Earth, the arc DN is nearly 
rectilinear, and the ſector NCD is a triangle, whoſe baſe and 
area being the ſame as that of the triangle NCS, is conſequently 
of the ſame height. Therefore DN and ST are then two equal 
perpendiculars, eagerly and NT are two parallels, and 
the angle NCD or the arc ND equal to the angle CDS. Now in 


2) 


the triangle CDS are known CD, Cs, and the included angle 
DCS equal to the ſupplement of the mean anomaly ACD. The 
angle DCS or the arc AN is eaſily found. And to avoid te- 

Ty dious 
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dious trials in very excentric orbits, tis beſt to begin by this 
operation, inſtead of gueſling at the value of AN, | 


As in the foregoing calculation, the angle DSC or SCT might 
have been immediately found of 58® 17 17, whence ST would 


1 firſt have been 1010 12”, then 100 33˙, and laſtly 105 
10 31“. 


144. For the ready practice of computation, the obſerver 
may reduce all the foregoing reaſonings to the following rules. 


Rules or Aualogies for reducing the mean Anomaly 10 the 


Irue. 5 


I. As the Apbelion diſtance is to the Peribelion di- 
fance; ſo is the tangent of half the mean Anomaly, to the 
tangent of an arc, which added to that half ; the ſum is 
called the Approximated Eccentric Anomaly. 

I the difference between the approximated and mean 
anomalies does not- exceed three degrees, its difference 
from the true eccentric anomaly will not amount to a ſe- 
cond, that is, when NT and SD are nearly parallel, the 


angle ACN called the true excentric anomaly, will not dif- 


fer a ſecond from the angle ASD. When this happens, 
the next four articles become uſeleſs. = 


II. 4s half the greater axis is to the eccentricity 7 is 


657 171444 (or 206264 f whoſe Logarithm is 5,3144250) 


to a number of ſeconds, which call A. 


III. As radius to the ſeconds A; ſo is the fine of the ap- 
proximated eccentric anomaly (found Art. I.) to another 
number of ſeconds, which taken from the mean anomaly gives 
another approximated eccentric anomaly. 


IV. As radius to the ſeconds A; ſo is the fine of the new 
. approximated eccentric anomaly, to a number of ſeconds, which 


ſubtrafted from the mean anomaly gives alſo another approx- 
imated eccentric anomaly, | 


V. This analogy muſt be repeated, always putting the 
ſine of the laſt found approximated analogy for the third 


term, till two be found ſucceſſively, which are equal; 


then either will be the true eccentric anomaly, = 


VI. 
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quare root of the Perihelion diſtance, ſo is the tangent 
balf the true eccentric anomaly, to the tangent of balf lh 

true anomaly ſought. 

If theſe anomalies ſhould exceed 180*, their ſupple. 
ments or half their ſupplements muſt be uſed inſtead of 
thoſe anomalies or their halves, 


' 145. PRoTEM I. The true anomaly ASM (Fig. 20, 
end the dimenſions of the ellipfis AGPH being given; to find 
the diſtance SM of the ſun from the planet. 

SoL.uTION. Say: As the ſquare of radius, to the | 
of the fine of half the true anomaly ; ſo is the diſtance 9 
between the foci, to a quantity, which call B. Then; 
As the ſum SPB of the Peribelion diſtance and the quan- 
tity found, to the Peribelion diftance SP; ſo is the Aphelin 
diſtance SA, to the diſtance ſought SM. 
"Dem. Draw MF, then SA is equal to half the ſum 
of the ſides of the triangle SMF; for half SM MF CA 
whereto CS=3SF being added, gives SA. Let radius 

' =1, SA, SP =SA—SF=p, SF=2e, fin 'zASM=g, 

SM x, then (Trig. 95.) SFxSM : R* : : SA—SFxSA 
SM: fin*ZASM, Or 2ex : 1 :: ap—px : 56. There 
fore 2e55x=ap—Px, and px+2e535x=ap. Therefore p4 
zess: P:: a: x. Let 2e55=B, theni:5s::20:B. 

ScHor.. SM may alſo be thus found; as radius to the ei 
Y. the true anomaly, ſo is the eccentricity to a quantity called, 
hen, as half the 4 axis, plus or minus the quantity b, . 
the Perihelion diſtance; fo is the Aphelion diſtance, to the 4 
Nance fought. Obſerve that it muſt be plus in the figns III, IV. 


V, VI, VII, and VIII of the true anomaly, and minus in the 
other fines. The demonſtration of theſe two analogies 1s eaſy, 
REMARK. A table of Logarithms of the diſtances of: 
planet from the ſun may be eaſily computed by the following 
Analogy : As the fine of the true anomaly, is to the fine of tt 
eccentric. anomaly, ſo is half the leſſer axis, or V ASXSP, t 
the diſtance SM ſought. Or, the ſine of half the true anomaly 
it to the fine of half the eccentric anemaly, as the ſquare rot 
the Perihelion diſtance, to the ſquare root of the 41 * 


* 
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IV. As the ſquare root of the Aphelion di ſtance, is to th 
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146. PROBLEMIIT.. The two ſemi-axes of an ellipfis he- 
ing given, VIZ. (Fig. 32.) CA=101 1276, CG=988850z 
10 find the point M in the curve correſponding to the — 
equation of the centre; alſo the quantity of that equation. 

SoLUTION. 15. The ſquare root of the difference be- 
tween the ſquares of the two ſemi-axes CA, CG, gives 
the eccentricity CS=211165, From the focus S as a 
centre with a radius SM= 1000000, the mean proportio- 
nal between CA and CG, deſcribe an arc interſecting the 
ellipſis in M; this is (107) the planet's true place at the 
time of the greateſt equation. 1 

2*, From M, draw to the focus F the right line MF; 
now in the triangle FMS the three ſides are known; 
namely, SF = 422330, double the eccentricity; SM 
1000000 ; and MF =(AP—SM=2022 552—1000000 
210225532. Therefore the true anomaly at the time of 
the greateſt equation, or, the angle FSM SO 57' 28” 
Ing. 95.) | | 

5. To find the correſponding mean anomaly ACD; 
on AP deſcribe the ſemi-circle ANDP ; ſay, as SP to 
As, ſo is the tangent of LASM to the tangent ACN 
which will be 93* 3' 44”. From 8 draw ST perpendicu- 
hr to CN; and in the right-angled triangle CST, CS 
211165, and the angle NCS=86*® 56' 16”; therefore 
dI=210863. 

Laſtly, in a circle whoſe radius is CN, find an arc e- 
qual in length to ST; thus, as CN, toST; ſo is 37 17 
44, to 11* 56' 49”, the value of ST=ND (137) ; now 
the ſupplement of the angle NCS, v7z, the arc AN=93? 
445 being added to ND gives 105? o' 33” for the mean 
anomaly ſought, from which ſubtracting the true anomaly 
50 57' 28”, gives the equation 24* 3 5 

147. PROBLEM III. The greateſt equation of a planet 
being given, to find its eccentricity and the other dimenſions 
if its elligſis. 

It appears by the conſtruction and calculation of the 
foregoing problem, that at the time of the greateſt equation, 
the perpendicular ST is almoſt coincident with and equal 
o the eccentricity SC; and being reduced to the arc 
of a circle, is a little leſs than halt the greateſt GE 

| G an 
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and the leſs the eccentricity of the orbit, the hearer . 
equality are theſe quantities. Therefore ſay, as 57* 


44%, 1s to balf the greateſt equation of a planet; ſo is Fa 
mean diſtance, or a mean proportional between the tuo arg 


of its ellipſis, to a fourth quantity, which in orbits of ſmall 


eccentricity is nearly equal to that eccentricity ; but in very 
| eccentric orbits, is ſomewhat leſs than its eccentricity. 

148. Take the following calculation as an example for 
finding the true eccentricity in this laſt caſe. 

Mercury 8 greateſt equation being given 245 ; 5'3 (a, 
as 37 17 44 3, is to 12* 1' 32"; , ſo is Mercury's mean 
diſtance, (ſuppoſed 1000000=SM,) to CS, 209885 
nearly : But if taken as the true value of CS, then calculate 
by the foregoing problem, the greateſt equation of thecentre 
reſulting from it; now if it be found 24* 5 5", the true 
eccentricity CS would be 209888 parts, ſuch as SM con- 
tains 1000000.: But as this equation will be found ſome. 
what leſs, and the equations being nearly as their eccen- 
tricities, that value of CS muſt be avgmented, in pro- 
portion as the equation reſulting from it is found, when 
compared to the true equation 24* 3 5 


149. Firſt determine the leſſer add greater ſemis 
axes, by the equations y=V re — fee, and x= 


Write. Aer, y expreſſing the leſſer and x the greater 
femi-axes, r the radius SM= 1000000, and e the eccen- 
tricity CS ſuppoſed =209888. Forrr=xy (bec. x: : 70 
and ee=xx—yy (by conic ſect.) therefore by ſubſtitution, 
„ Teer“, and x*—eexx=r*, Then (as in the ſolu- 
tion of quadratic equations) y*+eeyy+3e* r e, 


whoſe ſquare root is yy+ire=wr*+3e+*, and y= 


rte ese; therefore N rie fee. 
the ſame in the other equation. By this means CA or 
CN=1011075; and CG=989055, are found. 

150. This premiſed, the angle MSF will be 80 29 
58 4, and conſequently the angle SCN =86* 58.31% 
which gives the perpendicular ST= 2095959 or in de- 
grees, Proportional to, the radius CN, is 115 52 3873 


this added to 93* 1 28 * gives 104 64 7 8 
c 


the me 
$0* 39 
1.0 
Ther 
true 24 
to the t 
211165 
ſtact ion: 
151. 
the true 
tions, tl 
fore fou. 
152, | 
eccentric! 
dimenſior 
litances 
ing more 
relocities, 
tion, 
lon diſtar 
an arc of ; 
more than 
from the 
tncity Cai 
ſtelion ot 
equality 
Were it nc 
153. T 
ls greateſt 
n the two 
is a 
tefore an 
ally done 
al. N 
vnn (9e 
duſt there! 
Mual to th 
By exat 
nal moti 
pound 4 
3, 46 
h 15 and 
5 32 2 
and th 


| ASTRONOMY. 83 
de mean anomaly correſponding to the true ahomaly - 
$0* 39 58+; the greateſt equation is then 23* 54 
W 2. | 

Then as that greateſt equation 23* 54 28-3, to the 
true 24 3 6h; ſo is the ſuppoſed eccentricity 209888, 
tothe true eccentricity 211148, differing very little from 
111165, ariſing perhaps from the neglect of ſome ſmall 


actions. 

151, The true eccentricity being thus determined, and 
the true values of x and y found by the preceeding equa- 
tons, the true dimenſions of the planet's ellipſis is there- 
fore found. 3 

152. REMARK. I. Though this manner of calculating the 
eccentricity be indirect, *tis however better for determining the 
dimenſions of the ellipſes of planets, than the method of known 
diſtances by the true angular velocities; the diſtances deduced be- 
Ing more affected by the errors ariſing in obſerving the angular 
relocities, than the eccentricity is by thoſe made in the greateſt 
equation, For the relation of Mercury's Aphelion and Perihe- 
lon diſtances is determined by comparing an arc of 1® 3 55+ to. 
marc of 27! 25”, that is, two ſmall arcs, whereof one is but little 
more than the double of the other; whereas they may be found 
rom the compariſon of an angle of 24® to o; 1 eccen- 
neity cauſing an inequality of 24* in its motion, from the A- 
ſtelion or Perihelion to the point of its mean diſtance, which 
nequality would not happen nor its uniform motion be altered, 
rere it not for the eccentricity, X 
153. To deduce from obſervations of Mercury what would be 
Is greateſt equation, the times muſt be determined when q is found 
n the two points of its ellipſis where the rays from the centre of 

is a mean proportional between the two ſemi-axes, both 
fore and after its paſſage through the Apſides: This is 
ly done, becauſe (107) its real and mean velocities are then 
al. Now Mercuty's mean velocity 4% 32'4 ina day, is 
own (go) by the time of its revolution. The two inſtants 
lt therefore be found when Mercury's real velocity may be 
qual to that quantity in 24 hours. 

By exatnining the obſervations (page 38), Mercury's di- 
ml motion about the 15th of July and 4th of September 
ound 4 5'. Therefore interpolate the differences 414 
5 46 28, 3e 58 44” between the obſervations of the 13, 
lg and 16of July, to find the time when the difference was 

'5 32 2, which will be tound between the 14th of July at 2h 

and the 15th at 2 49, which gives 14 Fuly at 14h 40 3 

| G 2 t 
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the inſtant when Mercury's was in its mean diſtance. By ink, 
polating alſo Mercury's true places on the 14, 15 and 16 of J 
gives that planet's true place on the 14 of Fuly at 14h 49 inf 
22557 27”. E 

Likewiſe by interpolating the differences between the obſe. 
vations of the 3, 4, 5 and 6 of September, and Mercury's try 
places obſerved the 3, 4, and 5, gives the 3 September at 24 
14; for the time when in its mean diſtance, and its true plac 
in 11* 4* 49 100%. 

The difference between thoſe true places is 5 11® 51, 47) 
This is the true motion or ſum of Mercury's real velocitics i 
the interval of the paſſages at its mean diſtances. The ting 
of that interval is 52 days 7b 257, during which that plane 
would by an uniform motion have deſcribed 6* 29® 58” 37), al 
lowing 87 days 23h 15 32” for running thro” the 12 ſigns, The 
difference between theſe two motions is 482? ©' 50, the hal 
whereof 24 3 25” is the ſum of Mercury's inequalities, from 
the paſſage through the apſides to the term of its inequil - 
ties ; conſequently it is the greateſt equation ſought. | 

The greateſt equation thus determined, the eccentricity (148) 
is eaſily calculated, alſo the relation of the axes of the elliply 
(149-) 1 

154. REMARK II. Interpolation is not neceſſary for finding 
the inſtant when the planet was in its mean diſtances, if the or 
bits are not very eccentric ; *tis then ſufficient to compare thet 
true motion, at the times when their real and mean velocits 
are nearly equal, with the mean motion correſponding to tha 
interval. Thus on the 14th of July at noon, and on the 40 
of September at noon, Mercury's true motion was 5* 1 
43 43', and its mean 7* 2 48' 7” ; which gives the greatel 
equation 24 2 12”, Alſo on the 15thof Fuly at noon, and at 
the 4th of Sept. the true motion being 5* 10® 37' 15”, and th 
mean 6* 28® 42' 35”, gives the greateſt equation 24* 2 50, 
whoſe difference from the other equation, is occaſioned only by 
the great inequality of Mercury's velocity in the time from tit 
14 to the 15 of July. But in orbits whoſe eccentricity is ſmal 
the inequality from one day to the next is ſcarce perceptible. 

155. REMARE III. The two points of mean motion give the 
poſition of the line of the apſides, they being equidiſtant from it: 
The midway between 5 22 57 27” and 11* 4 40“ 10% all 
gives the place of Mercury's Aphelion in 8* 13® 53' 19", 
the ſame as found (111) by another method. The poſition d 
the line of the apſides may in general be had by determining tw 
points in the orbit that have equal velocities ; however, thi 
method is proper only in very eccentric orbits, wherein the is 
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equalities of velocity from one day to another are conſiderable 
enough, to determine with ſufficient accuracy the time and place 
where the velocity would be equal to a given quantity, without be · 
ing much affected by the errors of obſervations. But in orbits 
whoſe eccentricity is ſmall, and where the velocities are nearly 
uniform, at leaſt in the ſpace of a day, this method is not proper, 


8 


ARTICLE XII, 


Of the Law whereby the Central Force afts on the Planets 
| in their Elliptic Trajectories. 


156, TH E motion of the planets not being uniform, 
* the central force which moves them muſt there- 
fore be variable; now, beſide the ſatisfaction of 
knowing the law cauſing this variation, this enquiry 
may perhaps become uſeful for comparing the motions of 
the planets together. | 
The obſerver continuing his examination of the theory 
of central forces, will lay down the following theorems. 
157. ThROREM I. Any variable central force, is a 
conſtant accelerative force during a very ſhort time. 
This theorem will be demonſtrated, by ſhewing that 
any variable central force makes the body it acts on de- 
ſcribe ſpaces towards the centre, that are to one another as 
the ſquares of the numbers of inſtants contained in a very 
ſhort ſpace of time 7 (59). 
Let P, Q, p, (Fig. 33.) be three points of an indefi- 
nitely ſmall arc of any trajectory APD. This arc being 
uniformly deſcribed (56) in the ſmall time t, the ſpaces 
» Pp, are to one another as the parts of that time ?, 
reckoned from the inſtant the body was in P. Let EK 
be a tangent to that arc, and conſequently the path that 
body would deſcribe, if when in P, the central force 
ſhould ceaſe to act, and the uniform force only re- 
mained, From the centre of force 8, draw thro" 
three points P, Q, p, = rays SP, SR, SF prolong-d 
| J 3 | to 
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to the tangent. Tis evident, 1ſt, that the ſmall excel, 
QR, pF, repreſent the effects of the central force, beca 
they are the quantities or ſpaces whereby the cent 
force has drawn the body from its rectiline path PK, y 


wards the centre S. 2d. The rays SP, SQ, SF h 
ing infinitely near, theſe radii, and conſequently the 
ceſſes QR, pF, may be taken as right lines parallel to q 
another. 

Through the points P, Q, p, deſcribe the circumk 
rence of a circle PBN, with which the arc POp of th 
trajectory APD will coincide, Through the point? 
draw the diameter PN, which will be perpendicular tothe 

right line PK, a tangent common to the circle and t 
Jettory, Then through the points Q. p, draw QI, þ 
perpendicular to the tangent PK, alſo QE, pH pepe 
dicular to the diameter PN; laſtly, draw N, pN. 

Now, the triangles PN, PpN, are rectangular, fx 
PQ, Pp, may be taken as right hnes. Therefore =EP, 
PQ, PN, and PH, Pp, PN. Then PQ* PENN 
and Pp* =PHXFN. Therefore PQ: Pp* :: PExP\ 
: PHxXPN :: PE or QI: PH or pi. And PQ: Pp: 
Q! : pi. But becauſe of the parallels Qt, pi, and QR, , 
the triangles RQI, Fpi are ſimilar. Therefore QI : pi; 
QR: pF :: PO“: Pp*. If therefore a body deſcnbe 
any trajectory APD with an uniform force, and centr 
force combined, the effects of that central force (repre 
ſented by QR, pF) are in any very ſmall arc Pp, asth 
ſquares of the times (repreſented by PQ, Pp, ) taken t 


run over thoſe arcs, 


158. Corxor. I. The formulz of uniformly accelerated me 
tion (61) may therefore be applied to central forces, by making 
the general expreſſion of any central force f in a very ſhort tin 


t, f= 7 But in this caſe as pF expreſſes the ſpace whereby 


the central force has drawn the body towards the centre 8, whil 
that body deſcri bed the arc Pp : The formula muſt therefore bt 


thus expreſſed, = 4 


159. Co ROL. II. Therefore if the times ? are equal, Fr. 
that is, in indefinitely ſinall equal times, the central forces art t 
tue gnotber as the right lines pF, drawn from one of the extrem. 

> V 7 * 2 titi 
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hes p of each arc Oy over, parallel to the ray SP, paſſing. 
thro” the other extremity P, and terminated by the tangent to the 
trajeftory in the ſame point P. 

- 160. Cokol. III. But as the areas comprehended between 
the rays (83) repreſent thoſe times, the indefinitely ſmall. | 
time t wherein the body runs thro” the are PQp mav be 
expreſſed by the arc of the triangle SPp, then, #2=3SPXpM : 


Therefore tt. I SPM. And the formula fl. becomes 


f= pF „or ſimply f= 2 — „as the conſtant coef-. 


point! 1SP*xpM* SF*>xpM* | 
ficient + may be neglected (54) without changing the pro- 
7 toth portion, 


nd tf 161. Lemma I. If from the extremity P (Fig. 34.) 
U, 8 of any diameter of an ellipſis, PD be drawn perpendicu- 
cpa hr to the conjugate diameter Nu, then PD : CH :: CB: 
| CN. Or, the rectangle BCHL under the two ſemi axes 
ar, nf CB, CH, is equal to the parallelogram CNRP, formed 
WE by any two conjugate ſemi-diameters CN, CP. For then 
* CHxCB CNN PD, therefore PD: CH :: CB: CW. 
XP Deu. Join P, H, and thro' P draw IPF an ordinate 
PP: tothe leſſer axe CB. Thro' H draw GHT parallel to 
Rf the ſemidameter PC. Then the area of the triangle 
N CHP is halſthat of the parallelogram CTG, both ſtand- 
cnbe ing on the ſame baſe CP, and comprehended between the 
ena fame'parallels PC, GT. Alſo the triangle CHP is half 
Py the parallelogram CHIF ; therefore the two parallelo- 
as the®  orams are equal. Now the parallelograms CTGP, CNRP, 
vx COVE, being comprehended between the ſame parallels, 
CO, ER, are to one another as their baſes CT, CN, CO, 
| me which are in continued proportion, The parallelograms. 
akin® CHIF, CHLB, COVE, are in the ſame manner proved 
an tobe in the continued proportion of the right lines CF, 
erh CB, CE. Whence theſe two proportions ariſe + CTGP : 
CNRP : COVE. And =CHIF or CTGP : CHLB : 
reef COVE. Now the extremities of each of theſe propor- 
| tions being the ſame, therefore CNRꝰ is equal to CHLB. 
162, Lemma II. In an ellipfis where AH is the greater 
F, axis, and BL the leſſer ; if from the extremity P Fig 25:) 
ei of any diameter EK, be drawn à right line PS to either 
- 1's | focus, 
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fecus as to 8, that line will be interſefied in E, by thi 
diameter Nn conjugate to PK, fo that PE=CA or CH. 

Dzm. From the focus Q draw QP, and QG parallel 
to Na, or to the tangent PT, then the triangle PQG is 
iſoceles; for the angles PQG, PGQ are equal to the an. 
gles VPQ, TPG, which are equal by Conic Sect.) there. 
fore PQ=PG. Now fince the triangles QGS, CES are 
fimilar, and CS=CQ ; then GE ES. Therefore PG 
+GE=ES+PQ, or PEZES+PQ. But PE+ES+PQ 
=AH. Therefore PE AH=CA. In the like man- 
ner it may be proved that PO=CA. 

163. THeor. II. The central force urging a plant 
P, and cauſing it to deſcribe an ellipſis in whoſe focus S that 
central ferce is placed, varies in à reciprocal ratio of the 
ſquare of the ray SP, that is, as the ſquare of the planet's 
diſtance from that focus. 

Dem. Through P, the planet's place, draw the tan- 
gent PT. Let Pp be an indefinitely ſmall arc deſcribed 
by the planet; draw the rays PS, pS, and pF pa- 
rallel to SP meeting the tangent : Then the line pF ex- 
Prcſſes (159) the planet's central force, while running 


chro the arc Pp, and F dr 
Let x to the parameter of the greater axis AH, then 
: "HT © 
(by conic ſect.) = C NC. Therefore 7xAC= 


2BC*. From p draw pl an ordinate to the diameter 
PK, meeting the ray SP in i. The triangle PI, 
PCE being fimilar, and Pi equal and parallel to pF, 
4 iP or pF : IP:: PE or (162) AC: PC. There- 
ore 

I. Fer: IP: AC: PC. And for the ſame reaſon 

II. IPA: IP CIK :: x: KI, and by the property of the 
ellipſis * 45 e 
III. IPx(KI : I:: PC: MN. 

From the point p draw pM perpendicular to SP; then 
the right · angled triangles piM, PED, are ſimilar, be- 
cauſe the parallels pi, DE, make the angles pM, PED e- 
qual. Therefore ip, or (becauſe of the proximity of the 


paints , 1,) Jp: pM:: PE ; FD. Now (161) CA ot 
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PE: PD :: CN: CB. Therefore Ip : M:: ON : CB, 


Therefore | 
IV. Ip* : pM* :: CN* : CB*. 

Now multiplying term by term the four propor- 
tions marked I. II. III. IV. give pFxzXlPx- 
IPxKIx lp 4 IPx=xIPxKlxlp*xpM* 82 C Axe PC 
XCN* : PCX KI CN. CBT. Now the firſt ratio di- 
vided by IP e NP KI Neo“, and the ſecond by PC 
CN*, gives Fe: pM* :: Acxxx PC: KIx CB“. Or, 
ſince ACxz=2CB*, pFX= : PM“ :: 2CB TPC: Kix, 
CB* ; and dividing the ſecond ratio by CB* makes pF 


„DM:: 2PC: KI, And the points P, I, being ins- 


nitely near, KI=KP=2PC: Therefore PFC. M“. 
* . . * I 2 pF * 
And this equation multiplied by SN N gives r 


8 ST 3 Or laſtly, becauſe of the conſtant quantity T5 (54) 


pF _ I " 14 ; | 
- ISI — 228 neral 
F a SP * But (160) S5 „ 2 ge expreſ- 


fion of the central force in any trajectory; therefore in 
the ellipſis PALH, the central force pF is always 28 5s N 


164. TnHREOR. III. If ſeveral planets move each ina ſe- 
parate ellipfis, by virtue of a central force, that is always 
reciprocally as the ſquare of each plane!*s diſtance from a fo- 
cus common 10 all thoſe ellipſes, and wherein that central 
farce is placed. ' 1 

I. The areas of the ſectors deſcribed in the ſame time, are 
to one another as the ſquare raot of the parameter of the greater 
axis of each elliphs. | 

For in every ellipfis pF c NN (163), but by ſup- 
poſition pF==;3 Therefore »=pM'*xSP*, and f 


2MxSP. But pMxSP is as the area of the triangle or 

ſector SPp, Therefore the area of any ſector is as vs, 
165. II. The velocity of each body in its eiligſis is 45 the 

fquare root of the parameter of the greater axis, atvided 22 
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ine drawn from the focus perpendicular to a tangent paſſing 
bro the place of that body, or u N. 
For the velocity in an indefinitely ſmall. time is as the 
arc deſcribed pP ; now the ſimilar right- angled triangles 
SPT, pMP, give ST: SP :: pM : pP. Therefore pP 
. But (164) / ==SPxpM, therefore pP, or u= 
ST | 

166. III. The ared a of each ellipfis, is in à ratio com. 
Pounded of the ſquare root of the parameter of the greater axis, 
and of the time t of the planet's revolution. Or at 
For the greater the area of the ellipſis, and the leſs the 
portion thereof deſcribed by the planet in a given time; 
the longer alſo is the time / of the periodic revolution, 
Therefore the time of the revolution, is as the area a of the 
ellipſis, divided by the area 5 of a ſector deſcribed in a 


given time, or t =. But r (164), therefore i= 


= and ra. 1 

” ; 

157. The time t of each planet*s periodic revolution, is as 
the ſquare root of the cube of the principal axis d of its ellipfis, 
ori=vd*. * | 
For if 6 is the leſſer axis, and « the parameter of the 
greater axis, then (by conic ſect.) dz=bb ; and d d. 


But the whole area à of the ellipſis, is as the product of 


the axes, or ad (166); then bbdd=itr, But 
dit; therefore dit, and td. 2 

168. Coror. I. If the ellipſis changes into a circle, the time 
of the revolution, about the centre or focus, would be as the ſquare 
root of the cube of the diameter, or of the cube of the radius : Or 


thus, the radius of the circle would be as the cube root of the ſquare 


of the time of revolution. For d*=tt gives d=V tt. 


109. Coror.II. Hence it follows, that the times of the re- 
wolutions of the planets being known, the relations of the principal 


axes of the ellipſes they deſcribe, may be found. Conſequently 
the dimenſions of every ellipſis being determined by obſervation, 


they may all be reduced to one meaſure ; this is the ſecond fa-. 


mous law of Kepler. 
170. 
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170. ExameLe. The greater axis of the earth's el- 
lipſis being ſuppoſed of 20000 equal parts, ſay ; as 365! 
6" of 15', time of the earth's revolution, is to 85423" x57 
3a, that of Mercury; ſo is 2828427, the ſquare root of 
8000000000000, the cube of 20000, to 681204, the ſquare 


root of 464039000000, the cube of the principal axis of 


Mercury's ellipſis, the cube root whereof is 7742: Next, 


_ as 2022552, 8s principal axis, found 120) is to 5742 z 


ſo is the leſſer axis 1977699 and excentricity 211165 of 
$ (120) to the leſſer axis 7570, and excentricity 810, of 
Mercury, in ſuch parts whereof the earth's principal axis 
contains 20000. The dimenſions contained in the fol- 
lowing table are found by the like computations. . | 

171. ScyoL. I. The relative diſtances of the planets from 
the ſun, which could not poſſibly be obtained by obſervation 
alone, may be found by calculation. | 

172. SCHoL. II. The relative ſurfaces and ſolidities of the 
planets are alſo found by obſerving the angle under which their 
diameters are ſeen, when their diſtances are known, For 1ſt. 
tis evident, that the greater that arc in the heavens ſubtended 
by the planet's apparent diameter, and the greater the planet's 
diſtance, the greater alſo is the real diameter Therefore the 
real diameters of the planets are to one another as the product of 
the arcs they ſeem to ſubtend in the heavens by the planet's diſtance 


from the obſerver”s eye. 


173. 2d. The ſurfaces of ſpheres being to one another as the 
ſquares, and their ſolidities as the cubes of their diameters. It 
follows that a planet's ſurface is, as the product of the ſquare of 
the arc apparently ſubtended under its diameter, by the ſquare of 
its diftanee ſrom the obſerver. Alſo the planet's ſolidity is, as the 
product of the cube of the ſubtended arc, by the cube of the planet's 
diſtance from the obſerver”s eye 5 

174. On theſe principles were calculated the numbers found in 
the following table, 


Table 
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— 


| of the Magnitudes 


— 
. * . 


od e ee ee | Mercury Venus | Mars | Jupiter Saturn 
Times of periodic Revolutions, 822314224148 68.23" 305| 4332 12" | 10759 8 
{Dimenſions cf the es, Greater Axis| 2022552 2000022 2006949 | 2001161 | 2001624 
the circle's diameter, which 4 Leffer Axis 1977699 1999971 1995569 | 19938839 1998377 
is a mean — be- (Excentricity. 211165 7147 93099 48193 56975 
een the Axes, being ſug- 
poſed 2000000. 5 hh % 
Thoſe dimenſions reduced Greater Axis 7742 14472 20000 | 30474 104020 190758 
to parts of the Earth's & Leſſer Axis 7570 14471-5| 19997 30342 103899 190448 | 
greater Axis as a common I Excentricity.| 10 52 168 1415 25051 54298 
1meaſure- 3% | 
a wn ha EN EE tee 139 5% 304g 70 4g! 20/8 89 42' 45% 45 19 49! 50" 5 100 30 4073 299 260 15% 
Epocha of the Inſtant of a paſſage through] 9 Aug. 1740, 23 Jan. 1743,29 Dec. 1744, 12 Jan. 1745,19 April 1744,15 Sept. 1723 
the Aphelion, at 6h 37! of 2125 33/3) atzh Vol 32 4 of | at 13h f of | at oh o o” ; 
— ſeen from the Sun at the mean | 255 1 =" 16 
of 5 true Diameters T 073 770 4,19 
Relations of the Surfaces 1 | 0,54 59,23 17,59 
x — ©,39 455,81 1 


175. 


| ASTRONOMY, 93 
75. Tnzor. IV. Va central forts, cauſlng an 
to 15 "ſcribed from its focus, ſhould decreaſe more or 2 
proportion than the ſquare of the contral ray increaſes, 
the body aftuated by that central force could no longer de- 
ſeribe that ellip/is, unleſs. the curve itſolf be alſo ſuppoſed 
to revolve on its focus; and on this bypothefis the greater axis 
would be inclined towards the ſame, or contrary direttion of 
that of the body, in proportion as the central force be- 
comes too great, or too ſmall, tobe inverſly as the ſquare of the 
rays from the centre of force, : 
Dzm. The uniform projectile force, being modified 
only by the central force, (82) the body will deſcribe the 
fame trajectory, poſited in the ſame plane, and in à like 
ſituation, ſo long as that central force follows one certain 
law. And if the trajectory be an ellipſis with the cen- 
tral force tending to one of its foci, the law will al- 
ways be (163) inverſely as the ſquare of the central. rays. 
But if any -variation happens in that law, the di- 
ſtances of that body from the centre of forces will no 
longer be in every point of its trajectory the ſame as thoſe 
in a fixed ellipſis reſpectively to the ſame focus. Suppoſe 
then, a body placed towards the ſuperior apſis of its el- 
lipſis, moves towards the inferior apſis, and its central 
force, tho* tending to the focus, decreaſes ſo as to be- 
come too ſmall to be inverſely as the ſquare of the 
central ray ; that ray muſt then increaſe, becauſe the 
central force urges the body towards the focus with leſs 
power ; whence it follows, that the body will leave the 
circumference of the _ in order to deſcribe another 
curve, unleſs that ellipſis is lengthened in ſuch a man- 
ner as to keep the body in its circumference. In this 
caſe it is evident that the ellipſis muſt advance its ſu- 
perior apſis towards the body, becauſe the points near 
that apſis are moſt diſtant from the centre of forces; and 
the principal axis muſt advance in the ſame direction as 
the body, with a velocity augmented in proportion to the 
diminution of the central force. 2 | 
If, on the contrary, the central force was too much 
increaſed, the body would thereby be carried with greater 
force towards the focus, and conſequently leaving the 
| circum- 
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circumference of the ellipſis would deſcribe another tra. 


jectory within it, except the * by turning on its fo- 
cus ſhould ſo place the points of its circumference, as to 
make them correſpond with. the then ſtate of the central 
force, and thereby retain the body in its circumference, 
To effect which, the ſuperior apſis, being at too great a 
diſtance from the focus, mult. recede from the body; 
that apſis will then move in a contrary direction to 
that of the body, and with, a velocity proportional to the 
excels of the central force. | | 
, 776. RENMARK I. *Tis eaſy to diſcover the impoſlibility of 
this hypotheſis in ſeveral variations conceivable in the law of the 
central force ; therefore when a body moves in an ellipſis, that 
central force does not carry it at a greater diſtance from the fo- 
eus than that of the Aphelion, nor at a leſs than that of the Peri- 
helion ; in order that the body may remain in the circumference 
of that ellipfis, and the variation in the law of the central force, 
may be compenſated by the motion of the line of the apſides. 
177. II. What has been ſaid of the ellipſis is alſo applicable 

to the other trajectories, making ſuch alterations therein as the 
curvature, and ſpecies of the central force require. 


CHAP. 


CHAT W 
De Laws of the Motion of Comets. & 


ARTICLE I. 


Of the general Phenomena in the Motions of Comets ſeen 
. fromthe Sun, and of a Phyſical Hypotheſis ſerving to ex- 
plain them, | 


TH E obſcrver having examined all the particulars in 
the motions of ſeveral comets, will thence lay down 


the following general facts. 
178. PENOMENON I. The paths deſcribed by co- 


mets are not in the ſame direction, nor nearly in the ſame 
region of the heavens ; ſome being direF, that is, going 
from right to left like the planets ; others retrograde, or 
going from left to right, Some move from the northern 
part of the heavens towards the ſouthern ;.. others from 
the ſouthern to the northern; in ſhort, their, paths. croſs 
one another in all kinds of directions, | 
179. PRENOM. II. No comet is viſible during its 
1 revolution; ſome of them from their apparition to 
their diſappearing deſcribe a celeſtial arc of only 8o or 100 
degrees; others of 150, 200, 250, 300 degrees, &c, 
180. PRENOM. III. The greater the comet's velocity, 
the greater the portion of the orbit it ſeems to deſcribe 
and reciprocally. 
181. Paenom. IV. The motions of comets continu- 
ally accelerate, and their apparent diameters increale, from 
the time of their apparition till they have deſcribed half 
the arc they are ſeen to run thro? ; then their velocitics and 
diameters gradually decreaſe, in deſcribing the remaining 
half of the arc, as they had augmented in the firſt; ſo 


that at equal diſtances from the middle point of the Pe 
i q 


k. 
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fible orbit, the velocities and diameters of the ſame com 
are equal, 

182. PRENOM. V. Comets always ſcem to move in 
a great circle of the ſphere. 


183, The motions of comets are in general analogom 
to thoſe of the primary planets, differing from them only 
in theſe two particulars z viz. 1ſt. the directions of the 
motions of the comets are indifferently towards any part 
of the heavens z whereas that of the planets is always the 
fame, paſſing always through the iame conſtellations: 
2d. The whole revolution of a comet is never ſeen. 

184. Hence the obſerver will conclude, 1ſt. That the 
comets have no zodiac in the heavens, as the planets have. 
2d. That the orbit of a comet is not a right line, nor a curu 
whoſe convexity is turned towards the ſun, eſpecially ofthoſe 
which deſcribe more than 180%. For *tis impoſſible that 
an eye ſhould fee a right line or convex curve under an 
angle of 180?, whatever its length or poſition may be; 
but more probably their orbit is à curve whoſe concavity is 
turned towards the fun, and the legs whereof are infinite, 
as the parabola or hyperbola, at leaſt they do not meet but 
at an almoſt infinite uiſtance from the ſun. zd. The comets 
move at different diſtances from the ſun; thoſe which pals 
neareſt, ſeem to move ſwifteſt, and to deſcribe a greater 
arc; and the contrary. 4th. That their orbit is a regular 
carve, and that the force acting on the comets follows one con- 
ftant law. 5th, That every orbit is in a ſeparate plane and 
does not depart from it. Laſtly, The motions of comets pro- 
bably follow laws analogous to thoſe of the planeis; that is, 
they are kept in their orbits by the combination of an uniform 
impulſroe force, and an accelerative central force tending lo 
the ſun, and variable in ſome relation of their diſtances fren 
the ſun. This is plainly deduced from the regular grada- 
tions of increaſe and decreaſe of velocity, from the con- 
cavity of the curve towards the ſun, but chiefly from their 
apparent diameters, velocities and diſtances. 

18 5. The two exceptions or remarkable differences 
(183) between the planets and comets, are no ways con- 
trary to this ſuppoſition, For iſt. The impulſive mo- 
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don not being neceſſarily determined to one direction, * 


capable of receiving any, nothing impedes its going from 


night to left or from left to right; from ſouth to north, or 
from north to ſouth, Sc. Now as the poſition of the 
lane in which a body moves with a motion compounded 
1 an uniform impulſe joined to a central force, chiefly 
6 on the uniform impulſive direction; it follows 
that one ſtar may have a different courſe from that of an- 
other, the mover not being compelled to direct its im- 
pulſe one way rather than another, 2d. If a planet's or- 
bit is ſo eccentric that in Aphelion its diameter can be ſeen 
only under an angle infinitely ſmall, that diameter, and 
conſequently the planet, muſt be invifible when in Aphe- 
lion, and therefore appear only when near its Peri- 
helion ; its viſibility depending both on its diſtance 
from the ſun, and the diameter being ſeen under a viſible 


angle. 


186. Therefore until further obſervation and examina- 
tion confirm or deſtroy this hypotheſis, the obſerver will 
naturally ſuppoſe, that each comet moves in a very eccen- 
tric. ellipfis, the ſun being in one of the foci ; and that 
their velocity is accelerated or retarded by the ſame law 
as that of the planets : Whence it follows, that no other 
theory 4s required for the comets, than that uſed for the 


187. Now ſince aſtronomical calculations of very eecen= 
tric ellipſes are complex and tedious (144) and as the co- 
mets are viſible but during a very ſhort part of their revo- 
lution, and as ſuch eccentric ellipſes are at the vertexes 
nearly of the ſame curvature as a parabola, (ſince the pa- 
rabola may be taken as an ellipſis whoſe foci are at an 
infinite diſtance) it therefore follows, that the arc of a 
comet”s vifible orbit may, without any ſenſible error, be taken 
for a portion of a parabola. 


188. The orbits of comets, by this hypotheſis, being 
ellipſes ſimilar to, but more eccentric than thoſe of the 
planets; the comets muſt conſequently have regular pe- 
niodic returns, and the ſame comet be ſeen ſeveral times; 
alſo its return, together with the circumſtances of its its 
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future apparition, may be predicted. This indeed might 
have been done if the aſtronomers of former ages had lef 
accurate obſervations of thoſe comets which appeared 
in their time. But moſt of them imagining the co- 
mets to be only meteors, or bodies compounded of 
certain combuſtible matter by chance collected together 
in the region of the air, where it was {ct on fire and con. 
ſumed by little and little, partaking alſo of the irregular 
motions of the air in whatever region they were ſeen, they 
thought it uſeleſs to obſcrve their courſe, at leaſt with any 
accuracy, and conccived it ſufficient to ſay, that in ſuch a 


year a comet of ſuch a magnitude appeared, running thro? 


ſuch and ſuch conſtcllations in the heavens, Perhaps even 
that account had not been tranſmitted, had not the apps 
rition of comets been looked upon as fatal preſages of 
ſome great evil. Tis ſcarce two hundred years ſince co- 
mets have been carefully obſerved, in which time all the 
circumſtances attending the motions of about forty of 

them have been determined; no wonder then their. re 

turn cannot be yet predicted: The times of their periodic 

. revolutions are very long, becauſe their velocity in Aphe- 
hon muſt be exceſſive ſmall : If, for example, a comet' 

Aphelion diſtance from the ſun is 100 times that of its Pe. 

rihelion, its velocity in Aphelion is (92) 10000 times le 

than in Perihclion ; conſequently if the comet in Per 

helion deſcribe a degree in aday, it will take 10000 days, 
or above 27 years to run thro? a degree in Aphelion. The 
revolutions of two comets only are known with any certain» 

ty : The one obſerved in 1531, 1607, and 1682, and wil 

therefore appear tou ards 1758: And the other oblerved 

at the end of 1680, which appeared very large, and by 

gathering the different circumſtances in hiſtory, it is very 

probably concluded to be the ſame that was ſeen in 1106, 

in 531, and at Cæſar's death: the time of its revolution 

is then 575 years. *Tis alſo ſuſpected that the comet 

ſeen in 1532, is the ſame as that which appeared in 1661 

for the poſition and dimenſions of the orbit of thoſe two 

comets being computed by the method hereafter explained, 
are found to be nearly the ſame, 1 
| on, 
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Now, to examine this hypotheſis ; the laws whereby 
bodies maye in a parabola, by virtue of an uniform im- 
pulſe, and a central force tending to its focus, muſt be 
firſt — vp Whereby it will be ſeen if the true mo- 
ons 


t the comets are conformable to thoſe laws. 


_—Y th 1 
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Arier II. 


me Laws of Motion of Bodies whoſe Trajefories are 


Parabolas. 


189. [Erna I. In the parabola APD (Fig. 71.) where 
| A is the vertex, S the focus, and HD a tangent 
ta any point P; the line SN, perpendicular to HP, is 4 
mean proportional between the lines SA, SP. Or SN*= 
SPXSA. | 
Dru. Draw the ordinate PO and the diameter PG; then 
(by Conic Sect.) AH=AO, and the angles GPD, SPH, 
HP are equal, therefore SH=SP: Now SN drawn per- 
dendicular to the baſe of the iſoſceles triangle HSP, gives 
HN=NP. Therefore HA: HN :: HO: HP. Draw 
AN, and the triangles HNA, HPO, are right-angled 
and ſimilar. Therefore AN is drawn from the right 
angle of a rectangled triangle SNH, perpendicular to the 
liypothenuſe HS ; conſequently SH, or SP: SN: AS, 
190. Coror. I, Therefore SP: SA:: SP* 1 SN. 
191. Tyzor, I. The central force f directed to the fo- 
tus S of a parabola, and retaining a body P in that curve, is 
inverſely as the ſquare of the diſtance of that body from the 
focus 8, or f= _— | 
Dem. Let Pp be an indefinitely ſmall arc deſcribed by 
the body: Through p, and parallel to SP draw pF ex- 
preſſing the central force, and parallel to the tangent HP 
draw pI meeting PG in I and PS in i; then is pl an or- 
Cinate to the diameter PG. 1. The triangles PSH, Pli, 
being ſimilar and iſoſceles, PI=Pi=pF. Now SP being 
equal (by con. ſect.) to the diſtance of P from the direc- 
trix, 4SP expreſſes (by conics) the parameter to the di- 
| A 2 arncter 
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ameter PG, conſequently I PIX ASP, but the are f 
being indefinitely ſmall, the points J, i, nearly coincide; 
and pi=pl, gives pi =pFx4SP. 2*. The ſimilar th; 
angles pi M, SPN, give pi: PM:: SP: SN, or p#* : p 
„ | Or (190) i: SP SA, or :: 4SPxpF; 
4SAxpF. Therefore pi: PM i: 4SPxpF * 4AS Nn. 
Now pi SPF; therefore pM AAS pF; and 
285 being divided by every member of that equation, give 
pF "9 9 
SP3xpM* AD 
; pF 1 
the central force is pre Therefore in the p. 


Now (160) the general expreſſiond 


rabola = „or, becauſe 4AS is a conſtant qum 
tity, =p: 

192. CorRot. The parameter q to the axis HO, 7s as th 
fquare of the deſcribed ſeftors, For gq=4AS ; and NM. AAN 
pF (101) therefore I =qxpF, and f, or ug 
pF=f= 85. NM SF. But the ſector Sp is as Mx 
the ſquare whereof is pM*XSP* : Therefore the parameter i 
the axis is as the ſquare of the ſector. wh: | * 

193. TREOR. II. The velocity u, in any point P of th 
parabola, is as the ſquare root of the 8 5 
divided by SN drawn from the focus S perpendicular to 6 
tangent to that point P, or u , VN. 
Du. The velocity is as the arc pP, or up; nov 
in the ſimilar rectangled triangles pPM, PSN, SN: SP: 
PM: pP=* LEY But (192) 2 NM KSP, therefore 
4/q4=pMxSP, and pP or «= > 


194. Tazor; III. The velocity u in any point P of tht 
parabola, iz to the velocity V of a body running thro the dir. 
cumference of a circle with a central force tending to iii 
centre, the radius being equal to SP, as 2 to 1. D | 

: g EM, 
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Dx. Since 28 L (193), then N or be- 


ncide ; * SN SPN SA (189), u- Seng . But the 


p circle whoſe radius is SP, being taken as an ellipſis, its 
ND; parameter 18 —=2SP 3 ang the velocity V being uniform ; 


SNF. (88); it is every where (165) as V2; therefore VV= 


85 
3 and 
1 SY Therefore ws : VV :: & Fb 1 42221 21. 


Therefore u: V:: Hz: Vi: V2: 1. 
ond 105. Tnzor. IV, The angular wiecity of a body ina 
amc ſeftion at the extremity of an ordinate to the axis paſſ- 
ing thro* the focus or centre of force, is one fourth of its ve- 
ity at the vertex, if a parabola ; above one faurth, if the 
{tion is an ellipfis ; and leſs than a fourth, if an hyper- 
"i | | 


| For the angular velocities being always inverſely as the 
9s th ſquares of the diſtances, the velocity at the vertex of a 
ASX BÞ conic ſection, is to the velocity at the end of the ordinate 
ſac | pafling thro? the focus; as the ſquare of that ordinate, to 
the ſquare of the diſtance of the focus from the vertex. 
XS, | Now the ordinate paſſing thro? the focus is, in the para- 
bala, twice the diſtance of the focus from the vertex ; leſs 
than twice in an ellipſis; and more in an hyperbola. 
2 Therefore, in a parabola, the inverſe ratio is as 4 to x, 
in an ellipſis leſs than as 4 to 1, and in the h 

to of more than as 4 to 1. 

196. Coxor. Hence it follows, that by obſerving the no- 
tions of a comet, it is eaſy to judge whether its courſe is ſenſibly 
an ellipſis, and conſequently if it will return in a ſhort time ; 
p:os if the courſe is apparently a parabola, whereby its return will 

de retarded for a very long time, ſuch a parabola being ſuppoſed 
fore | an ellipſis very much lengthened ; or if its courſe be an hyper- 
as | fa, and conſequently that comet's return not to be expected. 
, For if a comet be obſerved at the time and place of its greateft 
y velocity, and at 90? diſtance on each fide that place; and at 
tht | thoſe points, the angular velocity is found to exceed the 
cir- ſourth part of its greateſt, then certainly its courſe is nearly in 

iis n ellipſis: But if that angular velocity is exactly one fourth 


ol its greateſt, or differing ſo little from it that the difference is 
c H 3 rather 
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rather to be attributed to ſome error in obſervation, the comet, 
orbit is then a parabola : And it is not probable that th 
comet's angular velocity will be found leſs than the fourth of 
greateſt velocity, for the comet would then be loſt in the infinit 
ſpace of the univerſe, or at leaſt would never more return tg. 
wards the ſun. i | 


—ü—üͤ— — 8 * 


* 
_ — nn 
r 


_ — — 


| ARTICLE III. 
The preceding Theory applied to the Motions of Comets, 


197. SUppoſe that by regular obſcrvations made every 

day at noon, the arc of a comet's true diſtance 
from a ſtar found an its courſe, be determined as in the 
following table. ; | 


lm 


| * ſig. deg. _ ſec. differen, jat _ fig. deg. min, ſec, differen, 
4 1. 0 20 42 June : 1 8 
E 2.0 2 30 42-4027 40 J : - . 5 Feng 34 20 
| 3.6 7 37 1˙ 1 631 3 18 33 2˙ 1 2 : 
4- 0 8 2 1 9 15 . 9. 3 23 6 gh 4 
« | 5. 0 9 58 33 12 5 10. 3 27 28 47+ 2241 
| n 33-4 71 44 ax? 15S 
7,0 12 32 21 18 22 12.4 5 52 554 - 
| G0 29 53 $2**2% BID 13.4 9 32 37 3 * 
9.0 g1 19 20˙1 2528 14-4 13 42 3 50 
| 10. 0 16 48 44 1 29 24 | 15.4 17 23 5 N 4957 
| 11.0 18 22 15'*1 3331 - 16.4 20 5 —3 23 
12 O 20 O 19.1 38 4 17. 4 24 78 38˙3 — 
ö 14-0 23 39 541 4759] 19.5 o 30 54 3 12 
15.0 25 24 231 5329 20.5 3 24 22 2 $3 
| 16.0 27 23 241 59 1 21.5 6 9 —.4 44 
17.0 29 28 2 445 22.5 8 45 26" * 
| 20.7 6 24 15*"'2 2553 25.5 15 22 2 4 
21.7 8 57 55˙2 3340 26.5 17 55 58˙ 2 23 
1 I * 4154 27.5 19 56 56“ 2 5 | 
23.1 14 30 18**'2 50 29 28.5 21 51 5g”? 55 
24.1 17 29 3/2 58 19 29.5 23 41 35˙ 1 49 1 
25. 1 20 38 24.3 8 57 30.5 25 25 571 44 - 
: 26.1 23 56 443 1820 July „1 < onn-* 393 
27.1 27 24 343 27 50 2.5 28 40 341 34 59 
28.2 1 2 193 17 $5 3-6 O 11 19˙ 1 zo 45 
29. 2 5 49 29 47 18 4. 6 1 38 ks 2 P 
30. 2 9 46 81 56 31 5. 6 3 1 57 2 
31.2 13 51 384 5 30 6. 6 4 20 341 "2 1 
June 1. 2 17 5 7.4 13 29 7.6 5 36 45 . 
2.2 21 25 40*"'4 20 33 8.6 6 49 481 13 * | 
= BL ms, 26 27 6 $ % oe 
4-3. © 22 59% 4 30 52 10. 6 g 7 1761 7 
5.3 4 56 454 3346 11.6 10 12 61 #4 
[_ **4 34 55S | * 
ö 2 * —_ — — — - 
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198. By examining theſe obſervations, the greateſt ve- 
Jocity of the comet is found about the 6th of June, Now 
determine the point where the greateſt velocity is, alſo the 
quantity thereof for ſome ſhort time, ſuppoſe 4 hours ; 
this may be done by interpolating the four ſecond diffe- 
rences, drawn from the obſervations of the 3d, 4th, 5th, 
6th, 7th and 8th of June, as explained (N“. 10g. ) or by 
interpolating four ſucceſſive obſervations taken at equal 
diſtances on each ſide that of the 6th of Zune, and finding 
the two inſtants when the comet's angular velocities were 
equal (1 55). By either method the comet is found to have 
aſſed thro* its perihelion dn the ;th of June at 16 OO: 

hat it was then in 3*8* © o, and its true angular ve- 
locity in 4 hours was 45 50". | 

Now the ordinates paſſing thro* the focus of the para- 
bola which the comet is ſuppoſed to deſcribe, fall in the 
points 0* 8* © o”', and 6*8* © Oo of its orbit, anſwering 
to the places on the 3d of May and gth of July. The ob- 
ſervations of the 2, 3, 4 of May being interpolated, the 
comet is found in o 8* of o', the 3d of May at 8b O of, 
with a true angular velocity of 11 28” in four hours. By 
interpolating alſo the obſervations of the 8, 9 10 Juh, 
the comet”s true angular velocity on the gth of July was 


at noon of 11' 25"+1n four hours, the comet being then in 


6 g O Whence it appears that not only theſe velo- 
cities are equal in thoſe points, but that they are nearly 
one fourth of the perihelion velocity 45' 50”. Therefore 
the three points of the comet's orbit found the 3d of May 
at 8 hours, the 5th of June at 16 hours, and the gth of 
Fuly at noon, are in a parabola, the middle point being 
at its vertex, and the other two at the extremities of the 
ordinate to the axis paſſing thro? the focus. 

199. Toknow if all the other points of the comet's or- 
bit are in the ſame parabola, take its angular velocity at a 
point between the two foregoing, as, that of the 24th of 
June, when in 5* 13* 34 50, and conſequently 65* 34 
50 diſtant from its perihelion, which, by interpolating for 
two hours before and two hours after noon, 1s found to be 
22' 53%, Now ſuppoſing the parabola APR (Fig. 73.) 


1s the orbit, whoſe vertex or perihelion is in A, the focus 


H 4 W 
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or ſun's place in 8, the directrix BC, and the comet 
place on the 24th of June in P, fo that the angle PSA n 
of 65 34 50%. The comet's velocity in A is 45 50, 
and in Ps 22' 53”. The relation of the diſtances SA, SP, 
may thence be found. For if SA be ſuppoſed S 1000, 
fay, as 22 53', is to 45* 50"; ſo is the ſquare of SA, 
=1000000, to the ſquare of SP 2002913, whoſe root 
Is 1415. Then in the rectangled triangle PSQ, SP 
14135, and the angle S of 65* 34 30, N found =585, 

Now by the nature of the parabola, PS= PC HB, there. 
fore P$+SQ=BS=2SA : The ſum therefore of PS and 
SQ muſt be double the diſtance SA ; and 1415+585z 

200. REMARK. The truth of this hypotheſis may alſo be 
aſcertained ; for from three angular velocities, there are three 
lines given in magnitude and poſition ; from whence the ſpecies 
and dimenſions of the conic ſection paſſing thro? their extremitia 
are found (128.) | 

The like calculations being made on the obſervations of ſeye: 
ral comets, the obſerver will thence conclude—— 

201. I. That the orbits of comets are, nearly, parabolas, in 
whoſe focus the fun is placed, and they run thro* thoſe arbits accords 
ing to the ſame laws of the planets. 5 

202. II. The orbits of comets may be diſtinguiſhed, 1/2. by thi 
relations of the Perthelion velacities, which give the relations of 
the parameters 4 thoſe parabolas, the parameter being quadruple 
the Perihelion diſtance. 2d. By their place in the heavens, or 
the vicinity of a fixed ſtar where the comet is in Peribelin. 
34. By the comet s courſe among the flars. 4th. By the dis 


ameters of the comets in Perihelion. hen therefore the co- 


met's Perihelion place in the heavens is the ſame, its Perihelion 
velocity equal, its path among the ſtars the ſame, with equal di- 
ameters in the ſame points of the trajectory, it may then be ac- 
counted as the ſame comet. 

203. III. The number of comets may be determined by a long 
feries of obſervations, and by comparing together all the dimenſions 
of the orbits deduced from thaſe obſervations. But this is the work 
.of many ages, 
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95 |; te the inequalities of Comets in the different points x 
A = of. their Parabolic Orbs. + oY 


104:GINCE the comets follow the ſatne laws as the pla- 
nets, their inequalities muſt therefore be diſtributed 
in their orbits, by making the areas deſcribed by rays from 
the centre of force, proportianal to the times. Now the 
moſt natural epocha of time, is theinſtant whenthe comet 
is in the Perihelion. Thetefore it remains only to ſolve 
this problem, The parameter of à parabola, the dif. 
ference between the times of the comet's paſſage through its 
Peribelion and the given inſtant, and the pofition of the Peri- 
belion or axis of the parabola in the heavens, being given; to 
find the comets trus anomaly ; that is, the angle at the ſun 
comprehended between rays drawn to*the Peribelion's place, 
and to that of the comet at the inſtant given. "1 
205. Lemmall, The parabolic area APQ, (Fig, 73.) 


comprebended between the curve AP, its ordinate 

abſciſs AQ, is equal to two thirds of the produtt of the 
ſciſs AQ by the ordinate PQ, LINER 
Du. Let the area AP be ſuppoſed to conſiſt of an 
infinite number of ordinates or parallels to PQ; the ſquares 
of theſe ordinates are (by conics) as their correſponding 
abſciſſes; therefore the ordinates are as the ſquare roots of 
their abſciſſes. Now all the ſucceſſive abſciſſes from A 
to Q, are in an arithmetical progreſſion, and repreſented 
by the ſeries of natural numbers 1, 2, 3, 4, 5, - - - --.9 
(> expreſſing the laſt abſciſs AQ,) their ordinates 
therefore repreſented by the ſquare roots of the ſeties of 
natural numbers 15, 27, 47, A 9290 5 the laſt ordi- 
nate PQ being expreſſed by .) Now the area APQ is 
equal to the ſum of all the ordinates comprehended be- 
tween A and PQ: And is therefore repreſented by the 
ſum of all the ſquare roots of the terms of the ſeries of 
natural numbers. But ; is the exponent of the powers 


of the ſquare roots, and the ſum of the m eg 


3 
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of all the ſucceſſive terms of the ſeries is 


+1 


therefore 3 m, the ſum of all the ſquare 27 1s 


wil —— — Zo} 
IF = == * Now the , 


A by the ordinate PQ is expreſſed by & N == wt, 
Therefore the parabolic area APQ is to the Ne of the 
abſciſs and ordinate terminating it, as to 25 or (di- 
viding this ratio by ,,2) as 4 to 1. 


206. Cokol. I. If PA and the tangent PT be drawn, then 
the area of the triangle APQ, is to the parabolic area APQ as 4 
is to F, or as 3 to 4. 

207. Coror. II. The parabolic ſegment included between 
the arc AP, and the right line AP, is one third of the triangle 
For it is to the area of the —_ APQ as 1 (exceſs of 
4 above 3) is to f. 

208. Coror, III. The area of the triangle POT, is to the 
1 area APQ, 35 to F, or as 3 to 2. 

For AQ=AT (by con. ſect.) 

209. Cokol. IV. If the ordinate SM (Fig. 73.) paſs thro 


the focus 8, the parabolic area ASM is equal to x; of the ſquare 
of the parameter. 


For putting AS=5, the parameter is Ab, and the ordinate 
MS=25 (by con. ſect. ) then the ſquare of the parameter is 1666, 


and the parabolic area ASM. is' 3 of 206, that is, =; now 
= is Iz of 1665, | 
210. Coror. V. When there are ſeveral parabolas, their 


. included between the part As of the axis from the vertex 
A 


— 


— 


oe Or thus. Let p= parameter, x=AQ, rd. 
Then px iy is the equation of the curve; 


its fluxion is p#=2jy, Th. — . 
Alſo yz= 22 is the fluxion of the area. 


And the fluent ( 282 Xpr=hya=);XAQXPQ. 


| anomaly ASP ; ( Fig. 73. ) 4 for 
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A to the focus 8, and the ordinate S M paſſing thro? the focus, 


are to one anether as the areas of circles whoſe radius is AS. 


For the relation of thoſe parabolic areas being expreſſed by 
49 „ they are to one another as bb (54), that is, as the ſquares 


of the diſtance AS. Now the areas of cifcles whoſe radius is 
AS, are to one another as the ſquares of AS; therefore the pa- 


nhbolic areas ASM are to one another as the Wer circles having 


AS for radius. 
211. Corort. VI. Since the times are always as the areas 
(83.) the time à comet takes in going from the Perihelion to 900, is 


' gs the time it would take to — a _ _—_ radius 1s equal 


to its Perihelion diſtance. 
212. ProBLeMI. To find an mas expreſſing the 


2 between the true anomalies, or a comet's true mo- 


tions, reckoned from its Perihelion ; the time it takes to 
go from the Peribelion to g0*, and alſo the time taken ts 
at thoſe true Anomalies. 

SOLUTION, Put 7 for the tangent of half any true 
e time taken to go 
from the Perihelion to 90“; 5 for the time in paſſing from 
the Perihelion to the point P; and make the Perihelion 
diſtance SAZ1, Then the equation ſought is 3at+47? 

Deu. F rom the point P, draw PD perpendicular to 
the tangent, meeting the axis in D. Draw the ordinate 


PO and join PA: Then is 15. the angle PDA=z ASP. 


For draw SN perpendicular to PT; ſince the triangle 
PST is iſoſceles, the angle PSN ASP; and the ſimilar 
right- angled triangles PSN, TPD, make the angle PDA 
SNSP=ZASP. 27. 5PQ=#; for taking DQ for ra- 
dius, PQ i is the tangent of the angle PDQ. Now (by 
con. ſet.) DQ=2AS ; therefore taking AS for radius, 
PQ is double the tangent of the angle PDQ, or PQ=2t ; 
therefore + PQ. 3*% AQ=#7. For in the rectangled 
triangle TPD, OD: PQ :: PQ: QT. Or2:2t::2t: 
2t1=QT= (by con. ſect.) 2AQ ; therefore A Qt. 
4*. The area of the parabolic ſector ASP is 1+31*, For 
the area of the triangle QAP=zQPXQA=1x#t=7? , 

then the area of the ſegment AOPA=3?* (207.) Alſo 


the area of the wh APS is ZAS 2 =: 
There- 


vt We EIIUurSs eFC | 
Therefore the area of the feftor ASP is 34% +f. 5*. Thi 
area of the ſector ASMOA. is ; for it is (205) 2 of 
Ax SM, or of 1, that area therefore is . Laſtly, 
the time 4 is as the area ASM OA, and the time 5 as the 
area ASPO A, whence ariſes this proportion, 4: 3 :: b: f 
+7/*. Therefore 3at+at*=4b. | 
Conor. I. The times 2 and b being given, the tangent of ha 
the true anomaly PSA is found by reſolving the cubic equation to 
=> This is eaſily done by the following method. Sup- 
poſe a triangle ABC right-angled in A (Fig. 72.) let the fide 
'AB=1, ac And compute BC; then find two mean 
proportionals between BC -A C and BC-AC, their difference 
is the value of z. oy | 
ExaAurIE. Required the comet's true place for the 
21ſt of June at noon. From the 5th of June at 16" the 
time of its paſſage thro? the perihelion, to the 2 iſt of Jun 
at noon, is 15 days 2. This gives (198) 22337 b=153: 
Therefore 3. Make AC=-3=0,92. Then 
| EIS, E "46 7 . 
BC, 3588; BC+AC=2,27588, andBC—AC=0, 4388. 
Alſo the two mean proportionals are 1, 3 159, and o, 7599 
and their difference o, 3560, the ; logarithm whereof 
. 947450748, is that of the tangent of 29* 4 27, its 
double is the angle PSQ=58* 8' 55”, which added to 
3* 8* & © the true perihelion's place, gives the comet's 
true place on the 2 1ſt of June at noon in 53 6* 8' 55", 


213. Conor. II. The equation 3at+at*=4b3, being we- 
duced to WHhh== „it follows, that if the ſame true anomaly be 


fand in two different parabolas, the times in arriving at thoſe 
anomalies from the peribelion of each parabola, are to one another 
4 the times in-going from the perihelion to 90®, and the contrary. 
For if theſe anomalies are equal, 45 ＋T ft is a conſtant quantity, 


therefore 2 is in a conſtant proportion of the times taken in run- 
ing thro? thofe anomalies, to the times in going from the peri- 
| helion of each parabola to 90“. 
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Coal. II. A true anomaly, and the time a comet takes 
in going from its perihelion tog0* being given; the time anſwer- 
ing to that true anomaly is found by the equation at- 
or 4 = at Tat. of 


214. CoroL. IV. A true anomaly, and the correſponding 
time being given; the time of a cometꝰs paſſage from its perihe- 


lion to 905, is found by the equatian g Th f 


a comet's perihelion diſtance is equal to the earth's mean 
diſtance from the ſun, to find the time the comet takes in going 
from its perihelion to 90®, compute as follows. 

Tbe earth's velocity in its mean diſtance, is 2 25” 50 fin en 
hour, at the rate of 365 days 6* 94 for 2 whole revolution. 
Now at equal diſtances from the centre of forces, the velocity in 
a parabola is to that in a circle as 4/2 to 1 (194). Therefore 
the comet's velocity in its perihelion is 3 29” 4" in one hour. 
This gives 44=4 hours t of a day, whoſe logarithm is 
9,2218487; the log. of the tangent t, of 44” 32 + is6,7048558, 
to which the log. of 3 being added, gives 7, 181977 f the log. of 
3t. The log. of is o, 114567 4, this quantity is fo minute 
that the figures expreſſing its value muſt be by g cy- 
phers, and may therefore be neglected: Now taking 7,1819778 
from 9, 2218487, remains 2,0398716 and is the log. of 109,6154 
days, this is the value of @ : Therefore a comet whoſe perihelion 
diſtance is equal to the earth's mean diſtance from the ſun, will 
take 109 days 14* 46' 12” in going from the perihelion to 909. 
215. PRoB.II. To find an equation containing the relation 
between a comet's perihelion diſtance SA (Fig. 73.) any one 
of its true anomalies ASP, and the diſtance SP from the 
fun. 3 
SoLuTION. Let p= the perihelion diſtance; c the 
coſine of half the true anomaly ; r= the tabular radius; 


d= the diſtance from the ſun; then ccd rr. 

Dem. Becauſe SN is perpendicular to TP, the angle 
NSP is half of ASP, therefore the angle SPN is the com- 
plement of half the true anomaly, Now taking SP for 
radius, then : fine SPN or c:: SP: N; therefo 
r: cc : d: ; conſequently ccd=prr. Fa 

Coror. If in different parabolas, be found the ſame true ano- 
maly, the correſponding rays from the ſun are as the perihelion di- 


ſtances, For the conſtant relation of cc to rr gives alſo that of 


a to p. 5 
| 216. 


mw b ET INI Ars of | 


216. PRoB. III. To reduce all the peribelion diſtancet of 


Merent ' comets to a common meaſure, viz. to the earth 


man diſtance from the ſun which is ſuppoſed to be unity. 


SOLUTION, Say; as 109 days 14h 46 12", is to the 


time the comet takes in going from its perihelion to oe; 
ſo is 1, to the ſquare root of the cube of the perihelion di. 
ſtance ſought. . Thus, in the comet mentioned in Article 
197, it is as 109* 14* 46 12": 33* Sh: : 1 : 0,304094, 
whoſe ſquare is o, 9247255 2649, the cube root of which, 
0, 4522 is the comet's perihelion diſtance, | 


d- i 


Du. The time of a comer's paſſage from its petihe. 


hon to 9o?, is as the time it would take in deſcribing a. 
bout the ſun as a centre, a circle whoſe radius is equal 
to its perihelion diſtance p (211.) Now the time of a 
revolution in a circle is (168) as Vr: The times there- 
fore in going from the perihelion to go?, are as Hp, 
When therefore the meaſure of a comet's perihelion di- 
ſtance is to be determined in parts ſuch as the earth's mean 
diſtance from the ſun, is =1, ſay, as 109,6154 days 


( 


time of paſſage from the perihelion to 90, in a parabola 


whoſe perihelion diſtance is equal to the earth's mean di- 
ſtance from the ſun) is to the time of a comet's paſſage 
from perihelion to goꝰ; ſo is 1, (for /1*=1)toy/p*. 


217. Coxor. From hence and the foregoing demonſtrations 


it follows, that the true anomalies in any parabola being com- 
puted, they may be uſed for all comets whoſe peribelion diſtances 
are known. r 


For when true anomalies are the ſame in different parabolas, 


the rays 4, from the centre of force are as the perihelion diſtances 
2 (215), or di is as y/p?. Now (216) the Yps are as the 
times taken to go from the perihelion to thoſe anomalies ; therefore 
when the true anomalies are the ſame in different parabolas, the 
are as the times in paſſing from the perihelion to thoſe true 


a 4 


nomalies: And by conſtructing a table of anomalies, in a pa- 


rabola, correſponding to each day from the paſſage of the peri- 
helion, the earth's mean diſtance from the ſun being ſuppoſed 


l. Sucha table may be uſed to find the true anomalies of any 


comet, by ſaying as the ſquare root of the cube of a comet's given 
perihelion diſtance, is to unity; ſo it the time between the 


Tag thro' the peribelion and any given inſtant, to the time 
10 


ich the comet, calculated in the table, takes in arriving to that 


irue anomaly. 


The 


ces 9 
al 


ASTRON'OM'Y. ut” 
The following table has been calculated for this purpoſe 3 and 
us uſe will hereafter be amply ſhewn. But at preſent it ſhall be 
applied to the example in Article 212, Say, as the ſquare root 
of the cube of 0,4522, which is o, 304093, is to 1; ſo is 15 
days 2, to 50,4232 days, to which, in the following table, cor- 
reſponds 58 8 55” ; as before found by direct computation. 


REMARK. To find the logarithm of the ſquare root of the 
cube of any quantity ; take half of the triple logarithm of that 
quantity : For by tripling the logarithm, the quantity is railed 
to the third power, and by taking the half, the ſquare rost is 
extracted. | | 
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n General Table for DEA, he Motions of Cone 
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1.23.37 
2.47.12 
4-10.40 
$+34 © 


6.57. $1] 


8.20. 2 
9.42.38 
I. 4+ 54 
12.26.46 


15. 9.14 
16.29.43 
17.49.39 
19. 9. 1 


20.27.47 


21.45.53 
23. 3.19 
2420. 3 
25-36. 3 
26.51.17 


13.48.14 


25 [32-55-27 


28. 5-45 
29.19.25 
30.32.16 
31+44+17 


34» 5-45 
35-15.11 
36.23.45 
37-31-25 
38.38.11 


D. M. S. 


49.5332 
50. 4938 
51.44.52 
52.39. 1 


Pe +> *54tp uy . . 


2 
O 


54.25.31 
55-17. 26 
56. 8.31 
56.58.48 
57-48.18 
58.37. 2 

$9-25+ 1 
60.12.1 5 


$3-32-48|| 


ep ur yp 
uorfayrnd ay, 


True | 
Anomaly 


D. M. S. 


| 


77. 56. 10 
78. 26. 30 
78. 56.2 5 
79˙25·55 
79-54+591]_2=: 


81.19 


80.23.37 
80. 5 1.5 


81.47.18 
82.14.25 


61.44.30 
62.29.32 32 
63.13. 52 
63-57-30 
64.40.28 


65.22.45 


39-44- 4 


40.49. 3 


41.5359 
42.56.19 


[43-53-35] 28 


44-59-58 
46. 0.27 
47» 0. 2 
47-58-44] 


148. 56-34 


68.44-34 


21.51.23 


66. 4.23 
66.45.22 
67.48.42 
68. 5.27 


69.23. 5 
70. 1. 1 
70.38.22 


71.15. 9 


72.27. 4 
73. 2-13 
73-36.51 
74-10.58 
74.44.34 


60-58-44 


$2.41.10 
83. 7-33 
83-33-36 
$3. 59-27 
84.24.38 


1341 97.24. 4 


97-39-51 


[34-49-39 
$5.14-20 


85·38.42 


2 


36. 2. 
$6.26. 


97-55-28 


98.26.14 


98.41.23 
98.56.22 


86.49 ˙55 
87.13. 2 


— 131. 


3. — 43 


88.42.43 
$9. 4-26 
89.25.53 
89.47. 5 
90. 8. 1 


91. 


90.28.42 
90.49. 8 
9.20 
91.29.17 
91-49. © 


75+17.49 
75" 50.18 
76.22.28 
76.54. 9 


77-25-23] 


92. 8. 30 
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A General Table for calculating the Motions of Comets 
in a Parabolic Orb. 
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SECTION. II. 


Containing the Firſt Part of Ter 
refirial Aſtronomy. 


O R, 


Ar Explanation of the principal Celeflid 
Phenomena ſeen from the Earth. 


THE obſerver ie from the ſun's centre to the 
earth's ſurface, will firſt remark the two following 
groeral phenomena. 


218. Puenomenon I. The beavens appear as a ſober 
in whoſe centre is the obſerver s eye; and tbo that eye is u 
the earth's ſurface, it ſees however only half of the heavens; 
alſo its view not extending far on the earth's ſurface, appeati 
on every fide terminated by a circle, 


This phenomenon is eaſily explained. o. The hes 
vens appear like a ſphere, at whoſe centre FR eye on the 
. earth's ſurface appears to be placed; for the ſame reaſon 
that the heavens ſeen from the ſun, appear as a ſphere 
with the ſun at its centre (3.) The ſame appearance wil 
be ſeen from any point in the univerſe, that point ſeeming 
as the centre of a concave ſphere in whoſe .circumferenc 
all the viſible objects appear to be placed. 

25. Conceive an indefinite plane to paſs thro' an ey, 
which is apparently, in the centre of a ſphere ; this plane 
will ſeem to divide the ſphere into two equal hemif 


_ RS: pheres 


Ter. 


a great circle of the ſphere. Now the eye 
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pheres, and the circumference of this ſection will appear 
| being in O 
(Fig. 36.) nearly on the earth's ſpherical ſurface CNL, 
the viſual rays OP, OQ, are tangents to that ſurface, 
and conſequently form an indefinite tangent plane; 
(called the plane of the obſerver s boriſon) dividing the 
heavens into two equal hemiſpheres ; that above the 
obſerver's head being always viſible, and that below his 
feet always inviſible, For while the obſerver's eye is 
in O, it cannot receive any rays of light below OP, 
on OA: Therefore no more than half the hea- 
yens can be ſeen at the ſame time, and all terreſtrial 
objects under the plane QOP become inviſible. Hence 
t is that objects on the earth's ſurface cannot be ſeen 
from any conſiderable diſtance, unleſs the eye be raiſed 
s in M, for then the view limited by the rays MN, 
ML, becomes more extended ; theſe rays forming a cone 
with the eye at its vertex: In this caſe more than half 
the heavens is ſeen, And if the eye be ſituated in 
me hollow place, or ſurrounded by elevated objects, 
it cannot then ſee half the heavens : Therefore the in- 
equalities of the earth's ſurface often prevent the eye from 
viewing a great circle of the ſphere. | 

219. As the horizon is however the moſt ſenſible term 
with which celeſtial objects can be compared, tis neceſ- 
ſuy to diſtinguiſh two kinds; the one called the 
Senfible Horizon, is that circle limiting the ſight in the 
heavens in whatſoever ſituation the eye is placed; the 
ther called the Rational Horizon, is a great circle of the 
apparent celeſtial ſphere, whoſe centre will be in the ob- 
ſerver's eye, and whoſe plane is a tangent to the earth's 
ſurface, dividing the apparent celeſtial ſphere into two 
equal hemiſpheres, and ſerves as the limits of elevation or 
depreſſion of celeſtial objects, thoſe in the upper or viſible 
bemiſphere are called high, or elevated above the horizon; 
and thoſe in the other hemiſphere, are called low, or be- 
bow the rational horizon, which will be called ſimply, 
Horiſon. 
220. 
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220. Now, if thro? the earth's centre C and the eye; 
place O, an indefinite radius COZ be drawn, it will by 
perpendicular to the rational horizon, whoſe plane touch 
the earth in the point O; and the point Z of the heaven 
where it ſeems to terminate, is exactly perpendicular ty 
the eye, and is equidiſtant from every point in the cy. 


cumference of the rational horizon. The point Z there 
fore 'Trig 2.) is the poleof that horizon and 1s called the 
Zenith. | 


221. The zenith has ſeveral important uſes, I. It ſervg 
to diſtinguiſh the diſtance of any point taken in the ſenſibl 
horizon, from the rational one. For by meaſuring the 
angle at the eye comprehended between rays to that point 
and the zenith, if this angle is 9o?, the point is at the 
ſame time in both horizons; but if greater or leſs, the 
point is by ſo much below or above the rational horizon, 


222. II. The greater or leſs the angle at the eye com. 
prehended between radii directed to the zenith and to ary 
{tar, the leſs, or more diſtant from the horizon that ſta 
will appear, and conſequently lower or higher: The 25 
nith being the term of the greateſt altitude, In genera, 
the heigth of a ſtar is meaſured either by a celeſtial arc cu. 
cei ved to be drawn thro? the ſtar perpendicular to the boni. 
zon; or by the complement of the celeſtial arc comprehendil 
between the zenith and the ſtar. * 


223. III. The obſerver's zenith and horizon remain 
fixed in the heavens as long as he continues in the ſame 
place; which he no ſooner changes, but his horizon 
touches the earth in ſome other point than the former, 
and the line drawn from his preſent zenith to the earth's 
centre forms an angle with that of his former zenith, con- 
ſequently anſwers to ſome other point in the heavens: 
And the inclination of theſe horizons to each other make 
an angle which is meaſured by an arc in the heavens com. 
prehended between the two zeniths (Trig. 15.) 


: 224. PHenOMtxow II. Al] the ſtars appear to hav 
different motions. For all, as well ſtars as planets, —_ 
| an 


The 


and th 
contra 
Th 
ſion, 
veſſel, 
theret 
ceſſar1 
form 
and « 
quent 
but s. 
of ot! 
ſame 
jects 
the e 
object 
the R 
all tt 
caſe | 


ing by 


le eye 
will he 
touchez 
1caveny 
ular t 
the ci. 
them. 
led the 


t ſerve 
ſenſibl 


ng the 


ASTRONOMY,- 117 
and the ſun itſelf, ſeem to turn round the earth in a day, in 
very unequal, but ſenſibly parallel circles; ſome deſcribing 
ſuch ſmall circles that they ſeem immoveable, others very 
large circles with a great-velocity. Every fixed ftar appears 
ty deſcribe always one and the ſame circle; but the ſun and 
planets app ar ſometimes to deſcribe great, ſometimes ſmall 
circles ; ſometimes circles at a great diſtance from the hori- 
un, at other times very near it. In fine, the poſitions of 


r 


the planets appear ſometimes fixed reſpectively to the ftars, 


ſometimes approaching nearer them, after that departing 
from them in a contrary direction. E 


Theſe phenomena for the greateſt part are only optical 


luſions cauſed by the twofold motion of the earth; 
theone, its annual revolution about the ſun ; the other, 
is rotation on its axis. For *tis found by experience 
that a man in a ſhip failing with an uniform rate, as 
he follows all the different motians it receives, he will 
naturally be led to look on the veſſel as immoveable, 
and think that the adjacent objects without move in a 
contrary direction. | 

The greater the ſize of the ſhip, the ſtronger the ilſu- 
fon, For the man being ſurrounded by the parts of the 
veſſel, at different diſtances from his eye, and reſpectively 
thereto always in the ſame poſition, thoſe parts muſt ne- 
ceſſarily ſeem fixed. For the images which theſe parts 
form at the bottom of his eye, preſerve the ſame places, 
and occupy the ſame points on the Retina: Conſe- 
quently, thoſe parts muſt not only appear immoveable, 
but ſerve as proper ſtations ſor judging of the ſtability 
of other viſible objects. Now the ſhip moving at the 
fame time, the diſtance and ſituation of the fixed ob- 
jets without, are continually changing reſpectively to 
the eye ; Therefore the image formed therein by thoſe 
objects, do ſucceſſively run thro* different points of 
the Retina, and cauſe thoſe objects to appear to have 
all the motions of the veſſel. Nor can a man in this 
caſe be undeceived by his ſenſes only, geometric reaſon- 


ng being requilite to ſet him right in this particular, and 
H 3 direct 
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he ſees. 

225, The obſerver being convinced of the two me, 
tions of the earth, one whereby it annually deſcribes a 
elliptic orbit about the ſun, the other a diurnal rotation on 
its axis, will readily. allow the earth, to be to him, wha 
the ſhip was to the man before mentioned; and that thy 
objects on the ſenſible horizon, which have no other mo- 
tion than that of the earth, as well as the obſervcr's eye, 
contribute to theſe appearances. | 

226. This granted, the obſerver muſt diſtinguiſh the 
effects of three different cauſes of illuſions affecting all the 
celeſtial motions ſeen from the earth's ſurface. Firſt, the 
obſerver ſeems at reſt, tho? he every day makes arevolution, 
Secondly, he appears to be at reſt, tho? he every year de- 
ſcribes a great orbit about the ſun. And, thirdly, he 
conceives himſelf at the centre of thoſe circles he ſe 
the ſtars deſcribe about the earth, altho* they are relating 
to its centre. | | 
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CHAP. I. 


of the Optic I Ilufions cauſed by the Earth's 


diurnal Rotation on its Axis. 


ARTICLE I. 


Of the nature and cauſe of the diurnal Revolutions of the 
„ Planets in general. 


127. TH OR. I. If a ſpbere of homogeneous matter placed 
| ina free medium, receives at the ſame time one or 
ſveral impulſes in the plane of the ſame great circle, and in 
lrections oblique to its ſurface ; theſe impulſes will give that 
ſphere iwo motions, the one an uniform rotation about the 
axis of that great circle, which preſerves a conſtant ſitu- 
ation; the other of an equally uniform tranſlation in the plane 
of that great circle, 

Dem. I. Let EBN (Fig. 40.) be the plane of a great 
circle of a ſphere, (which call the Plane of the Equator of 
that globe.) Let AB repreſent the direction and action of 
a power in the plane of the equator ; *tis plain that if AB 
had been in the direction of one of the axes of the globe, 
and conſequently perpendicular to its ſurface, the action 
of that power would have made the globe move uniformly 
in that direction; but AB being oblique to its ſurface, it 
follows (71) that its effort muſt be divided in two, the 
one BO perpendicular to its ſurface, the other BH parallel, 
or rather a tangent to the ſurface ; ſo that the two right 
lines BO, BH, become ſides of a parallelogram HO, 
whereof the diagonal is BI AB. Now BO expreſſes the 
part of the effort AB that drives the globe uniformly in 
the direction BL, which is in the plane of the equator 
(68); and that BH expreſſes the part of the effort AB 

I 4 that 


: . 
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that gives to the point B of the globe's ſurface a tend 
to recede from the centre C along the tangent BH. Thy 
effort BH then is like an uniform prqjectile force puſhing 
B towards H. But becauſe of the connection and re. 
action df all the parts of a globe, the point B returns g 
much towards the centre C, as the effort BH tends to make 
it depart from it. Therefore (78) the point B muſt tum 
in a circular uniform manner about the point C, or, which 
is the ſame, about the axis paſſing thro* C; therefore the 
action of che power AB makes the globe turn uniformly 
about its axis perpendicular to the plane of the cquator, the far 
and at the ſame time to advance uniformly in the direc. 
tion of che plane of that equator. 

II. If the globe in this ſituation receives another im- 15. ir 
pulſe, expreſſed by DE, in the plane of the ſame equator; ing in; 
this new effort muſt al o be divided into two, the one EP 
puſhing the globe uniformly in the direction EK, with a 
velocity expreſſed by EP; the other EF, tending to make 
the globe turn uniformly about the axis of that equator, 
Now making CK=EP, and CL=BO, the globe is urged 
by two uniform forces of tranſlation, expreſſed by CK, 
CL. Thereſore (74) it will move uniformly through the 
diagonal CM, which is in the plane of the equator ; 
turning at the ſame time uniformly on the axis of that Of t 
equator with a force expreſſed by EF+BH, becauſe thoſe 
forces conſpire to produce the ſame effect, and are ſitu- 


ated in the ſame manner relatively to the globe's ſur- 231 
face. | | 
228. Coror., The more oblique the direction of the acting poll 
power is to the globe's ſurface, the ſwifter is the motion of rota- are 
tion in proportion to that of tranſlation. it | 
229. TnEOR. II. The different impulſes of a central and 
force acting on a globe that already has a motion of rota- Th 
tion, and an uniform motion of tranſlation, affett only the for 
latter, in whatſoever plane of a great circle the central the 
force acts. | bs ear 
Dem. If a globe PIQK (Fig. 40.) while revolving on 
its axis PQ, as in the foregoing Theorem, ſhould be im- ax 
pelled by a central force, in any direction CS, paſſing th 
thro” its centre, and conſequently perpendicular to its ſur- ſc 


face, 
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Face, tis evident that no part of this force can act in a 


tangent to the globes ſurface; but its whole effect on 
the two equal hemiſpheres IQK, KPI, whereon it acts 
equally, is only to direct them towards the point S. 
Therefore that force muſt neceſſarily accelerate or retard 
the motion of tranſlation, according as it conſpires 
with or acts contrary thereto, and may continually 
change its direction, and make the globe deſcribe a curve 
without altering the motion of rotation which continues 
uniform in the ſame plane, about the ſame axis ſituated in 
the ame manner. | 

230. Cox ol. The inequalities of the annual motions of the 
. do not impede the uniformity of their diurnal motions : 

heir inequalities ariſing (163) only from a central force vary- 
ing inverſely as the ſquares of the diſtances. | | 


ARTICLE II. 


Of the general Phenomena occaſioned by the Earth's diurnal 


Rot al f ol. : 


231. A the earth daily revolves on its axis, every point 
on its ſurface is ſucceſſively preſented to all the 
points in the heavens, deſcribing circles whoſe planes 
are perpendicular to, and centres in that axis; whence 
it follows that thoſe planes are parallel to each other, 
and may be conſidered as the elements of a ſphere. 
Therefore, I'. All the ſtars muſt ſeem to turn every day uni- 
formly about the earth's axis and in parallel circles, as tho 
they were placed in the concavity of a ſphere to which the 
earth 15 concentric. 
232. The two points at the extremities of the earth's 
axis whereon it turns, are the only points of its ſurface 
that do not change their places; every other point de- 


ſcribe circles, greater as they are farther diſtant from 
thoſe 
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thoſe fixed points, or poles ; the greateſt of them, or that 
in the middle between theſe poles (called the Equator )ig 
one of the great circles of the ſphere ; on either ſide this 
equator, at equal diſtances from it, the parallel circles are 
equal. For the diameters of all thoſe circles, or their 
circumferences, are proportional to all the ordinates drawn 
to an axis of the ſame circle, that in the middle bei 
equal to the circle's ſemi-diameter; the others equally de. 
creaſing on each. ſide, are the coſines of the arcs mea. 
ſuring their diſtance from that ſemi-diameter, or the fine 
of the arcs meaſuring their diſtance from the neareſt 

le. 

Now all the points of the earth's ſurface making 4 
revolution in the ſame time, that is, in a day, their ve 
locities are (51) as the ſpaces or circumferences they de. 
ſcribe, or as their radii, that is, as the fines of their di 
ſtances from the neareſt pole. 

233. Then II'. In the heavens there muſt be two point; 
P, Q, (Fig. 41.) that appear fixed, wherein a ſtar being 
placed muſt have no apparent motion; thoſe points, deter- 
mined in the heavens by prolonging the axis pq of the earth 

qz, are the poles of a great circle EZZ, of the ce. 
Lie ſphere, formed in the heavens by continuing the plane of 
the terreſtrial equator ezz ; and all the ſtars will appear to 
turn round theſe two poles P, Q, or rather round the axis 
PQ, with velocities that are to one another as the fines 
the arcs meaſuring their diſtances from the poles. 5) 

234. To explain the other phenomena methodically 
let the pole P anſwering to the north of the Europeans, 
which in the heavens is near the conſtellation of the Little 
Bear, be called the Artic or Northern Pole; and the oppo» 
ſite one Q, or towards the ſouth of the Europeans, the 
Antartic or Southern Pole. 

235. A circle of the celeſtial ſphere apparently de- 
ſcribed by any ſtar in 24 hours, is called its Parallel; 
and the arc of a great circle meaſuring the diſtance of 2 
far, or of its parallel from the equator, is called its Declina- 
tion. If the ſtar is towards the north pole P, its declination 
1s north ; but if towards the ſouth pole Q, its declination 
is fouth, : 855 


236. 
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236. If thro? the earth's centre C, and any point m on 
its ſurface, a right line Cm be ſuppoſed prolonged to the 
heaveris, the extremity M of that right line will, by the 
earth's diurnal rotation, deſcribe the celeſtial parallel 
LMML anſwering to the terrſtrial parallel nm of the 

int m. And if CM be ſuppoſed prolonged on the other 

e to the heavens in T, then T will deſcribe in the hea- 
yens a parallel TT'V V equal to the parallel LMML, an- 
ſwering to and having the ſame declination as the ter- 
reſtrial parallel #/u#. \ 

237. Hence it follows, 1*. that the plane of the ce- 
leſtial parallel LMML, and that of the correſponding ter- 
reſtrial parallel /mm!, are ſimilar elements of a cone, whoſe 
axis is the ſame as that of the earth, and whoſe vertex C 
js at the earth's centre. Therefore the plane of a celeſtial 


parallel cannot be the ſame with that of its correſponding ter- 


retrial parallel; only the plane EZ of the celeſtial equator, 
is the ſame with the plane zz of the terreſtrial equator, be- 
cauſe thoſe planes are produced by the ſame radius CZ, 
perpendicular to the axis of rotation PQ. 

238. 2. When in the earth's diurnal rotation, a ſtar 
_ through the obſerver's zenith, the parallel of that 
ar correſponds with the obſerver's terreſtrial parallel; 
that is to ſay, the celeſtial parallel is equally diſtant from 
the celeſtial equator as the terreſtrial parallel 1s from the 
terreſtrial equator : For then the line of the obſerver's 
zenith is a right line: drawn from the earth's centre thro? 
the obſerver's eye terminating at the ſtar, and is (236) 
the line that deſcribes the ſtar's parallel in the hcavens. 
Therefore if the arc MZ, the diſtance of the ſtar M from 
the celeſtial equator, be meaſured, it gives alſo the mea- 
ſure of the arc mz the obferver's diſtance from the ter- 
reſtrial equator. Therefore the arc ef the obſerver*s di- 
ſance from the terreſtrial equator, is equal to the declina- 
tion of the flar that paſſes thro" his zenith, So that if it be 
a fixed ſtar, and the obſerver changes his place, the diffe- 
rent declinations of the ſtars that paſs through his zenith 
at the various places he comes to, will ſhew how much 
he approaches to, or recedes from the cquator. 


7 


239. 
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239. It follows laſtly, hat any place on the terreſtrial 


ſphere, may be repreſented by its correſponding zenith point 


in the celeſtial ſphere. For the celeſtial parallel paſſing 
thro* that point, repreſents the terreſtrial parallel of the 
place; and the declination of the celeſtial parallel meaſures 
the diſtance of that place from the equator ; alſo the great 
circle of the celeſtial ſph-re deſcribed from that zenith ax 
a pole, denotes the plane of the horizon of the place. 
Wherefore the particular phenomena of a place on the 
earth, will hereafter be frequently explai ned, by denoting 
that place no otherwiſe than by its zenith in the heavens. 


ARTICLE III. 


Of the Sun's apparent Metions, cauſed by the Earth's tay 
| real Motions, | 


240. 1H E ſun being the centre of the annual motions 
of the ſtars, tis proper in the firſt place to pre- 

miſe what its apparent mutions are. | 
Now as the ſun is fixed, and the earth revolves round 


its axis in a day, and about the ſun in a year, the ſun 


muſt have an apparent diurnal motion about the axis of 
the earth's equator, like that of the other ſtars, and an 
apparent annual motion about the earth in the plane of the 
earth's orbit, and apparently approaches towards, or re- 
ceces from the earth, in proportion as the earth does ap- 
proach to, or recede from the ſun. 

241. To explain this apparent motion ; from the ſun's 
centre S (Fig. 37.) let there be deſcribed in the plane of 
the earth's orbit, with a radius infinitely great, the circle 
AMPN, which divide into twelve equal parts for the 
ſigns of the zodiac. Let ampn be the earth's elliptic or- 
dit, and S one of its foci, Now the ſaid radius being 
infinite, the diameters of the earth's orbit compared thereto, 
are infinitely ſmall, conſequently all the points of the 

orbit 
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orbit ampn may be taken as the centre of the circle 
This granted; the earth being in aphelion in a, if the 
right line aSA be drawn, the ſun muſt appear in the hea- 
yens at the oppoſite point A or at the diſtance of ſix ſigns, 
Then the earth being arrived at the point m, the ſun is 
ſen in the point M, and conſequently appears to have 
run thro* the arc AM in that interval, Alſo the earth be- 
ing arrived at its perihelion in p, the ſun will then ſeemin 
P at the diſtance of ſix ſigns, and ſo on. Now *tis plain 
the ſun appears to deſcribe the arcs AM, MP, PN, NA, 
in the ſame time, and in proportion as the earth really 
runs thro? the arcs am, mp, pn, na of its ellipſis. And as 
the earth deſcribes thoſe arcs with unequal velocities, con- 
tinually changing its diſtance from the ſun; ſo the ſun 
appears to deſcribe the' arcs of a circle AM, MP, PN, 
NA, with the ſame unequal velocities, its diameter ap- 
parently increaſing and decreaſing as the earth approaches 
to, or recedes farther from it; this cauſes the ſun to 
appear as drawing nearer to, or receding farther from the 

242. Hence it follows in general, 1*. That in what- 
ever regards the ſun's place, only with reſpect to the point 
in the heavens in which it appears, he may be ſuppoſed to 
move in the infinitely great cirtle PMAN, ( called the 
Ecliptic) whoſe centre is the obſerver*s eye. So that the 
ellipfis deſcribed by the earth ſerves only to determine its true 
diſtances from the ſun at any given inſtant, and the true 
direction of the viſual ray terminated at the ſun's centre. 
Thus, the earth having gone from à to b, the ſun will 
appear to have deſcribed an arc of the ecliptic AB; but the 


angle ASB of the ſun's true anomaly in the ecliptic, will 


be determined by the angle 485 of the earth's true ano- 
maly in its ellipſis : And the length. of the right line 68 
will expreſs the earth's true diſtance from the ſun. 

243. IIe. Theearth's true place in its orbit being known, 
from obſer vation or calculation, ſix ins added toor ſubtracted 
from it, gives the ſun's true place in the ecliptic. There- 
fore the theory of the ſun's motions ſeen from the earth, 


is the ſame with that of the earth's motions ſeen from the 
4 ſun ; 
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ſun; and there being no other cauſe of illuſion than that 
of the earth's annual motion, which can occaſion ſuch q 
motion to be attributed tothe ſun; the ſun's motion in the 
ecliptic ſhall hereafter be ſpoken of as real, and ſufficien 
determined, by what has been ſaid in the firſt Section. 
244. III“. That to an inhabitant of the earih, the plum 
of the ecliptic is that whereto the annual motions of ihe pla. 
nets and comets in their orbits muſt naturally be compared; in 
the ſame manner as the plane of the equator is that whereto 
the poſitions of the parallels which the ſtars appear to de- 
{cribe in conſequence of the earth's rotation, muſt alſo be 
compared. 
245. In order to combine the ſun's annual motion 
with its diurnal, it muſt be obſerved, that if the plane of 
the echptic coincided with that of the equator, the ſun 
would, by its diurnal revolution, ſeem to deſcribe every 
day the fame circle, viz, the equator ; and therefore 
could have no declination ; for in deſcribing the ecliptic 
by its annual revolution, the ſun would then ſucceſſively 
anſwer to all the ſtars in the equator, conſequently its di- 


urnal revolution would be made in the ſame circle as that 


of the ſtars. But it being already noted (224) that the 
ſun appears daily to deſcribe different parallels, tis evi- 
dent the plane of the ecliptic muſt alſo be different, and 

conſequently inclined to that of the equator. | 
246. If ſo, the fun muſt in conſequence of its annual 
motion deſcribe in the heavens a great circle as NBTLN 
(Fig. 42.) repreſenting the ecliptic, biſecting (Trig. 7.) the 
great circle EBZLE repreſenting the celeſtial equator, 
T herefore the ſun muſt appear, ſometimes in the celeſtial 
equator, ſometimes towards one pole, and fometimes to- 
wards the other pole, Suppoſe, 19. that it is in B one of 
the interſections of the equator and ecliptic, its diurnal mo- 
tion muſt then deſcribe the equator, and have no declina- 
tion. As the fun gradually advances in the ecliptic from 
B towards A, it appears gradually to recede from the e- 
quator, with an increafing northern declination, and to 
deſcribe leſs and leſs parallels ; then in paſſing thro? the 
point A, it appears to deſcribe the parallel AIVA. 29. 
The ſun being arrived in T, at three ſigns or go from the 
m- 
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interſection B, and three months after its d from B. 
tis then at that point in the ecliptic the moſt diſtant from 
the equator (Trig. 12), at its greateſt northern declination, 
the neareſt it can be to the north pole, and deſcribes its 
kaſt parallel OT. 3*. In the three following months, 
the ſun going from T to L, draws nearer to the equator, 
its northern declination diminiſhes, its parallels augment, 
ſo that when arrived in L, the other interſection of the e- 


quator and ecliptic, it then has no declination, and that 


day again deſcribes rhe. celeſtial equator. 4*. The ſun 
after that paſſing from L to N, enters the ſouth part of 
the heavens, its ſouthern declination then increaſes, and 
its parallels diminiſh, till being come to N, three ſigns 
from the point L, its ſouthern declination, is then greateſt, 
and it deſcribes its leaſt parallel ND. 5*. The fun con- 
tinuing its courſe from N to B again draws nearer the e- 
quator, and its ſouthern declination diminiſhes ; ſo that 
when returned in B, a year after its departure from that 
point, it is again in the equator and without declination; 
and then begins a new courſe attended with the ſame 


phenomena. 5 
247. Iis therefore evident, that the ſun moving con- 


 tinually in the ecliptic, the parallels it every day deſcribes, 


cannot be circles, but a kind of ſpirals, ſuch as the curves 
made by a thread wound about a ſphere. For after a di- 
urnal revolution, the ſun does not come to the ſame point 
of the parallel whence it departed, but according as it ap» 
2 to, or receded from the equator, is either a little 
low or above that point. | 
248. The two laſt parallels OT, ND, (Fig. 42.) de- 
ſcribed by the ſun, are called Tropics, becauſe they are the 


terms where it ceaſes to recede from, and begins to re- 


turn towards the equator, That towards the north pole 
is called the Tropic of Cancer, and that towards the ſouth 
pole, the Tropic of Capricorn, the ſun being among the 

ſtars of thoſe conſtellations, when in the ſaid Tropics, 
249. The interſections B, L, of the ecliptic and equa- 
tor, are called Equino#ial points, the reaſon whereof will 
be ſoon ſeen; the point B in the ſun's courſe from Capri- 
corn to Cancer, is called the Vernal Equinox or the firſt 
| Point 
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point of Aries; and the point L, in its courſe from Cangy 
to Capricorn, is called the firſt point of =, or the Autun, 
nal Equinox, | 

250. The points T, N, three ſigns or go? diſtant froꝶ 
the equinoctial points, are called the Solſtitial Points, be. 
cauſe when the ſun is near thoſe points, it ſeems /tationary, 
relatively to the equator. For let BZ I (Fig. 43.) be 
half the equacor, BLT half the ecliptic, B, T, the equi 
noctial points, L a ſolſtitial point; it appears by this 6. 
gure, that the arc ILA, which contains ſome degrees on 
each ſide L, is ſenſibly parallel to the correſponding arg 
zZ in the equator ; therefore while the ſun deſcribes the 
arc /LA, it ſeems not to change its diſtance relatively tg 
the equator, but appears to have the ſame declination far 
ſeveral days. | | | 

251. The point T, (Fig. 42.) neareſt the north pole, 
is called the Summer Solſtice, and the point N, the Wintes 
Solftice, becauſe the ſun comes to T in the ſummer of the 
Europeans, and to N in their winter. | 

252. For the more eaſy reducing the different poſitions 
of the ſtars to the planes of the ecliptic and equator, con- 
ceive two great circles, the one BSLR paſſing thro? the 
poles of the ecliptic R, S. and the equinoctial points B, L. 
is called the Equinoctial Colure *;, the other RPZQE paſſ- 
ing thro? the poles of the ecliptic R, S, and thoſe of the 
equator P, Q, is called the Solſtitial Colure ; and is per- 
pendicular (Trig. 16) to the equator and ecliptic, and 
paſſes alſo through the ſolſtitial points T, N. 

253. Among the different uſes of the colures, as here- 
after ſhewn, *tis neceſſary to obſerve one peculiar to the 
ſolſtitial colure, viz. this circle interſecting perpendicu- 
larly the equator and its parallels, meaſures their di- 
ſtances, or declinations. Thus the arcs IZ, or VE, mea- 

| {ures 


— — 


*The ancient and moſt of the modern aſtronomers, in their 
deſcription of the Colfres, accounted them as ſecondaries to the 


equator: But why Meſſ. Flamſteed, Caſſini, and La Caille ſhould 


deſcribe them as ſecondaries to the ecliptic does not appear. 
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| res the declination of the parallel VAI, conſequently 
. ſun's declination when at the point A of the ccliptic. 


ikewiſe the arcs TZ, or OE, and ZD, or EN, and alſo 
RP, QS, reſpectively meaſure the ſun's greateſt declina- 
tion, as alſo the angle formed by the planes of the equa- 
tor and ecliptic. This angle is called the Obliquity of the 
Ecliptic. 


ARTICLE IV. 
Of the particular Phenomena reſulting from the Earth's 


diurnal Motion. 


254. GU pPPOSE 1*. The obſerver is placed on 
| the Artic pole z then the line of his zenith co- 
incides with the axis of the equator, his zenith - anſwers 
to the celeſtial arfic pole P, and his horizon. coincides 


bith the celeſtial equator EZz (Fig. 44.) There- 


fore all the ſtars between the equator and that pole, of 
whoſe declination is north, mult appear to turn about the 
line CP, and conſequently ſeem to move parallel to the 
obſerver's horizon; alſo the ſtars in the equator muſt al- 
ways edincide with the horizon, and thoſe having ſouthern 
declination are perpetually inviſible, 

2535. Therefore generally, under either pole only half the 
flars can be ſeen , nor does any ſtar in conſequence of the di- 
urnal motion riſe or ſet, or move otherwiſe than parallel to 


the borizon, above which, its allitude is ever equal to its 


declination. 

On account of the paralleliſm of theſe motions, this 
Poſition is called a parallel ſpbere, relatively to a man ſitu- 
ated on one of the poles. 

256, But the orbits deſcribed by the ſun and wandering 
ſlars, which in their revolution ſucceſſively paſs by different 
fred ſtars, are interſected by the plane of the equator z 
whereby one pait is to the north anc! the other to the ſouth 

thereot z 
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thereof; ſuch ſtars by continually approaching to or reced. 
ing from thoſe interſections, muſt evidently change their 
parallel every inſtant: And while a planet is deſcribing the 
ſouthern part of its orbit it cannot be ſeen on the obſerver' 
horizon, but is continually viſible while it deſcribes itz 
northern part. Thus, the ſun deſcribing the ecliptic in a 
year, mult be ſix months above and fix below the horizon 
of a perſon placed on either pole. For ſuppoſe the ſun 
at firſt in one of the equinoctial points, it appears to move 
in the horizon by its diurnal motion; then riſes gradually 
above it, (always moving apparently parallel thereto) the 
ſun's northern declination increaſing as it adyances in the 
ecliptic. Ar the end of three months the ſun being ar- 
rived in the tropic of , is then at its greateſt heigth a. 
bove the horizon, which height is equal to the obliquity 
of the ecliptic: Then it takes three months in going 
down to the other equinoctial point, where it meets the 
horizon and again moves therein, then ſinks below it, 
and diſappears for the other fix months, the time it 
takes in deſcribing the ſouthern part of the ecliptic; 
therefore under the poles there is only one night and on 
day in the whole year, but each is of fix months. 
The ſame appearance happens in regard of the planets, 
the planes of whoſe orbits being very little inclined to that 
of the earth (25), are biſected by the equator, whereby 
Saturn is viſible during 15 fucceſſive years, and Jupiter 
during 6, Sc. | 

257. IIe. Let the obſcrver be ſuppoſed on the terreſtrial 
equator, the line CZ (Fig. 44.) of his zenith then eo- 
incides with the plane of the celeſtial equator ;z and there- 
tore 1s perpendicular to the axis of the equator PQ ; which 
axis is ſituate in the plane of the obſerver's horizon, This 
plane paſſes thro' the centres A, B, D, C, F, G, H, 
Sc. of all the parallels of the ſtars, conſequently biſecti 
them perpendicularly ; that halt of theſe parallels towards 
Z, is above the horizon, the other half towards E, al- 
ways below it and inviſible. + a 
* 258, Therefore generally, under the equator, the flars 
mujt every day appear 19 riſe out of the horizon, then {0 

| | * TEEN A aſcend 


+ * 
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afcend perpendicularly for fix hours, and deſcend alſo perpen- 
diculariy jor the fix following hours; afterward: to ſet and re- 
main below the horizon for twelve hours ſucceſſively. 

This motion being perpendicular to the horizon, theres 
fore, to a perion lituate under the equator, this poſition 
of the ſphere is called a right ſphere. 

259. As to the planets and other ſtars that by their 
own motion deſcribe particular circles in the heavens, they 
alſo mult aſcend perpend icularly for about {ix hours, and 
deſcend. perpendicularly for about the ſame time; there 
being no other difference between them and the fixed 
ſtars, than that the latter always deſcribe the ſame parallel; 
whereas the parallels deſcribed by the former differ every 
day, being greater or leſs according to their declination, 
or the diſtance of that point of their orbit where they then 
are, from that of its interſection with the equator. 

260. Therefore, under the. equator the days and nights 
tre each of 12 hours, throughout the whole year. * 

261. IIIꝰ. If the obſerver be ſuppoſed to go towards one 
of the poles, as the artic pole: Then the line of his ze- 
nith de parts from the plane of the equator, and inclines 
towards the northern part of its axis; the plane of 
the equatot conſequently appears more and more in- 
dined to the fouthern part of the earth. The north pole 
alſo ſeems to riſe more and more above his hortzon, and 
the ſouth pole to ſink proportionally below it. If the 
obſerver ſtops after having gone 30? from the equator to- 
wards the artic pole, ſo that the line of his zenith is Cf 
fei 44.) the great circle Fr perpendicular to Cf, is then 

is horizon; the plane of the equator ECZ will alſo have 
departed 30 from his Zenith, and will therefore have an 
inclination of 60 to the horizon, meaſured by the angle 
ZCr. The elevation of the pole P above the horizon is 
then 306, meaſured by the angle CP, and the oppoſite 
pole will be ſunk 30“ below. | 

262, Whence it follows, I'. That in whatever place 
the earth an obſerver be ſituated, his zenith's diſtance from 
the equatcy is equal to the heigth of the pole above the horizon 
and the pole's diſtance from the zenith is equal to the elevation 
of the eguutor abave the horizon. | 
| K 2 263. 
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263. IIe. That between the pole and the equator, all thy 
planes of the celeſtial parallels are equally inclined to the 
horizon, and their inclination is equal to the. complement 
of the pole's elevation, Therefore a perſon ſituated be. 
w_ the equator and the pole, is ſaid to have an obliqu 
ſphere. x 
1 264. III. Therefore, all the flars which by their di. 
urnal motion deſcribe theſe parallels, advance obliquely a 
bove, and deſcend obliquely towards the horizon, © 
263. 1V®. All the (ſtars whoſe parallels are nearer the 
elevated pole P, (Fig. 44.) than the pole is to the hof. 
zon HFr; that is, all the ſtars, the complement of whoſe d. 
clination is leſs than the beigth of the pole of the ſame name, 
appear continually above the horizon, and neither riſe or ſi, 
Thus, the ſtar deſcribing the parallel IK, cannot be hid 
under the horizon, becauſe in turning about the pole, the 
loweſt point I of its parallel, cannot reach the horizon 
bFr. On the contrary, the flars deſcribing parallels, ſuch 
as XY, the complement of whoſe declination is leſs than tht 


Pole's heigth of a contrary name, that is, leſs than the de. 


preſſion of the pole Q, cannot appear above the hortzan, 
the higheſt point F of their parallel, not coming to the 
horizon Fb. "II | 
266. Ve. In an oblique ſphere, all the parallels (except 
the equator) are cut into two unequal parts by the hot 
zon; above which the time each ſtar continues from it 
riſing to. its ſetting, is expreſſed by the portion of its 
paralle] above the horizon ; (or, the time a ſtar remains 
above this plane is thus found: As 3609, is to the time 
a ſtar takes in its diurnal revolution; ſo are the d 
contained in the elevated portion of the parallel, to the 
time between the riſing and ſetting of the ſtar. Ther- 
fore that portion of the ſtar's parallel above the horizon, 
is called its diurnal arc; and that below, its nourndl 
arc), For *tis manifeſtly ſeen, that the , diurnal arc 


7MI, On, contain a greater number of degrees in pro- 
portion as they are nearer the elevated pole P; and 
on the contrary, the diurnal arcs 5897, uVx, contain a lels 
number, as they are nearer the loweſt pole; wherefore the 
equator is the only parallel cut by the horizon, into _ 
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equal parts PZg, PEg, becauſe this parallel only, is a great 


e. | 

267. VI'. The diurnal arc i M of a parallel, is equal to 
the nocturnal arc uT of another parallel having the ſame - 
declination, but of different name; for the parallels - 
LaMiL, TxVuT are equal (236,) and in the ſame ſitu- 
ation relatively to the axis PQ ; alſo the ſphere is divided 
into two equal parts by the horizon Fr paſſing thro? the 
centre, which makes the upper and lower hemiſpheres e- 
qual, Whence tis plain, hat the ſum of the diurnal arcs 
Mi, aVs, of two parallels having the ſame declination is 
equal to 360 degrees. 

268. VII. Therefore, in an oblique ſphere, all the ſtars in 
the equator are twelve hcurs above, and twelve hours below the 
horizon ;, and the greater the declination of the other ſtars to- 
wards the elevated pole, the more their time above the ho- 
rizon exceeds that of twelve hours; and the greater their 
declination towards the oppoſite pole, the more they want of 
twelve hours. And as much as the diurnal arc of one flar 
exceeds 1 2 hours, ſo much another ſtar, whoſe declination is 
the ſame but of different denomination, is leſs than 12 hours 
above the horizon. | 

269. VIII. As to the greateſt altitudes of the (lars, the 
obſerver being ſuppoſed under the parallel of 3o?, tis 
evident that ſuch ſtars only whoſe declination is 30 north, 
tan paſs thro' the zenith 7; thoſe which have a greater 
northern declination, paſs as much more diſtant from his 
zenith, and nearer the pole: And thoſe whoſe northern 
declination is leſs than 3o*®, paſs in proportion at a far- 
ther diſtance from the zenith, and from the elevated 
pole; *rill the ſtars in the equator are exactly at 30% 
from the zenith. Alſo thoſe ſtars whoſe declination 
s ſouth, paſs at a greater diſtance from the zenith in pro- 
portion as their declination is greater, ſo that thoſe that 
are in 60 ſouth, only border on the horizon and do not 
come above it. Whence it follows, that a ſtar's greateſt 
gevation (called its Meridian altitude, becauſe it is in the 
middle of its diurnal arc) is known, wwhen'its declination, and 


ihe beigth of the pole, in that place are known, 


270, 
K 3 | 
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270. IX*. If a great circle PZQEP (Fig. 44.) be con- 
ceived to paſs thro* che poles b, Q, and thro' the zenith 
f 3 then (Trig. 16} the plane of that circle perpendicy- 


larly interſects the planes of the equator and of the hori- 


zon; and the axis PQ of the celeſtial £quator, alſo the 
centres of all the parallels, are in the plane of chat circle, 
which conſequently perpendicularly biſegts every parallel; 
Whence it follows, that the arc of this circle comprehend- 
ed between the zenith and each parallel, meaſures its true 
diſtance from the zenith; that is, from the zenith to the 
neareſt point of each parallel, and conſequently, - where 
the flar deſcribing that paralle] is, when at its greateſt 
heigthabove the horizon. Therefore the meridian altitudes 
of the ſtars, muſt be meaſured by the arc of the circle 
PZQE comprehended between the horizon and the ſtar, 
when by its diurnal motion *tis arrived in the plane of this 
circle which on account of this property, is called the 
Meridian. | 

271. The meridian then, is a great circle of the celeſtial 
ſphere paſſing thro? the poles of the equator and the zenith if 
a place on the earth; which biſefis the diurnal arcs of al 
the parallels, and in whoſe plane a ſtar, in conſequence of 
the earth's uniform rotation, arrives at the inſtant when it is 
in the mid way between its riſing and ſetting ; and where it 
is at its greateſt heigth above the horizon, 

272. As the earth is a globe concentric to the celeſtial 
ſphere, that part of the plane of a celeſtial meridian inter- 
ſecting the earth, forms the plane of the correſponding 
terreſtrial meridian, 

273. Now, as every point on the earth's ſurface ap- 
pears fixed, and has a particular zenith; it muſt alſo have 
its fixed meridian on the earth and in the heavens ; and 
conſequently there would be as many different meridians 
as there are points on the earth's ſurface ; were not all 
the points in the circumference of a celeſtial meridian, as 
many Zeniths to the correſponding points in the terreſtrial 
meridiun, which thereby becomes a common meridian to al 
theſe points. Therefore all the points on the earth's ſur- 

face that are in the plane of a great circle paſſing thro 1 
/ | - thc als 
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poles of the equator, are under the ſame celeſtial and terreſtrial 


meridian. . | 
274. X*. The meridian biſecting every parallel, and 
iog thro' the points moſt elevated above the horizon, 
muſt alſo paſs thro* the lowelt points of thoſe parallels, 


Therefore the ſtars, which in conſequence of their prox- 


imity to the elevated pole, continually appear, are at 
their greateſt elevation in K, when they paſs the plane of 
the-meridian between the zenith f and the elevated pole 
P; they alſo have their leaſt elevation when being re- 
turned to the ſame plane at the end of 12 hours, they ar- 
rive at I, between the pole and the horizon. 

275. The phenomena of the planets muſt alſo be con- 
formable to thoſe of the different parallels they paſs thro', 
in the ſeveral points of their particular orbits: Thus in 
any place of an oblique ſphere, the ſun being in one of 
the interſections of the ecliptic with the equator, will be 
12 hours above, and 12 hours below the horizon, mak- 
ing the day and night equal; therefore theſe interſections 
are called the Equinoctial Points, In every other point of 
the ecliptic, the day will be longer or ſhorter, according 
as the diurnal arc is a greater or leſs portion of the pa- 
rallel. | | 

Thus, if the obſerver is on the fide of the arctic pole, 


and the ſun in the tropic of where it has the greateſt 


ſouth declination, its diurnal arc is then the leaſt that 
it can he; conſequently the days are then at the ſhorteſt. 
This diurnal arc gradually increaſes as the fun ap- 
proaches the equator, where being arrived at the end of 
three months, the day is 12 hours long, and continues 
to increaſe three months more, till the ſun arrives in , 


having then the greateſt north declination, and of the 


ſame name with the elevated pole; conſcquently its 
diurnal arc will then be greateſt, and the day will ex- 
ceed twelve hours, as much as it fell ſhort of 12, when 
the fun was in . Then as the ſun returns towards the 
equator, the days will gradually decreaſe, until the fol- 
lowing equinox, where they again become 12 hours; and 
on the ſun's arriving at the tropic of v, the days will be 
recuced to the {ame ſhortneſs as they were at ſirſt. 

R 4 f 276. 
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2276. This difference of the length of days, joined to 
the inequalities of the ſun's heigths above the horizon, 


which depend on the ſame circumſtances, produce the 
differences of the ſeaſons, For the fun being in the tro. 


pig of a contrary name to the elevated pole, riſes very 
little above the horizon, where it remains but a ſmall 


time; therefore the heat of its rays are but faintly felt, 


both on account of their obliquity, and the ſhortneſs 
of the time, which not being ſufficient to warm the air, 
makes winter, On the contrary, when the ſun is in 
the tropic next the elevated pole, it is then at its greateſt 
elevation, darts its rays almoſt perpendiculatly, and re- 
maining a long time above the horizon, warms the air, 
and makes ſummer. At the equinoctial points its effect 
are in a moderate ſtate, producing the vernal and autum- 
nal ſeaſons. - 


ARTICLE: V. 


Rules to calculate all the circumſtances of the Phenomena of 
the diurnal Motion of the Stars, relatively to the Circles 


of the Sphere correſponding to a particular place on the 
Earth. 


277. FROM the preceding article it may be remarked; 
that all the particular phenomena of the diurnal 
motion of the ſtars depend on two things; ft. the ob- 
ſerver's poſition with reſpect to the terreſtriil equator; or, 
in other words, the heigth of the pole above the horizon: 
20. the declination of the ſtars. In order therefore to 
lay down proper rules for determining all the circum- 
ſtances of the phenomena, relating to the circles corre- 
ſponding to any particular place, viz, the meridian and 
horizon; the heigth of the pole, or declination of the ſtars 
mult be known. | 
278. An inſtrument is almoſt needlcfs for determining 
the pole's heigth when it is either 90˙ or oe; that is, 
8 | under 
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under the pole, or the equator ; the phenomena of the di- 
yrnal motion at theſe two places being ſo very ſingular. © 
But to determine its heigth in an oblique ſphere, the 
moſt natural and ſure method, is to obſerve with an in- 
ſtrument, accurately divided into degrees, minutes, and 
ſeconds, the greateſt elevation YK, and 12 hours after- 
wards the leaſt elevation þTI, of one of thoſe ſtars that are 
in continual apparition ; for as they revolve at equal di- 
ſtances from the pole, the heigth h of the pole, is in the 
middle of thoſe elevations K and hl. . 

279. The elevation of the pole at any place being thus 
found, its complement Pf or rZ is the heigth of the e- 
uator (262), The declination of any ſtar is then eaſily 
etermined, by obſerving its meridian altitude with a large 
inſtrument accurately divided, whoſe plane is in a ver- 
tical poſition, paſſing at the ſame. time thro? the polar 
point in the heavens : For this inſtrument will then re- 

eſent the celeſtial meridian divided into degrees. There- 
— by noting what degree in that inſtrument correſponds 
with every ſtar paſſing by its plane, the ſtar's meridian 
altitude is found; which compared with the heigth of the 
equator at the place of obſervation, gives the ſtar's de- 
clination, as will now be ſhewn. 

280. Hence the following general rule may be drawn. 
Having given any two of theſe three things, namely, the 
leigt h of the pole, the flar*s declination, and its meridian al- 
litude ; the third is found by ſimple addition, or ſubtraction only, 
I'. Given the elevation of the pole, and meridian altitude 
of the ſtar, to find its declination = - | 

If the meridian heigth is between the zenith and the pole 
take the pole's elevation from the meridian altitude, the re- 


| > Wd 


mainder «<vill be the complement of declination, of the ſame 


name as the pile, Thus MPS PM, complement 
of MZ, the northern declination of M. 

If the meridian altitude is on the fide oppoſite the pole, and 
exceed the heigtb of the equator ; ſubtract the beigtb of the 
equator from the heigth of the ſlur, and the remainder is the 
declination, of the ſame name as the pole. Thus rO—rZ 
=OZ. But if the beigib of the equator is greateſt : Take 
the meridian allitude from the heigth of the equator, the re- 

| | 3 mainder 


\ 
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mainder is the declination of a contrary name to that of thy 
elevated pole. Thus rZ—1S=2ZsS. 

I'. The elevation of the pole and a ſtar's declination 
being given ; to find the ſtar's meridian altitude - - -, 


N ben the pale and declination are of the ſame name; adi 
"the declination to the heigth of the equator, if the ſum is le 
than o, tis the heigth ſought on the fide oppoſite the pol, 
Thus rZ+ZO=70. £ | 

But if the ſum exceeds 90* : Then its ſupplement is thy 
beigth ſought, and is found hee n the pole and the zenith, 

Thus rZ+ZM is the ſuppl-m-at of HM. 

When the pole aud dec/ination are of different denoming- 
tions: Subtract the ſtar's declination from the heigth of the 
tor, and the remainder is the heigth ſought, which is 
always on the fide oppoſite the pole. Thus rZ—ZS=rs, 
III“. Given a ſtar's declination and its meridian altitude 
from ſome place on the earth ; to find the elevation of the 
ole, | 
B When the meridian bheigtbh is heteveen the zenith and tht 
pole. Add 10 it the declination, and from that ſum ſubtraft 
go*, the remainder is the elevation of the pole. Thus M 
+MZ—9go*=fZ=bP. 2 „ 
When the meridian altitude and the pole, are on contrary def 
of the zenith; if the declination is of the ſame name as the pole, 
fubtraÞ the declination from the meridian heigth, the remain- 


' © der is the beigth of theequator, or complement of the pole's ele 


vation. Thus rO—OZ=7rZ, complement of BP. 

But if the declination is of a different name, add to it the 
meridian altitude, the ſum is the heigth of ihe equator, of 
complement of the pole's elevation, Thus rS+SZ=rZ. 

281, The other circumſtances of the phenomena of di- 
urnal motion, are computed by the rules of ſpheric tri- 
gonometry, conſtructing a figure to repreſent the appear- 
ance of the heavens for the propoſed calculation. 2 

W N for example, that HPNH (Fig. 38 and 29.) 
repreſents the meridian of a place; Z its zenith; 


the elevated pole; HN the horizon ; TV the equa- 
tor. Then PN is an arc equal to the heigth of the pole 
at that place; and its complement ZP, equal to the 
heigth of the equator. Let E be any ſtar in the heavens, 

g | out 
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out of che meridian; if throꝰ the pole P and the ſtar E, a 
great circle PEA be drawn perpendicularly interſecting 
the equator, (Trig, 16.) then the arc EA, comprehended 
between the ſtar and equator, repreſents the ſtar's decli- 
nation, and EP its diſtance from the elevated pole, Alfo 
if thro? the zenith and the ſame ſtar E, the arc of a | 
drcle ZEB be drawn perpendicular to the horizon HN, 
then the arc EB expreſſes the ſtar's heigth above the ho- 
mon, and its complement EZ its diſtance from the ze- 
nith. Laſtly, if chro' the ſtar E be drawn a ſmall circle 
RL parallel to the equator, repreſenting thar ſtar's parallel, 
the arc RE comprehended between the meridian and the 
ſtar expreſſes its diſtance from the meridian, and the arc 
RC comprehended between the meridian and the horizon, 
is that ſtar's ſemi-diurnal arc. Therefore the point R will 
repreſent the point of the meridian thro* which the ſtar is 
topaſs; and the po C that of the horizon where the 
ſtar either riſes or ſets. | 

But for the eaſy comprehending ſuch queſtions as 
concern the poſition of a ſtar in conſequence of its di- 
urnal motion; tis neceſſary to give names to all the arcs 
drawn in theſe figures, being of great uſe in practical 
aſtronomy. 

282. Quadrantal arcs, as ZB, ZF, ZC, drawn from 
the zenith perpendicular to the horizon, are called Verti- 
cals. The different heigths of ſtars are taken in theſe. 
circles. The vertical paſſing thro* the interſection of the 
equator and horizon, as ZF, is called the prime Vertical. 
It interſects the meridian and horizon at right angles. 

28 3. The arc of the horizon HB comprehended be- 
tween the meridian and any vertical ZB, or the angle at 


the zenith HZB between the meridian and any vertical 


ZB, is called the Azimuth of that vertical, or of the ſtar 
E in that vertical. an 

+ 284. The arc of the horizon FC or the angle FZC, 
comprehended between the prime vertical ZF and the 
point C where the horizon meets the parallel REL of any 
ſtar, is called the Amplitude of that ſtar, and is termed 
Eaſt Amplitude, or Weſt Amplitude, according as the point 
C deaotes the point of riſing or ſetting of the ſtar, 1 
: rom 


. 
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perties of the ſphere, tis manifeſt that in an oblique 
ſphere - -: 

285. 1*. A. tar in its diurnal revolution changes every 
inſtant its azimuth and vertical. | 


286. 2%. A ſtar whoſe declination is of a denominatim 


different from that of the elevated pole, cannot paſs thro the 
prime vertical, nor have an azimuth of go, or more dt. 
ces. | 

_— 3. A fixed ſtar (which always apparently deſcribes 
the ſame parallel) never changes its amplitude; that is, it 
always riſes and ſets in the ſame point of the horizon. But 
thoſe ſtars that have an annual revolving motion, change their 
amplitudes, and acquire one according to the declination of 
the parallel they are in. | 

288. 4. The ſtars in the equator have no amplitude; but 
always riſe and ſet in a point of the horizon 900 diſtant 
from the meridian. That point of the horizon gov di- 
ſtant from the meridian towards the eaſt, is therefore 
called the true Eaſt Point. And that at oo diſtant from the 
meridian towards the weſt, is called the true Weſt Point, 

289. 5*. Two ſtars in the ſame parallel have the ſame 
declination and amplitude ; but when they are on the ſame 
fide of the meridian, they cannot at the ſame time have the 
ſame altitude nor azimuth, 

290. 6. Two ſtars in the ſame vertical have the ſame 
azimuth, but cannot have the ſame heigth nor declination ; 
and conſequently not the ſame amplitude. 

291, Hence, in the ſpheric triangle EZP any three of 
the five following things being given, namely, ZP the 
complement of the pole's elevation; ZPE the angle of the 
ſtar's diſtance from the meridian, (for (Trig. 10.) that 
angle is meaſured by the arc RE) the fide PE comple- 


ment of the ſtar's declination ; the ſide ZE complement. 


of the ſtar's heigth; the angle PZE ſupplement of its 
azimuth 3 then the other two are eaſily found by trigono- 
metric calculation. The angle ZEP at the ſtar, formed 
by the vertical EZ and the circle of declination EP, is 
alſo thereby found; this angle is uſeful in many aſtrono- 
mical computatians. 5 f 


| 


292, 


From the conſtruction of theſe figures, and the pro. 


\ 
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292. In like manner, three of the five following things 
in the ſpheric triangle ZPC being given ; the ſide ZP, 
complement of the pole's elevation; fide PC, comple- 
ment of the ſtar's declination, ſituate in the parallel RCL; 
angle ZPC, value of the ſemi-diurnal arc ; angle PZC, 
complement of amplitude, or ſum of goꝰ and amplitude 
and the ſide ZC always of 9o* ; the other two are found 
by trigonometric calculation. | | 
The computations in the ſecond caſe are eaſier done by 
the triangle FCG, right angled in G, becauſe the arc PC 
paſſing thro* the pole, cuts the equator at right angles 
in G. For in the triangle, the angle CFG, between 
the horizon and equator, is equal (261) to the comple- 
ment of the pole's heigth; the ſide GC, equal to the de- 
clination of the parallel RL; the fide FG is the comple- 
ment of the ſemi-diurnal arc, becauſe it is the comple- 
ment of the arc of the equator TG, equal (Trig. 10.) to 
the ſemi-diurnal arc RC; and the hypothenuſe FC is the 
amplitude. Therefore any two of theſe four things being 
given, the others are found with eaſe. | 3 
293. REMARK. A ſtar's diſtance from the meridian, or its 
ſemi-diurnal arc, may be given or required in time, or in de- 
grees. To reduce the degrees of an arc into time, ſay; as 3600 
0 © is to the degrees, minutes, and ſeconds of the given arc ; 
ſo is the hours, minutes, and ſeconds employed in a ſtar's revo- 
lution, to the time required, This proportion inverted, re- 
duces time to degrees. ; 


ARTICLE VI, 


J determine the poſitions of the Stars relatively to the fixed 


Circles of the celeſtial Sphere, 


294. AS the ſtars every day make a revolution, ſuc- 
ceſſively paſſing by the planes of different circles, 

conceived in the indefinitely great concavity of the ce- 
leſtial ſphere, ſuch as the horizon and meridian, whoſe 
ſituation 
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ſituation is not accounted as fixed, but in reſpect to ſome 
place on the earth's ſurface ; the obſervation of theſe phe. 
nomena may be ſerviceable in determining the poſition of 
the ſame ſtars in reſpect to the circles common to all the 
points on the earth's ſurface z that is, of the equator, 
ecliptic, and colures ; which tho* carried on by the dj 
urnal motion, have however a fixed ſituation in the hes. 
vens, from whatſoever point on the earth's ſurface t 
are ſcen by the obſerver. | 

295. Todetermine the poſition of a point on a ſurface, 
the diſtance of that point from any two fixed points, of 
lines differently ſituated, on that ſurface muſt firſt be deter. 
mined, Now, tho' the angle formed by theſe lines may 
be either right, acute, or obtuſe, tis however moſt con. 
venient to have it rectangled, becauſe the two diſtancy 
from that point to the two lines being perpendiculars to 
each other, the conſtruction and computarions are mort 
ſimple, Now, although the paſition of a ſtar in the bus. 
vens may be determined, in reſpe of the fixed circles if 
the ſphere, by two circular arcs meaſuring its diſtance fpun 
two fixed points, and determined reſpectively to theſe circles 
or to any two fixed circles; *tis nevertheleſs more commodioui 
to take thoſe diſtances from two fixed circles perpendicular u 
each other. | | 

296. Therefore to determine conveniently the poſition 
of a ſtar, tis neceſſary to have its diſtance from the eclip- 
tic, and from a great circle perpendicularly interſecting 
the ecliptic in a determined point ; or its diſtance from 
the equator and from a great circle perpendicularly inter- 
ſecting the equator in like manner; or, laſtly, its diſtance 
from any two fixed great circles perpendicularly interſe&- 
ing one another, ſuch as the colures. But the earth's two 
motions one in the ecliptic, the other in the equator, 
manifeſtly ſhew the preference of the two firſt methods 
above any other. 


297. Let, then, PBQDP (Fig. 45.) be the ſolftitial 


colure; P, Q, the poles of the equator; BCD the 
equator; E, T, the poles of the ecliptic ; GCL the 
ecliptic ; C its interſection with the equator or the e- 
quinoctial point Y; G the ſolſlitial point ; * 

che 


the ſolſtitial point ye. 


. * 
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Let ECT be the equinoctial co- 
lure, Now this colure, is a great circle perpendicular to 


the ecliptic, and paſſing thro' the determined point C; 


is therefore proper for determining the poſition of the 
ſtars according to the firſt method. And by drawing 
thro? the point. C and thro the poles of the equator, a 
at circle PCQ, which alſo 1s perpendicular to the e- 
quator (Trig. 16.) that ſemicircle will be uſeful in the 
cond method. | 
298. Let therefore a ſtar be ſeen in any point A. 1*, 
If thro? the point A a ſmall circle KAL be drawn parallel 
to the ecliptic, and thro' its poles E, T, a great cir- 
de EAT perpendicular to the ecliptic ; the point A 
vill be determined, relatively to the ecliptic, by the 
uc AR its diſtance from the ecliptic, called the far's 
Latitude; and relatively to the colure ECT, by the 
ac AN parallel to the ecliptic, or of the arc RC of 
the ecliptic, containing an eqal number of degrees (Trig. 
10.) called the ftar*s Longitude. 
25. If thro' the point A, HAF be drawn parallel to 
the equator, and thro' the poles P, Q, a great circle 
PAQ be drawn perpendicular to the equator ; the point 
A will be determined relatively to the equator by 
the arc AO its diſtance from the equator, called the 
ars declination. And relatively to the fixed circle PCQ, 
by the value of the arc of the parallel AM, or the arc 


the equator OC containing the ſame number of degrees, 


and called the ſtar's Right Aſcenſion. WY 

299. Therefore, I'. The two beſt methods for determining 
the poſition of the ſtars relatively to the fixed circles of the 
eleſtial ſphere, is either to find their latitude and longitude ; 
or their declination and right aſcenſion, _ 

300. II®, The longitude of a ſtar is an arc of the ecliptic 
wmprehended between the point Y, and the inter ſect ion of 
the arc of a great circle drawn thro* the ſtar perpendicular 
to the ecliptic. It is reckoned from 30 to 30 degrees, or 


from ſign to ſign, proceeding from o ſign to 12 ſigns, 
2 to the order of the conſtellations in the zo- 
inc. 


301. 
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30. The latitude of a ſtar is meaſured by an are of 
great circle drawn from the ſtar perpendicular to the eclipt, 
This latitude is north or ſouth, according to that ſide q 
the ecliptic the ſtar is on, towards the north or ſouth pot 
of the equator, © 
302. III. The right aſcenſion of a ſtar, is an arc of th 

equator comprebended between the finſt point of Aries, au 
the interſetiion of an arc of a great circle drawn from th 
far perpendicular to the equator, It is reckoned in degrey 
from oꝰ to 360*, according to the order of the cont. 
n * | 44 
3oz' We declination of a ſtar is meaſured by an arcof 4 
great circle, drawn from the lar perpendicular 10 the equaia, 
And is north or ſouth, as ſhewn (235.) 


304. IV. A great circle as EAT, (Fig. 45.) ball 
c 


4 . * 


thro' a ſtar A and the poles of the ecliptic, is. | 
_ the circle of latitude of a ftar ; becauſe the latitudes 
the ſtars therein found, are meaſured on that circk, 
And a great circle PA paſting thro” a ſtar A and -the 
Poles of the equator, is called the circle of declinais 
of a ſtar. The declinations being meaſured by the arczdl 
this circle comprehended between every ſtar found therey 
and the, equator. : <p | 
. $05. Hence it follows, 15. That all ſtars in the ſant 
circle of latitude have the ſame longitude. And thoſe in is 
- ſame circle of declination have the ſame right aſcenſion. 
306. 25. Theright aſcenſion OC of a ſtar A, is alſort 
preſented by the angle APC at the pole of the equator, h. 
tween the circle of declination PCQ paſſing thro* the fr 
Point of Y, and the circle of declination PAQ paſſing thr 
the flar. So the longitude RC of a flar is repreſented by tht 
angle AEC at the pole of the ecliptic, between the equinoctiu 
colure ECT, and the ftar”s circle of latitude EAT. 
307. 3. Therefore in the triangle PEA if there was 
known the fide PE (equal to the diſtance of the poles of 
the equator and ecliptic, or (Trig, 15.) to the ob- 
liquity of the ecliptig,) together with the right aſcenſion 
and declination of the ſtar A, its longitude or latitude 
may thence be computed ; or if PE, with the longitude 
and latitude be given, its right aſcenſion and declination 
may 


4 


| 
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may be found. For the angle APE is the ſum of the 
angles EPM of go*, and MPA the ſtar's right aſcenſion. 
The angle AEP is the complement of the longitude 
AEC; the fide AP, the complement of its declination ; 
and the ſide EA the complement of latitude. There- 
fore in the triangle .PEA, there being given PE with 
the right aſcenſion and declination 3 the angle EPA, 
and the ſides PE and PA are known. Alſo if PE with 
the longitude and latitude be. given; the ſides PE, 
AE, and the comprehended angle PEA are known. 
Or more generally; any three of theſe fue things being 
given; Viz. the obliquity of the ecliptic, a ſtar's right af. 
cenſion, its declination, its longitude, its latitude, the other 
two are found by the rules of trigonometry. | | 

308. Now, as practical aſtronomy conſiſts in determin- 
ing the poſition of the ſtars in the heavens for a given in- 
ſtant, *tis manifeſtly reduced to theſe three things; 19. 
the knowledge of the obliquity of the ecliptic z 25. the 
meaſure of time; 3*. the obſervations of the right aſcen- 
fon and declination of each ſtar, becauſe they are imme- 
diately deduced from the phenomena of the diurnal mo- 
tion, their longitude and latitude being afterwards eaſily 
found, 


ARTICLE VII, 


Of the OBliquity of the Ecliptic, and the relation of the points 
of the Ecliptic to thoſe of the Equator, | 


zog. ＋ H E obliquity of the ecliptic is one of the moſt 

important elements of aſtronomy, becauſe it 
enters into the calculation of all ſpheric triangles, wherein 
the ecliptic and equator are concerned, 

The obliquity of the ecliptic being (253) equal to the 
ſun's greateſt declination, namely, when in the tropics ; 
the meridian heigth of the ſun's centre muſt therefore be 
oblerved with a good — on the day of the ſol- 
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ſtice, and its difference with the heigth of the equator 
at the place of obſervation will give the declination of 
the tropic. Or, more accurately; obſerve the ſun's me- 
ridian altitude in each tropic, this will give their diſtance, 
half of which is the diſtance of each tropic from the equa- 
tor; that is, the obliquity of the ecliptic. 


ExamPLE. The true heigth of the ſun's centre in the 
winter ſolſtice 1743, was obſerved at Paris to be 17 40 
and in the following ſummer ſolſtice 1744, it was 
Fong to be 64* 37/17. Their difference 46˙ 57' 10 
gives the ſum of the declinations of the two. tropics, half 
whereof 23 28 35” is the obliquity of the ecliptic. 
310. REMARK. It will hereafter be ſhewn (Art. 7 52.) that 


the obliquity of the ecliptic is ſubject to ſome ſmall periodic ve - 


riations, heſide what appears in comparing the modern obſerya- 
tions with thoſe which have been fucceſſively made by different 


aſtronomers for above twenty centuries ; whereby tis found to de- 


creaſe continually, but ſo flow as to be leſs than a minute each 
century. The works of the modern aſtronomers may be con- 
ſulted thereon, In the following part of this work the obliquity 
of the ecliptic will be ſuppoſed of 23® 28˙ 35 


311. This obliquity being known, the relation of all the point 


of the ecliptic to the equator is determined by a very ſimple opera- 
tion; that is, the right aſcenſion and declination of theſe points 
are eaſily found. Example, Let S (Fig. 45.) be a given point 
in the ecliptic ICG, diſtant 28* o from the firſt point of , 
or C. Draw from the point S the arc SO perpendicular to the 
equator DCB, which is the declination of the point S, and 
the arc CO of the equator is its right aſcenſion. Now, in the 
rectangled triangle OSC where the angle SCO is 23° 28 35, 
and the hypothenuſe CS 28* , there is found (Trig. 55.) 
OS=10® 46' 44', and OC (Trig. 56. )=25® 59' 55”, for the 
ſun's right aſcenſion and declination when in y 28 o' o. 
Among the aſtronomical tables, ſome are found which give the 
right aſcenſion and declination to every degree, and even to 
every minute of the ecliptic. | 
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ARTICLE VIII. 


Of the Meaſure of Time. 


zig. T H E earth's rotation about its axis being (230) 

uniform, the diurnal revolutions of the ſtars a- 
bout the earth are made in equal times; and therefore 
ne very proper to denote the times. But all the ſtars 
turning. ſucceſſively with a conſtant motion, one muſt 
be ſelected by whoſe revolutions time can be mea- 
fured ; alſo a fixed term taken in its revolution from 


| vhence the reckoning is to begin. Now the ſun be- 


ng, relatively to the earth, much brighter than all the 
ather ſtars together, tis natural to chuſe its diurnal revo- 
lutions for the meaſure of time, and the horizon for the 
boundary of its revolutions. But the ſun riſing and ſett- 
ing to an inhabitant of the earth according to his ſenſible 
horizon, which is very irregular, and generally at a great 
diſtance from the rational horizon, ſurrounded with va- 
pours that frequently hide and disfigure the ſun by inter- 
cepting and refracting its rays ; alſo the increaſe and de- 
creaſe of days terminated by that horizon being very ſen- 
ſible, and conſequently very unequal ; the obſerver muſt 
therefore take the meridian for the term of the diurnal 
revolutions z reckoning noon, that is, the inſtant when 
the ſun is in the plane of his meridian, for the firſt inſtant 
o the day. 

313. Therefore, an aſtronomical day is the interval of time 
lapſed between the inſtant when the centre of the ſun is in 
the plane of the meridian, and its return to that plane after 
ne revolution. Every hour is a 24th part of a day, 
K every minute a Goth part of each of theſe hours, 

. 

313. If the ſun had no other apparent motion but that 
of its diurnal revolution, it would every day deſcribe the 
lame parallel, and be accompanied by the ſame ſtars at its 
turn to the meridian, But the ſun by its apparent mo- 
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tion revolving annually about the zodiac according to the 
order of the ſigns, that is, from weſt to eaſt, and in: 
contrary direction to its diurnal motion, which is from 
eaſt to weſt ; *tis evident that if on any day, the ſun and 
a ſtar at the ſame time paſs the meridian, then, on the nen 
day, when that ſtar returns to the meridian, the ſun vil 
be departed towards the weſt, as much as is the annull 
motion paſſed over in that interval, and therefore paſſe 
the meridian ſome. moments after the ſtar, The day 
following till later, ſo that at the end of ſix months it 
paſſes 12 hours after the ſtar, which has therefore gained 
12 hours on the ſun, and at the end of the year, wil 
have paſſed 366 times thro the meridian, when the'ſun 
will have paſſed but 365. | 

315. Therefore the aſtronomical day is equal to theſum 
of a ſtar's diurnal revolution and the 365th part of that 
revolution; or more accurately, an aſtronomical day is nus 
ſured by the ſum of 360 of the equator, and that arc of th 
equator anſwering to the ecliptic arc deſcribed by the ſun dur 
ing that day. 

316. Whence it follows, 1*, that the earth's diurnal 
revolutions being always equal, the aſtronomic days muſt x 
unequal among themſelves, on account of the inequality df 
the ſun's motion in the ecliptic, requiring ſometimes a 
greater arc, ſometimes a leſs to be added to 360%. There 
fore a clock having an uniform motion, can ſcarce 
ever give 24 hours or 86400” from one noon to ar- 
other, but muſt give ſome ſeconds more when the ſun's 
motion 1s accelerated, and leſs when it 1s retarded. 

317. 25. To meaſure the parts of time by means of : 
clock, which has only an uniform motion, two ſorts df 
time or days muſt neceſſarily be diſtinguiſhed : The one 
true or apparent, determined by the interval between the 
inſtant of the ſun's centre paſſing the meridian, and that 
of its next return to the ſame meridian ; The other a meat 
day or time, which is the interval from one noon to an- 
other, ſuch as would be every day obſerved if the ſun 
motion was uniform as is chat of the equator. Mean time 


is that ſhewn by well-regulated clocks ; and true time 
that deduced from ſolar obſervations, | 


AS TRONOM x. 


318. The true and mean day are each divided 
into 24 hours, or 86400”. The 360 of the equator 
under the meridian in a mean day, more 59 8“, 
which is that part of 360? of the ſun's annual motion, cor- 
reſponding to the time of a mean day. In a true day 
there paſſes under the meridian, the 360 of the equator, 
more an arc thereof anſwering to the ecliptic are de- 
ſcribed the ſame day, called the ſun's motion in right aſcen- 
fon. When therefore the ſun is in apogee, its motion in 
night aſcenſion in a day is 1 2' 6”; therefore 36 1 2 6” 
the meridian in a true day, And by ſaying, 
3.3609 59' 8”, is to 24 O O of mean time; fo is 3610 
16 to 24* O' 12" true time; therefore the true day 
when the ſun is in apogee is 12 longer than the mean 
day. | 
= The true and mean day agree only when the ſun's 
motion in right aſcenſion is 59' 8” z this happens about 
the 1ſt of February, zd of May, 15th of July, and 20th of 
ORober O. S. At all other times there is a conſiderable dif- 
ference between the true noon, that is, between the inſtant 
the ſun's centre paſſes the meridian, and the mean 
noon, or the inſtant the ſun's centre would have paſſed 
the meridian, if its motion in right aſcenſion was uniform, 
Theſe ſmall differences of each mean to its correſponding 


true day, accumulate inſenſibly, and at the end of ſome . 


days form a conſiderable variation, very neceſſary to be 
known, when clocks are to be the meaſure of time. 

320. This difference is eaſily computed, being always 
equal to the difference between the ſun's mean place, and 
ts true right aſcenſion reduced to time. 


Moſt books of aſtronomy contain tables ready calculated for 


this purpoſe, called tables of the equation of time. 

321. Hence it follows, 1*. That in every ſecond of a 
dock well regulated to mean time, an arc of the celeſtial 
equator of 15 28” paſſes the meridian. This is the quo- 
tient of 360 59' 8” o, divided by 86400”. 

322. 25. That a ſtar's revolution anſwers to 3600 of the 
equator, while the mean day anſwers to 360 59' 8; the 


difference 59 8” reduced to time, gives 3' 56”. There- 


the ſtars anticipate 3' 56 every day on mean time; 
L 3 oy 
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or, Which is the ſame, a ftar's diurnal revolution, ꝙ 
a rotation of the earth, is made in 23* 56'4” men 
time, 

323. 30. To know therefore if a clock is well regulated 
to mean time, obſerve if it ſhews exactly 2 3h 56“ 4” from 
the inſtant of any ſtar's paſſage thro? a fixed point, to that 
of its return to the ſame point. What the clock exceeds, 
is faſter; and what it wants, is ſlower than mean time, 

324. To find the true time, obſerve the inſtant marked 
by a clock, when the ſun's centre is on the meridian, 
Now the ſun is on the meridian at the inſtant it ceaſes ty 
riſe above the horizon, and is going to deſcend; and 
this alternative being the conſequence of the earth's uni. 
form rotation, the inſtant of noon is equidiſtant from ty 
inſtants where, in its riſing, and deſcending, it is come 
to the ſame altitude, Theretore remarking the time 
ſhewn by a clock when the heigth of the centre or limb 
the ſun is obſerved ſome time before noon, and when the 
ſame heigth is obſerved after noon, the mean inſtant d 
theſe two, is the inſtant marked by the clock when the 
ſun was in the meridian, or when it was true noon. 


Exaur iE. On the 29th of September 1744, the ſun) 
upper limb was obſerved at Paris with an inſtrument, 
and found to have 22* of altitude, when the clock marke 
8k 19' 52” forenoon, and 3h 16' 18" afternoon. The 
mean of theſe inſtants 11h 48' 5”, is the time ſhewn by 
the clock when the ſun's centre was in the meridian. 


The inſtant of the paſſage of a ſtar or planet over the 
meridian, 1s determined by the like method. 


325. REMARK, This method, called the method of «r 
reſponding altitudes, is the moſt natural, as well as the moſt ac 
curate ; for the inſtant when a ſtar appears to touch a very fi 
thread ſtretched acroſs the centre of the glaſs of an inſtrument 
proper for obſerving of altitudes, may thereby be determined v 
leſs than a ſecond of time: The farther diſtant the ſtar is from tht 
meridian, or the nearer it is to the prime vertical, the eaſier ti 
obſervation ; becauſe it then aſcends and deſcends much faſte! 
An indifterently good inſtrument will ſerve for this purpoſe, pro 
vided that equal altitudes can be taken with it. This me 
thod however, properly ſpeaking, is good only for the * 
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for the ſun in the ſolſtices; that is, when a ſtar has not changed 
its declination during the interval of the two obfervations. For 
when the ſtar has a motion of declination whereby it approaches 
the elevated pole, and its meridian heigth every day increaſes, 
that ſtar arrives later at the obſerved heigth in the morning, 
conſequently the mean between the two obſerved inſtants, gives 
that of the paſſage thro' the meridian, later than it really hap- 
pened. On the contrary, if the ſtar's declination is towards the 
oppoſite pole, it arrives ſooner at the obſerved altitude before its 
paſſage, and the mean between the obſerved inſtants gives the 
inſtant of paſſage ſooner than it really was. This is the caſe in 
the above example. For the ſun's declination tending towards 
the ſouth pole, it deſcends more and more, ſo that the noon end- 
ing at It* 48 5 precedes the true inſtant of the centre's paſ- 
ſage through the meridian. 


326. Although the error occaſioned by the ſun's declination, 
cannot in any inhabited place exceed the true noon above 30” of 
time, yet when true time is to be accurately known, that error 
muſt be calculated, in order to correct the inſtant found. 

Therefore let BPZH (Fig. 48.) be the meridian of the place 
of obſervation; Z the zenith; HB the horizon; P the pole; 
EQ the equator ; S the ſun's place relatively to the horizon and 
meridian, at the time of the morning obſervation ; SD the ob- 
ſerved altitude. Through the point S draw the arc SP ; then the 
arc ST is the ſun's declination, and the angle EPS expreſſes its 
diſtance from the meridian (291). Produce DS to the zenith, 
and SZ is the complement of the obſerved altitude. Draw thro 
S the ſmall circle AV parallel to the horizon, (ſuch ſmall circles 
are called Almicantars) alſo the ſmall circle RSL parallel to the 
equator, which is the ſun's parallel at the inſtant of obſervation 
in the morning. Let MN be the fun's parallel at the time of 
obſervation in the evening; ſo that MR expreſſes the diſtance 
between theſe parallels, or the alteration of declination during 
the interval of the correſponding obſervations ; *tis then evident 
that the time of obſervation in the evening is that where the 


| ſun's parallel MN meets the Almicantar AV, that is, where the 


fun is in T, fo that the altitudes TF, SD are equal. Now if 


thro? T be drawn TP, the angle EPT expreſſes the ſun's di- 
ſtance from the meridian at the inſtant of evening obſervation 3 
and the angle T PS or the arc meaſuring it, being reduced to 


time, is what (in this caſe) muſt be added to the inſtant of the 


evening obſervation to find the true noon. 


To find the angle TPS, the difference between the angles 
ZPS, ZPT; obſerve that the triangle TZ differs from the tri- 
angle PZS only becauſe the fide TP differs from the fide 8 by 
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the quantity MR, the change in declination ; for the other hy. 
mologous ſides are equal, namely TZ Z, and ZP is con. 
mon. Therefore in the triangle Z PS there is known 28 (the 
complement of the obſerved altitude,) ZP (the complement oi 
the pole's elevation) and PS (the ſun's diſtance from the elevated 
pole, which in this caſe is the ſum of 90” and its declination x 
the inſtant in the morning ;) whence the angle ZPS is com. 
puted (Trig. 93). PS is then ſuppoſed to have varied by the 
quantity RM, and by renewing the calculation gives the ange 
ZPT. 

The ſides PZ, PS, SZ, need not be accurately known, but 
the quantity of variation RM muſt be exactly determined. 

On this, or ſuch like principles, aſtronomers have calculate 
the tables called tables of equation to correſponding altitude : 
T hey are found in moſt books of aſtronomical calculations, 


ARTICLE IX. 
Of the right Aſcenſion and Declination of Stars. 


327. T H E declination of ſtars is eaſily found by ob- 
ſerving their meridian altitudes (280), and their 
alſo eaſily attained, by knowing how to 


Tight aſcenſion is 
meaſure the time. 


For as all the ſtars in the ſame circle of declination have 
the ſame right aſcenſion (305), and a circle of declination 
being a great circle perpendicular to the equator, it fol- 
lows, that when the heavens make a whole revolution, 
all the planes of the circles of declination ſucceſſively pak 
thro* and coincide with the plane of the meridian, which 
alſo is a great circle perpendicular to the equator, There- 
fore, 1. All ſtars paſſing at the ſame time thro the meri- 
dian, have then the ſame right aſcenſion. 20. The right 
* of ftars paſſing the meridian at different times, 

Hr in proportion to the intervals of the times of thtir 


paſſage. 


EXAMPLE, The ſtars make a revolution in 24* 56 4 
mean time (322); if then by the help of a clock regu- 
lated to mean time, and an inſtrument fixed in the Pe 

. , , bs 4 A * 
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ame ſtar, in order to determine from theſe obſervations 
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or the meridian, or if by correſponding altitudes, or 
otherwiſe, a ſtar be obſerved to pa the meridian an 
hour after another ſtar ; ſay, as 2 35 56' 4”, the time of a 
revolution, is to 360® o/ of the equator paſſed thro? the 
meridian in that time; ſo is one hour, the difference be- 
tween the paſſages of the ſtars, to 155 2' 28' difference be- 
tween their right aſcenſions ; then the right aſcenſion of 
one being known, the other is alſo known, 

328. Tis the fame in reſpect of a planet that paſſes 
the meridian, before or after a ſtar whoſe right aſcenſion 
is known, For the difference of their right aſcenſions is 
found by the ſame analogy ; and conſequently the pla- 
net's right aſcenſion, at the time of its paſſing the me- 
ridian, 

329. When the clock's motion is uniform, but not re- 
gulated to mean time; then ſay: As the time marked by 4 
clock during the interval of a ftaF' s revolution, is to 360? 3 
ſo is the time marked by this clock between the paſſage of two 
ftars thro” the meridian, to their difference of right aſcen- 
2 | 
/ 330. Whence it follows, that to determine the right 
aſcenſion of any ſtar, and even of all the ſtars, 11s ſufficient 
to kngw the right aſcenſion of one ſtar only, and to have a 
click whoſe motion is uniform, that is, which always ſhews 
an equal interval of time for the diurnal revolutions of ſe- 
veral different fixed ſtars. 

Now to determine the right aſcenſion of any choſen 
ſtar in the heavens ; the following method is the beſt, 
among the many contrived for this purpoſe. 

331. When the ſun is near an equinox, where its altera- 
tion in declination is ſwifteſt, obſerve its meridian heigth 
or declination ſome day at noon: And by the me- 
thod of correſponding altitudes or otherwiſe, the diffe- 
rence in right aſcenſion between the ſelected ſtar, and the 
ſun at the ſame inſtant of noon. After the ſun has paſſed 
the ſucceeding ſolſtice, and is returned nearly to the ſame 
parallel, obſerve for three or four days together its me- 
ridian heigths and its difference in right aſcenſion with the 


the 
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the inſtant when the ſun comes into the ſame parallel, a3 in 
the firſt obſervation, and the difference of right aſcenſion 
for the ſame inſtant, This gives, 1®, two inſtants wheren 
the ſun was at equal diſtances from the tropic, becauſe x 
equal diſtances on either ſide a tropic the declinations are 
equal, as are alſo the correſponding arcs of the equator, 
2. The differences of right aſcenſion anſwering to theſe 
two inſtants, give (as the ſtar is fixed) the arc of the e. 
quator, or the ſun's motion in right aſcenſion in the inter. 
val of theſe two inſtants. The ſolſtitial colure therefor 
biſects that arc, and the complement of half this arci; 
the ſun's true right aſcenſion at the firſt obſervation, The 
ſun's right aſcenſion being thus determined, that of the 
ſtar is likewiſe determined by the obſerved difference, 


Suppoſe, for example, that in 1745 the following . 
ſervations had been made? 


Meridian heigths Difference of right aſcenſion between 
of the ſun's centre. the ſun and procyon at noou, 


The4 Aprilatnoong6® 38. 41” - = - - - 97* 52' 10 Eaſt 
6 September = = 47 29 32 53 39 29 Welt, 
Hoi e e, Be detain 54 33 36 Welt 
22 9 46 44 24 — 55 27 43 Wel. 


By interpolating theſe obſervations, tis found that had 
the ſun been in the meridian on the 7 September at 8b 50 
P. M. it would have had the ſame altitude, viz. 46* 5841, 
as on the preceding 4 April at noon. And the difference 
between its right aſcenſion, and that of the ſtar, would 
have been 34 53' 39 welt; therefore from the 4 Ari 
at noon to the 7 September at 8h 50 evening, the ſun had 
run thro* 152* 45 49 in right aſcenſion, Therefore on 
the 4 April at noon, the ſun's diſtance in right aſcen- 
fion from the tropic of es was 7622 54%, and had 13 


37' 5 right aſcenſion ; and the ſtar being to the caſt 9) 
52 10', had 111729 15+ of right aſcenſion, 


ARTICLE 


CLE 
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ARrTICLE X. 


Principal, Uſes of the right Aſcenſion, and Declination of 
the Stars. 


332. T HE firſt uſe of the right aſcenſion and decli- 
nation of the ſtars, is to calculate their longi- 
tude and latitude, as ſhewn (307). 

233. Another uſe of the right aſcenſion, is to ſhew the 
order in the diurnal revolution of the ſtars, and the inter- 
vals of time they take in ſucceeding each other, particu- 
larly in reſpect to the meridian, 

334. The third uſe, is 1 compute at what hour each - 
far paſſes the meridian : which is found in the follow- 
ing manner. Take the difference between the ſtar's right 
aſcenfion and that of the fun, for the noon of the day 
given; reduce this difference to time, at 15 degrees 10 an 
hour, this gives nearly the interval of time from noon to the 
ſtar's paſſing the meridian, Thus, if the ſtar is eaſt- 
ward of the fun, or if its right aſcenſion is leſs than that 
of the ſun, that interval ſubtracted from 12 hours, gives 
nearly the time of the ſtar's e before noon. But if 
the ſtar is weſtward of the ſun, or its right aſcenſion ex- 
ceed that of the ſun, the interval gives the time of the 
ſtar's paſſage after noon, 

335. This calculation only gives the time of the paſſage 
nearly, becauſe neither the ſun or ſtar are ſuppoſed to 
have any particular motion in right aſcenſion. But to 
find the true, calculate the ſun and ſtars right aſcenſion 
for the time already found, their difference reduced 
to time, gives the true inſtant of its paſſing the me- 
ridian, | | 
ExAMpLE. Suppoſe on a certain day at noon, the 
right aſcenſion of Mars is 112 18', and that of the ſun 
183* 42', the difference 74* 24' reduced to time is 4* 45 
36. Now Mars being eaſtward of the ſun, it muſt paſs 
the meridian about 4x 45 36 before noon, that is, 
about 7h 14' 24” in the morning. Compute the right 
aſcenſion of Mars and of the ſun for this time; = of 
| ars 
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Mars is found 112* 13” 12”, and that of the ſun 183 
30” 10”, the difference 71* 16 58" reduced to time, piyey 
the inſtant of the paſſage of Mars thro' the meridian x 
7h 14 52”. 

This calculation is plainly the inverſe of that uſed (327 
to find the right aſcenſion of the ſtars by obſerving their 

es over the meridian. 

336. By the ſame calculation, the times ſhewn by a 
clock may be verified: For obſerving at what inſtant ; 
ſtar, whoſe right aſcenſion is known, paſſes the me. 
ridian, that inſtant compared with that found by calcy. 
lation ſhews whether the clock agrees with true time, or 
what the difference is, 1 

37. A fourth uſe much like the foregoing, is, 10 find 
the diſtance of a ſtar from the meridian of a place, at g 
given time; or, which is the ſame thing (291), to find the 
angle at the pole, formed by the meridian of a place and 
the circle of declination paſſing thro* the ſtar. To dy 
tis, reduce the interval of time between noon and the give 
inſtant into degrees (at 15* per hour); add them to the ſun'; 
right aſcenſion at that inſtant, and from the ſum ſubtraf th: 
ſtar's right aſcenſion. | 

338. When the ſum is leſs than the ſtar's right aſcen- 

ſion, add 360 degrees to the ſum, 
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S 


Of Optical Illuſions in the Stars, cauſed by 
the Earth's annual Motion. 


39. TH E circumſtances of optical illuſions cauſed 
by the earth's diurnal motion, or rotation, be- 
ing explained, an enquiry muſt alſo be made into thoſe 
produced by its annual motion. But, previous thereto, 
tis proper to give a theory of the compound motions of 
optic illuſions, called apparent or relative motions. 


— 


— ———— 
e 


ARTICLE I. 


Theory of apparent or relative Motions, and of their Ortho- 
graphic Projeftions. 


340. T H E apparent motion of an object, is that which 

an obſerver in motion, but fancying himſelf at 
reſt in ſome fixed point, attributes to an object really at 
reſt: And the relative motion, that which is attributed to 
an object in motion, by an obſerver alſo in motion but 
thinking himſelf at reſt. ä 

341. By the eye's true place is meant that point of the 
univerſe where the eye of the obſerver really is at a 
given time: And by the eye*s imaginary place, that point 
where the obſerver apprehends himſelf to be at reſt. 

342. The motions here being ſuppoſed circular; let 
the path deſcribed by the obſerver, be called the He's 
Orbit; the plane of this orbit is the Plane of the eye s 
orbit; and the path which the object appears to deſcrihe 
in the heavens, the Optic Orbit. | 

342. 
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343. The viſual rays drawn ſrom the eye's imaginar 
place, to every point of the optic orbit, will form wy. 
plane beyond it, a figure, which call the projectiry 


of the optic orbit. Or, to ſtrengthen the idea, it is tha 
figure which would be formed on a plane by the ſha. 
dow of the orbit made by a light placed at the eye's ima. 
ginary place. 

If the viſual rays intercepted by the plane, are per. 
| oo to it, then the projection is called Ortho. 

apnhic, | 

344. That plane which paſſes thro* the object and 
the eye's imaginary place, perpendicular to the plane 
of the eye's orbit, call it the Plane of Compariſon. There. 
fore if the object is fixed, the plane of compariſon is all 
fixed; but if moveable, that plane is likewiſe moveable 
and in an angular velocity equal to that of the object. | 

345. PROBLEM. Civen in poſition, the eye"s imaginary 
Place 8 (Fig. 46.) and any number of points A, B, C, in 
the path of a moving body in any plane; with the points 
a, b, c, the eyes true places at thoſe inſtants ; to determine 
the optic path of the moving body. 

SOLUT10N, The lines Aa, Bb, Cc, being drawn; thro' 
S draw Se, SB, SY, equal and parallel to Aa, Bz, Ce; 
then a, B, 7, will be the points of the optic path. For, 
the right line Se being equal and parallel to aA, the point 
"a ſituate in the ſame manner and at the ſame diſtance 
reſpectively to 8, as A is to a, The obſerver therefore 
conceiving his eye placed in 8, will imagine he ſees the 
object in æ. The ſame happens in the points 8, 7, Sc. 

346. Coror.l. The true and imaginary places of the eye, 
and the true and optic places of the object. always form a paral- 
lelogram. The object's true place, and the eye's imaginary 
place, are at the extremities of one diagonal ; and the optic place 
of the object, and the eye's true place, at the extremities of the 
other _— i 

347. CoRor. II. Therefore the ſituation of t 
the object, is always _ that 7 the «en ay _—_ 

348. CoRoL. III. 1f the object is immoveable in A, (Fig. 47.) 
the optic orbit « 8 y is a line equal to the eye's real orbit abe, and 
is in a parallel plane. For as the parallelograms aa, 58, cy, 
have the diagonal SA common, which is alſo the common inte!- 


ſection of their planes, and their baſes Sa, Sb, Sc, being ſituate 
in 
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n one plane, which is the eye's orbit ; their parallels and equals 
42, A8, Ay, muſt alſo be in one plane parallel to that of the 
eje's orbit, making the angles «AP, Ay, equal to the angles 480, 
r. Therefore the points a, 8, y. muſt be in a line: equal to 
the line abc, and in a parallel plane, but in an oppoſite ſitu- 
ook Cokol. IV. If the object is immoveable and in the plane 
of the eye, its optic orbit is alſo in that plane. t 

350. Conor. V. I the object is immoveable, and ſituated in 
the eye's imaginary place, it appears to be at the extremity of a 
radius, equal, and in the ſame direction with that drawn from the 
true place to the centre. Therefore if the eye deſcribes a cir- 
cle or an ellipſis, in the centre whereof is the object and the eye's 
imaginary place, the object appears at the extremity of a diame- 
ter paſſing thro” the eye, and conſequently ſeems to deſcribe the 
lame orbit with the eye. 

351. Cool, VI. if the object is immoveable, its apparent 
velocity in its optic path, is equal to the eye's real velocity in its 
abit. 

352. REMARK. The eye's path ſhall hereafter be ſuppoſed 
2 circle with the imaginary place at the centre, In this hypo- 
theſis, if the object is immoveable, either within or without that 
orbit, *tis plain (348) that its optic path will alſo be a circle, 
call it the Zpicycle of the object. 

353. LEMMA l'. Let QI (Fig. 50.) be the plane of a 
great circle of the ſphere ; FG a plane touching the ſphere in 
H; HL the plane of a ſinall circle parallel to QI, and paſſ- 
in thro” H: Then the inclination of the plane HL. to the 
plane FG, is meaſured by the complement of the arc QH ; 
and the radius of HL, is to the radius of QI, as the cofine of 
QH is to radius. 

For drawing from the centre I, the radius IH, the an- 
de MHL= inclination of the plane FG with the plane 
of the parallel HL, is the complement of the angle LHl, 
equal to -— [pm by the arc QH : And HL is 
the coſine of IH. 

354. LEMMuA II®. If from all the points A, M, D, B, C, 
(Fig. 53.) of the circumference of a circle ſituated in a plane 
NHKS inclined to another plane NHIG, the lines Aa, 
Mm, Dd, Bb, Cc, Sc. be drawn perpend cular to the plane 
HG; they will terminate in the circumference of an el- 
ii adbe, whoſe greater axis ab will be equal and parallel 
le that diameter of the circle which is parallel to the plane 

; HG, 
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HG, or to its interſection HN: And the leſſer axis cd ui 
anſwer to the diameter CD perpendicular to the plane H(; 
or to its interſection HN; ſo that the leſſer axis cd, will i 
to the greater axis ab, as the coſine of the inclination of i 
planes HG, HK, is to radius. 

DAM. Since AB the diameter of the circle is parall| 
to the plane HG, and the perpendiculars Aa, Bb, being 
alſo parallel; the figure Aab is a right-angled parallely. 
gram, therefore AB==ab. The diameter CD, perpend. 
cular to HN and to AB, biſects theſe two lines; alſo the 
plane cVC containing the perpendiculars Cc, Da, is there. 
fore perpendicular to the plane HG, and equally diſtant 
from the parallel planes NB, «HA. Therefore, 15. « 
perpendicularly biſects ab. 29. The angle cVC is equi 
to the inclination of the planes HG, HK. 3. Becauſe of 
the ſimilar right-angled trianglescVC, VF, dVD, the pan 
cf, fd, of the right line cd, are equal to one another, becauſe 
CFS FD. If therefore ab is an axis of an ellipſis, then ci 
which perpendicularly biſects ab, and is itſelf alſo biſected, 
muſt be the other axis. 4*. The ſame triangles ſhew tha 
cd: OD or ab:: V: VC. Now, becauſe Ce Vis a right 
angle, cV is to VC, as the coſ. of the angle cVC is to 
radius. Therefore the axes cd, ab, are to one another, 2 
the coſine of the inclination of the planes, is to radius. 

Now to ſhew that the curve achd is an ellipſis. Drau 
any ordinate MP to the circle, and draw Mm, Pp, per- 
pendicular to the plane HG. The point P being in 
the diameter AB, the perpendicular Pp is parallel to Ay, 
Bb, and in the plane of the rectangle AabB, and conſe- 
quently falls on the line ab, making ap = AP, pb=PB, 
But PM being perpendicular to AB and to HN, and pa- 
rallel to DC, the plane PXp containing the perpendiculars 
Pp, Mm, is parallel to the plane cVC ; therefore pm is 
perpendicular to ab, and is an ordinate to the curve acab: 
Alſo the triangles pXP, XM, cVC, dVD, are ſimilar; 
therefore pm : PM :: cd: CD or ab. Therefore pm* : PM 
:: cd: ab. Now PM*=APxPB=apxph. Therefore 
pm* : apxpb :: cd: ab. The curve acbd is therefore an 
ellipſis (by con, fect, ) 
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55. CoroL. I. The ellipſis achd is the orthographic pro- 
jection of the circle ACBD. 

356. Con o. II. The ſimilar planes fdDF, pmMP, and 
the right lines ab, AB, being patallel, then pm: PM :: /: DF, 
ind PF; therefore the projection dm of any arc DM (Fig. 49.) 
is ſuch, that the ordinate mH to the leſſtr axis of the ellipſis, is 
equal to the fine MK or PF of the arc DM; and the ordinate mP 
iy the greater axis, is to the coſine MP of the are DM, as Fd to 
FD, or as the leſſer axis of the ellipſis, to the greater (by con. 
ſect. 

3 CoRoL. III. An ellipſis achd (Fig. 49.) which is the or- 
thographic projection of a circle, being given; it may be divided 
into degrees, or arcs of a certain number of degrees, thus: On 
the greater axis of the ellipſis deſcribe the circle a MDC, which 
divide into degrees or arcs DM, DM, Cc. according to the 
number of degrees given, beginning at a diameter CD, in the 
direRion of an axis; from theſe points of diviſion M, M, &c. 
draw the perpendiculars MP, MP, &c. theſe will determine cn 
the periphery of the ellipſis the points of projection m, m, &c. 
For the abſciſſes FP, FP, &c. are as the ſines of the arcs DM, 
DM, Ec. and the ordinates P, Pm, &c. are to the correſpon- 
dent PM, PM, Ec. as the leſſer axis, to the greater. 

358. Coror. IV. If a projected ellipſis is infinitely narrow, 
or reduced to its axis ab, (which always happens (363) 
when the eye is in the plane of the projected circle,) this pro- 
jection may be divided into degrees, by taking on the greater 
axis, beginning at the middle F, the parts FP, FP, &c. proportio- 
nal to the fines of the number of degrees given. - | | 

359. SCHOLIUM. An ellipſis may alſo be divided into ſuch 
degrees by means of a circle cNdO deſcribed on its leſſer axis, 
and divided into arcs 4I, dl, &c. of the ſame number of de- 
grees as the arcs DM, DM, &c. producing the ſines IH, 
IH, &c. to the circumference of the ellipſis, which will fall 
on the ſame points m, m, &c. For the arcs DM, dl being of 
an equal number of degrees, their fines and coſines are to one an- 
other as the radi; FD, Fa. Therefore, 19%. M or FP: HI:: 
FD: Fd. Now (by con. ſet.) Hm: HI : FD: Fd; there- 
fore Hm==FP, and the two circles give the point z at the fame 
diſtance from the axis cd. 20. PM or FH: FH:: FD: Fa, or 
PM: Px :: FD: Fa; therefore FH=Pm, conſequently the two 
circles give the point m at the ſame diſtance from the axis ab. 
Therefore they give the ſame point in the periphery of the el- 


lipfis : 


360. Hence a very commodious way is deduced of deſcribing on 
two given axes ab, cd, an ellipſis, or portion of an elligſis, which 
M at 
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at the ſame time ſhall be divided at pleaſure. For by deſcribing 
a Circle on esch axis, and dividing their circumferences into ſ: 
milar arcs DM, dl, according to the number of degrees given, 
and beginning the diviſion at a diameter CD common to both 
circles; draw right lines MP parallel to the common diameter 
CD, paſſing thro” all the points M; and right lines HI per. 
perdicular to CD paſling thro! all the points I; then their inter. 
ſections mn, n, &c. will be ſo many points of the periphery of the 
ellipſis required. 


361. TuxOREM. I. If the cye's true orbit is a circh, 
and ihe object placed at an immenſe diſtance from the eye þ 
immoveable; the part HNGI of a great circle in the bea. 
vens, occupied by the projection of the optic orbit ACBD 
(Fig. 53.) is ſo ſmall, that it may be conſidered as a plan, 
this projection is an ellipſis abed, whoſe greater axis ab is 
in a parallel prfition to the plane QR of the eye's orbit, au 
equal to the celeſtial arc ab intercepted between the radii $a 
Sb, drawn from S the imaginary place of the eye, to the e. 
tremities of the diameter ab, which is in a parallel poſition i 
the plane HNGI ; its leſſer axis cd is in the plane of compu- 
riſon, or in a plane perpendicular to the plane QR of the ves 
orbit: Alſo the leſſer axis is tothe greater axis, as the ſineif 
* thearc QH, meaſuring the diſtance of the plane QR of theeyt's 
orbit from the plane HK of the optic path, is to radius. 


Dem. The circle ACBD being ſuppoſed at almoſt an 
infinite diſtance from the eye S, and the radii drawn from 
the centre to the ſurface of a ſphere being perpendi- 
cular to it; then the right lines Aa, Bb, Cc, Dd, &. 
parallel to each other, are conſidered as perpendicu- 
lars to, and terminating at the plane HNG], inclined to 
the plane HK. Therefore (354) the curve acbd is an el 
liplis, whoſe greater axis ab is equal to the diameter ABol 
the circle ACBD, its leſſer axis cd is perpendicular to the 
plane of the eye's orbit, and is to the greater axis ab & 
the ſine of the arc QH to radius. 


362. Coror. I. The projection ach of that part of the cit. 
cle ACB neareſt the eye, is the part of the ellipſis raiſed mol 
above the plane of the eye, or the part fartheſt diſtant from that 
plane: On the contrary, the projection b4a of that part of the 


circle BDA oppoſite to the eye,_or moſt diſtant from it, : the 
inferior 
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inferior part of the ellipſis, that is, neareſt to the plane of the 
eye's orbit. 

363. Cox o. II. The more perpendicular the plane of the 
optic orbit is to the eye's true orbit, the more its elliptic pro- 
jection approaches to a circle ; and the contrary : So that if the 
optic orbit anſwered to the pole Z of a great circle in whoſe 
plane the eye's orbit is placed, its projection would then be a 
circle, becauſe both axes of the ellipſis would be equal: But 
ifthe optic orbit is in the ſame plane with the eye's orbit, (the 
leſſer axis being then infinitely ſmall) the elliptic projetion would 
become a right line equal to the greater axis of the ellipſis, or to 
the diameter of the optic orbit. | 

364. Coror. III. Therefore when a celeſtial object F is im- 
moveable in the heavens, and at a very great diſtance from the 
eye of the obſerver who thinks himſelf at reſt in S, the centre 
of the circle he really deſcribes. 15. The object is never ſeen at 
the true place / where the viſual ray terminates, but appears 
to deſcribe an ellipſis abcd about the true place 7, at each revo- 
lution of the eye in its orbit; and conſequently appears going 
ſometimes in one ditection ach in deſcribing one ſemi-ellipſis, 
when it is ſaid to be direct; and then in a contrary direction bd 
when it deſcribes the other ſemi-ellipſis, which is called retro- 
grade. 2. Its velocities muſt alſo be very unequal ; for when 
the object is near one end c or d of the leſſer axis, the ſpace it 
runs thro' being in full view, it then ſeems to move very faſt ; 
afterwards as it gradually approaches the ends à or þ of the ellip- 
ſis, it then ſeems to ſlacken its pace, becauſe the arcs that it de- 
ſcribes are more oblique to the viſual rays ; ſo that when the ob- 
ject is at either extremity of the greater axis of the ellipſis, it 
ſeems for ſome time /tationary or immoveable ; after that chang- 
ing its direction, it revolves as before. 


365. LEMMA III. If on the circumference and in 
the plane of a circle ABC (Fig. 56.) be ſuppoſed another 
circle AMD, that at firſt has no other motion than to 
turn on its centre O, in the direction of the letters A, M, 
D, P; *tis evident that altho' any point A of its circum- 
ference in turning has all kinds of directions, yet reſpec- 
tively to the centre 8, it has properly but two oppoſite 
directions, the one called direct in deſcribing the ſemi- 
circle MD, or ſuperior ſemi-circle, the other retrograde 
when it deſcribes the inferior ſemi- circle PAM. 

But if the centre O of the circle AMDP be ſup» 


poled to move in the direction OIN, fo that the circle 
M 2 rolls 
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rolls as a wheel on the circumference ABC, then it i; 
plain, 10. that the track of this centre is a concentric circle 
OIN, and conſequently greater than the circle ABC, 

366. 29, That the point A returns to the circumfe. 
rence of the circle ABC, only when it has deſcribed a 
whole rotation on its centre O, more an arc BL of it; 
circle fimilar to the arc AB comprehended between the 
point A departed from, and the point B returned to, 
For the point A being at its departure relative to a fixed 
point infinitely diſtant in the direction of the radius OH, 
its whole rotation on its centre is finiſhed when it returns 
to the radius directed to that fixed point. When there. 
fore the point A is returned to B on the circle ABC, if 
thro” the centre I, ILV be drawn parallel to AH, theſe 
two right lines will coincide at that fixed point, and the 
point L, is where the point A ſhould be, if it had only 
made a rotation on its centre O; but being in B, « 
has deſcribed its whole circle, more the arc BL, contain- 
ing a number of degrees equal to OI or AB, becauſe of 
the parallels Ib, AH; tho' reſpectively to the point 8, 
the point A ſeems to have made but one rotation about 
its centre. 

3%. Marking the track AzQgBKC deſcribed by the 
point A at each return to the circle ABC; by the firſt re- 
turn is deſcribed a curve Ae2QgB, called an Epicycloid; 
the ſecond forms another Epicycloid BKC, and fo on, 
Now three caſes may happen | 

367. CaseI, If the circle ABC remains immoveabl: 
while AMDP runs on its circumference (Fig. 56.) then ever) 
epicycloid as A-Q gb is called /mple or ordinary, and its following 
properties are evident. | 

1. Let the velocities of that circle be ever ſo unequal, the 


arc AB (which call the Baſe of the epicycloid) is equal to the 
circumference AMDP. | 


29. If the arc Ol, ſimilar to the arc AB, be divided into 
four equal parts, at the points E, F, G ; the centre O will have 
come to the point E, when the point A has deſcribed a fourth 
part of its track in returning to the circle ABC : The ſame 
happens at the points F, G, I, where the centre of the circle 
AMD is found at the end of each fourth part of its return to ths 


circumference ABC. Therefore if thro' the point F be 4 
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1 radius prolonged, it will give the point Q for the vertex of 
the epicycloid ; and the part Q of this radius will be its axis, 
which is equal to the diameter of the circle AMDP, And if 
from the point E as a centre, with a radius equal to OA, an arc 
of a circle be deſcribed towards O, it meets the epicycloid in 
the point e, where the point A was, when the centre O was in 
E. In the ſame manner the point A will alſo be found to have 
deen in g, when the centre was in G; whence it follows that 
the arc Ae was deſcribed while the point A retrograded in de- 
ſeribing a part of its inferior ſemi-circle ; and the arceQ g was 
deſcribed while the point A deſcribe its upper ſemi-circle with 
2 direct motion: Laſtly, the arc gB was deſcribed while the 
point A retrograded in the other part of its inferior ſemi-circle. 

3. The epicycloid is biſected in the vertex Q; and the legs 
Qa, QzB, of the curve are equal, and fimilarly poſited with 
relpe& to the axis IQ. | 

4. The arcs Ae, gB, bend towards the axis TQ; becauſe 
the retrograde motion of the point A carries them in that di- 
retion: But they do not return into themſelves, as in Fig. 54. 
becauſe the path OI of the centre A being in every revolution 
greater than the arc AB, which is equal to the circumference 
AMD, the motion of that centre in the direction OIN draws 
the point A towards K, more than its retrograde motion about 
the centre O carries it in an oppoſite direction. 

5% The deſcribing point A in paſſing from the leg Q g B into 
the leg BK of the next epicycloid, makes an angle at B: For 
the point deſcribing the laſt leg of the epicycloid AQB, 
the inſtant it comes to B, immediately riſes again into the firſt 
leg of the other epicycloid BEC, and deſcribes no ſpace between 
theſe legs. 

6%. The point A viewed from 8, appears always direct, 
but the velocity ſeems to accelerate all along the leg A-Q, to 
be greateſt at the vertex Q, and then to diminiſh along the 
leg Q B, ſo as to become nothing in the point B; then again 
it accelerates in the leg BK. 


368. CAsE II. If while the circle AMD rolls on ABC, the 
latter ſhould alſo turn on its centre 8, in the ſame direction ABC: 
(Fig. 55.) or in general, if the centre of the circle AMPD ad- 
vances in the circle OFI, with a greater velocity than the point A 
has in revolving in the circle AMPD ; then the epicycloid de- 
ſcribed during the revolution of the paint A, would be /ength- 
ened ; and evidently have the following properties. 

1*, Since all the points of a ſimple epicycloid would advance to- 
wards C, altho' the circle ABC was at reſt; then if ABC advances 
alſo in the ſame direRion, the velocity of the deſcribing point 

M 3 muſt 
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muſt be greater in that direction, and conſequently make thoſe 
ſpaces longer; ſo that the baſe AB of the epicycloid mutt be equi 
to the ſum of the circumference AMD, and that arc the circle 
ABC has deſcribed during a return. 

20. If the motions of the two circles are uniform, the points 
E, F, G, dividing Ol into four equal parts, will determine, 
above, the epicycloidal arcs Ac, Q, Q g, gB, anſwering tothe mo. 
tion of the point A in the inferior and ſuperior parts of its circle; 
the axis TQ will be equal to the diameter AD, and the legs 
QA, QgB, are equal, and ſimilarly poſited in, reſpect to the 
axis. 

3*. The greater the velocity of the circle ABC, the leſs the 
arcs Ae, gB, bend towards TQ. 

4*. The deſcribing point does not form an angle in paſling 
from the leg Qg B into the leg BK, but makes a curve in B, 
which is more obtuſe as the velocity of the circle ABC is greater 
For this velocity makes the point A deſcend more obliquely along 
the leg Ag B; and when arrived at B, makes it deſcribe a ſmal| 
ſpace on ACB before it aſcends into the leg BK, ſo that the paſ- 
ſage is thro' a curve gBK. | 

5*, The point A viewed from the point 8, is always direct; 
and its velocity accelerates from A to Q; then diminiſhes from 
Q to B; where it appears to be nothing, or only equal to the 
velocity of the circle ABC. 


369, Case III. If during the time of the return of A to 
the circle ABC, this circle ſhould alſo turn on its centre in an op- 
polite direction; or in general, if the centre of the circle AMD 
advances in the circle OFI, with leſs velocity than that where- 
with the point A moves in the circle AMD; then the epicycloid 
wauld become fhortned. This caſe might be ſubdivided into ſe- 
veral others, but not to make this theory needleſſly complex, let 
only the retrograde velocity of the circle ABC be ſuppoſed leſs 
than that of the point A in its circle AMMDP. Now on this 
hypotheſis - - - - - 2 

19. If the circle ABC (Fig. 54.) had remained immoveable, 
none of the points of the epicycloid would have retrograded ; but 
as ABC retrogrades, its motion muſt augment the velocity of 
the point A in the inferior ſemi-circle where it retrogrades, and 
diminiſh it in the upper ſemi-circle where it is direct. Hence it 
follows that the extent of the epicycloid will be diminiſhed in 
the direction ABC, its baſis becoming equal to the difference be- 
tween the circumferenceof the circle AMD, and the arc which 


| the circle ABC has deſcribed during the return of the point A. 


20. Theſe two motions being uniform, the arcs Ae, * 
ZB, will, as above, be found anſwering to the upper and infe- 
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rior parts of the circle AMDP ; the axis TQ=AD, and the 
legs QA, Q B equal and in ſimilar poſitions in reſpect of the 
axis IQ. 

of The arcs Ae, gB anſwering to the retrograde motion of 
the point A, are more curved towards the axis T Q, in propor- 
tion as the velocity of the circle ABC is greater; and at the 

int B the arc muſt turn inwards ; becauſe then the point A 
moves contrary to the tendency towards C, by the ſum of both 
motions. 

4*. The paſſage of the point A thro? the point B is made by a. 
curve gBm, returning towards itſelf; For when the point A has 
deſcribed the leg Q g B, and arrives at B, the retrograde velocity 
of the circle ABC cauſes it to deſcribe a ſmall ſpace beſore the 
point A aſcends by the leg Bm K. 

5. The point A viewed from the point 8, appears ſometimes 
diret, ſometimes retrograde, and ſometimes immoveable or 
fatimary. For the tangents Sm, Sn, St, Sy, being drawn from 
the point 8, ſhew that the point A appears direct in deſcribing 
thearcnQ_g t, all the points of that arc being directed towards 
C: When the point A is in the tangent St, it muſt appear ſta- 
tionary, that is, tending neither towards C, nor O, during the 
time of deſcribing the arc of the curve which coincides with the 
tangent: Afterwards the point A ſeems retrograding in the arc 
tBm, that is, in the arc comprehended between the two tan- 
gents; and in the point n it again ſeems ſtationary : Laſtly, it 
appears direct in the arc mKy, till it becomes ſtationary in y; 
then retrogrades as before, and ſo on. Therefore the point A 
during every revolution in its circle, appears twice ſtationary, 
once direct, and twice retrograde. 

6%. The velocity of the point A muſt appear equal to nothing 
in the ſtationary points; then it appears accelerated until A comes 
to the vertex of the curve, where the velocity ſeems greateſt ; 
becauſe the arcs then deſcribed are directly expoſed to the eye; 
then it diminiſhes from theſe points to the next ſtationary 
point. 

7. The greater the velocity of the circle ABC, the greater is 
the arc of retrogradation iBm. ; 

370. Cox ol. Therefore in thefe ſorts of motions, the na- 
ture of the epicycloid. generally depends on the relation of its 
baſe AB to the circumference of the circle where the deſcribing 
point is, | 

371. School. If in the ſecond and third caſes, the motion of 
theſe circles had not been uniform, the epicycloid would then 
have been leſs regular, and the axis TO not in the middle 


between the legs QA, Qg B; nor the legs equal or in like po- 
litions ; one would be longer than the other, according as the 


M 4 combina- 
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combination of the velocities urged more on one fide than on 
the other: But the epicycloid would retain nearly the ſame f. 
gure ; that is, it would always have a curvature towzrds B, gif. 
poſed in the ſame manner as in the figures 54, 55. 

From this general theory ſuch concluſions ſhall be drawn as an 
applicable to the phenomena of the motions of the planets, accord. 
ing to the order in which they are ranged in the Solar Syſtem, 


372. Taxos. II. If an object and the eye turn in th 
fame direction with uniform angular velocities V, u, in tu 
concentric circles whoſe radii are R, r, the eye*'s imag inan 
place being at the centre: The optic orbit of the object is 
curve compounded of a number of. epicycloids, equal to the 
number of times the eye is found in ihe plane of compariſon mn 
the ſame fide; and, if the eye runs thro" the inner cir, 
theſe epicycloids are ſimple, lengthenedor ſhortened, according 
as VR—Vr is equal, greater, or leſs than ur—Vr : But if 
the eye runs thro* the outward circle, the nature of theſe epi 
cycloias depend on the relation of ur—uR % VR—uR. 


Dzu. When the object is immoveable, and the eye 
revolves in a circle, the obſerver who thinks himſelf im. 
moveable at the centre of his orbit, never ſees the objed 
in its true place, but it appears to him as deſcribing a 
circle about its true place, equal to the circle deſcribed 
by the eye, and with equal velocity (350.) Therefore if 
the object and the eye both move at the ſame time in con- 
centric circles, the motion of the object will appear, r. 
ſpectively to the eye's imaginary place, as compounded 


of a motion revolving in an epicycle about the objects 


true place; and of a real motion of the centre of that epi- 
cycle in the object's orbit. The object is therefore, te- 
latively to the eye's imaginary place, in the ſame caſe a 
the point A (Fig. 54, 55, 56.) viewed from the point 8: 
The optic path of the object muſt then be a ſeries of epi. 
cycloids equal to the number of times the eye returns to 
the ſame ſide in the plane of compariſon ; (for by theſe 
returns only the object appears, with regard to the point 
S, to have made a revolution in its epicycle ;) the nature 
of theſe epicyclojds depend on the relation between the 
circumference of the epicycle, or of the eye's orbit, and 
the magnitude of the arc AB, ſimilarto the arc OI, * 
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the object does deſcribe during the interval of the eye's 
return to the plane of compariſon. 

[. To find the expreſſions for this relation, 1t muſt be 
obſerved, that as the eye and the object move in the ſame 
direction, the eye advances towards the plane of compa- 
riſon only by the exceſs of the eye's velocity above that 
of the object. Therefore ſay, as the exceſs V, of the 
eye's angular velocity above that of the objects for any 
time, is to V, the object's velocity during that time; fo 
is 360®, the ſum of the exceſſes of the angular velocities 
gained by the eye upon the object in returning to the 

lane of compariſon, to the ſum of the angular velocities 
of the object during the interval of that return; this gives 


boð— V 
A for the expreſſion of the angle OSI or ASB equal 


to that ſum (Fig. 56, 55, 54). Now the radius of the 
arc AB is SO—-AO=R—-r ; but (91) an arc = angle x 
radius : Therefore the arc AB — Rr. The 
epicycle APDM is by the ſame reaſon 360 xr : There- 


fore the arc AB, is to the epicycle APDM, as N x 


R—r to 360*Xr; or as 2 XR tor; or as VR— 


R For u—V 
V o 


373. II. When the orbit MD ofthe object (Fig. 57) is 
included in that of the eye; as when the eye really de- 
ſcribes the arc ab in the time of a return of the eye to the 
plane of compariſon on the ſame ſide; then the centre S 
of the obje&'s orbit will ſeem (351) to deſcribe the equal 
are OI; and ſince the object makes at the ſame time a revo- 
lution in its circle MDP, therefore to an eye ſituate in the 
imaginary place S, the object appears to move in a circle 
equal to MDP, while the centre of that circle deſcribes the 
arc Ol. Therefore the optic orbit of the object muſt alſo 
be a curve AQBKC compoſed of epicycloids whoſe na- 
ture depend on the relation between the arc AB and the 
circumference of the circle MDP. Now the arc AB is 
the ſum of the angular velocities of the eye; the „ 


Vr to ur—Vr ; or laſtly as 
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that arc is -R; and it has been ſhewn, that MDP= 
360*XR; and the arc AB= 9 Xr—R. Therefor 


the nature of theſe epicycloids depends on the relation gf 
ur—uR to VRR, or of 


-R 10 V—u 
R " Wow 


374. Coror. I. Whether the velocities of the eye and objec ], 
uniform or not, the objects apparent place is always at the vertu 
of the epicycloid, if the eye s true place is in the plane of compariſn, 
and its imaginary place is between the object and the eye ; likewiſ, 
the objects apparent place is always at the bottom of the epicycli, 
when the eye's true place being in the plane of compariſm, i 
between the object and the eye's imaginary place, or the objet 
between the eye's true and imaginary place. For the vertex of the 
epicycloid is the fartheſt point from the centre S ; and its baſe 
the neareſt to it. Now 'tis evident that when the eye is in 
the plane of compariſon and beyond the eye's imaginary place 
relatively to the object; the eye is then at its greateſt diſtance 
from the object: But when the eye is on the hither fide, or the 
object is between the eye and its imaginary place 8, then the eye 
is neareſt to the object. Therefore in the firſt caſe the object 
apparent place is at its greateſt diſtance from the eye's imaginary 
place ; and in the two other caſes it is neareſt. 


375. Coror. II. The projections of epicycloids in the con- 
cavity of the heavens, muſt be a kind of elliptic epicycloids, 
whoſe axes T'Q are to one another as the ſines of the celeſtial arcs 
meaſuring the diſtance from the plane of the eye to that of the 
object's epicycle (361) ; and-whoſe vertexes Q, K, muſt ap- 
pear as the points neareſt to the eye's plane ; alſo the extremities 
A, B, C, muſt appear as the points moſt diſtant from the eye's 
orbit (362). 
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ARTICLE II: 


Application of the preceding Theory to the Phenomena cauſed 
by the Earth's annual Motion. 


776. JN applying the foregoing theory to the pheno- 

mena ariſing from the earth's annual motion, it 
muſt be obſerved, 1*. That what has been therein gene- 
rally called the plane of the eye's orbit, is the plane of 
the ecliptic. 2% That the eye's orbit is the ellipſis annu- 
ally deſcribed by the earth about the ſun, and differs but 
little from a circle; its greater axis being to its leſſer as 
2000142 to 1999857, 3*. That as the ſun apparently 
deſcribes this ellipſis about the earth, and the earth ap- 
pears to be in the centre of the celeſtial motions, tho? it 
ice be quite the contrary, what has been called the eye's ima- 
the WW ginary place, is the true place of the ſun's centre. 4. That 
e e plane of compariſon is the plane of a great circle per- 
bh pendicular to the ecliptic, paſſing thro* both the ſun and 
5 ſtar obſerved, Therefore / 304) when the eye is placed in 

the plane of a circle of latitude, if it ſees the ſun and ſtar 
con the ſame ſide, the ſtar appears to have the ſame longi- 
„ WI tude with the ſun, and is ſaid to be in Conjunktion with the 
cs Wi ſir, and this caſe can happen only one way, when the 
he WW ſtar's orbit includes that of the earth; but may happen two 
P” WE vays if the earth's orbit includes that of the ſtar. For 
„den the ſtar may be ſeen on the ſame fide with the ſun 
but beyond him, which is called the ſuperior conjunction; or 
the ſtar may be between the earth and the ſun, which 1s 
called the inferior confundtion. But when the eye is in the 
plane of compariſon between the ſtar and ſun, and they 
appear to be diſtant from each other 180 degrees of lon- 
gitude, the ſtar is then ſaid to be in Oppoſition with the 
ſun, In general, a ſtar is ſaid to be in the S7zygies when 
in conjunction or oppoſition. | Laſtly, when the eye is ſo 
far diſtant from that plane, that the arc of the ecliptic 
comprehended between the ſun and the plane of the ſtar's 
arcle of latitude, is 90“, the ſtar is then ſaid to be in 
Wadrature with the ſun. 
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ARTICLE III. 


Of the apparent Motion of the fixed Stars, cauſed by th 


Earth's annual Motion, 


377. A Ccording to the theory of apparent motions; if 
the ſlars are fixed, each of them mult appex 


annually to deſcribe a ſmall ellipſis in the heavens, which Kit» 
is che projection of their epicycle or optic orbit: The Wl called 1 
principal axis of this ellipſis muſt be parallel to the plane longitu 
of the ecliptic (354), and equal to the chord of an arc in Wl |xritude 
the heavens which ſubtends the ſtar's epicycle, or that of WW :allax « 
the earth's orbit, being equal to it (348); and the «WM in 
ſubtended by this axis, will conſequently be leſs in pt rothins 
portion as the ſtar (apparently ſituated in the concavity Wil . 380 
the heavens) is at a greater diſtance from the earth (31) in the 
The leſſer axis muſt be perpendicular to the plane of the the Col 
ecliptic 3 that is, in the plane of a circle of latitude de. retrogt 
termining the ſtar's longitude on the ecliptic ; and te lipfis i 
lefier axis will be to the greater, as the ſine of the ſtar's WM to the 
longitude to radius. The ſtar will, when in conjunction WW dratur 
with the ſun, ſeem ſituated at the lower extremity of the 381 
leſſer axis, or, rather, at the extremity neareſt to th: ( with t 
plane of the ecliptic: When in oppoſition, it will appea WI that t 
at the upper extremity of the leſſer axis. Alſo it wil WW magn 
appear at the eaſtern extremity of its greater axis, when Wil conds 
the earth being in the weſtern part of its orbit, the ſtar is WM almoſ 
in quadrature with the ſun ; and it will appear in the welt- WI Frenc 
ern extremity of its axis, when, the earth being in the Tl 
eaſtern part of its orbit, the ſtar is again in quadrature WI perce 
with the ſun. to fin 

378. Hence it follows, I. That when a ftar is in c. plain. 
Junction, or oppoſition with the ſun, it is ſeen in its true \n- WM oppo 
gitude; becauſe ſeen in the plane of a circle of latitude tha WW appai 
paſſes thro* the ſtar, the ſun and the eye; but is not jen Ml ceſliy 
in its true latitude : For in the conjunction, where the ſtar WI ſtars, 
is at the inferior extremity of the leſſer axis, its apparent Wl in or 
latitude is then leaſt, or the difference from its true lat: WW whic 


tude 
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wde greateſt; and on the contrary, when in oppoſition 
is latitude is greateſt, Alſo when a ſtar is in the qua- 
lratures, ils apparent and true latitudes are equal,” being 
then in its greater axis which is parallel to the ecliptic and 
ifſes thro* the ſtar's true place; but its longitude then 
fers moſt from the true longitude. In every other ſitua- 
ton beſide theſe four, the ſtar's apparent place differs from 
is true place both in longitude and latitude, 

79. The difference between a ſtar's true place ſeen - 
fom the ſun, and its apparent place ſeen from the earth, is 
called the Parallax of the annual orb, The differences in 
longitude are called Parallaxes of longitude; and thoſe in 
latitude, Parallaxes of latitude. In the ſizygies, the pa- 
fallax of the annual orb is nothing in longitude, but great- 
eſt in latitude; and in the quadratures, that parallax is 
nothing in latitude but greateſt in longitude. 

380. II. Every flar muſt appear direct during fix months, 
in the inferior half of its ellipſis, that is, in going thro? 
the conjunction from one quadrature to the other; and 
retrograde during fix months, in the ſuperior part of its el- 
lipſis in paſſing thro* the oppoſition from one quadrature 
to the other. But they appear ſtationary when in qua- 
tion WW drature with the ſun. | 
the 381, By the lateſt and moſt accurate obſervations made 
the with the beſt inſtruments, theſe motions are inſenſible; ſo 
xa Wh that the principal axis of the ellipſes of ſtars of the firſt 
wil magnitude ſcarce ſubtend an arc of above three or four ſe- 
hen Bi conds : Whence it follows (31) that theſe ſtars muſt be at 
r 3 8 almoſt an infinite diftance, exceeding 2 500000000000 
ell French leagues, as will hereafter be ſhewn. 
the The aſtronomers of the laſt century having however 
ur perceived annual variations in all the ſtars, were ſurpriſed 
to find the law they followed contrary to that juſt now ex- 
0 plained: The ſtars being at the extremities of their axes 
a WM oppoſite to thoſe wherein they were expected. This 
hat WY apparent contradiction deterred them from making tuc- 
e ceflive obſervations. They had determined not to uſethe 
tar ſtars, but with the utmoſt precaution in nice operations, 
ent in order to avoid the effect of theſe unknown motions, 
which are called the Aberration of the fixed flars. But 


Mr. 


174 The ELEMENTS of 
Mr. Moulineux, and afterwards Dr. Bradley having applieg 
themſelves to obſerve theſe variations with great accy 
the latter at laſt diſcovered the true phyſical cauſe of th 
apparent motion, and has given rules for its calculatiog 
and what allowances are to be made in the obſervation 
of the ſtars. This ſhall be explained in few words, 
382. 1ſt, It is a known fact by the obſervations of Jy. 
piter's ſatellites (as will hereafter be ſeen) that the ligh 
whereby objects become viſible to us, employs a ſenſible 
time in coming from the object to the eye, when at x 
great diſtance from each other, For example, a ray is 
minutes in coming from the ſun to the earth. 

383. 2d. It is alſo certain that the viſibility of objeſh 
depend on the impreſſion made on the eye by the lum. 
nous rays they tranſmit ; alſo the figure and poſition of 
objects are judged of according to this impreſſion, and 
are therefore thought to be in the right line in whoſe di. 
rection they fall upon the eye. So that if the rays of light 
tranſmitted from objects arrive at the eye after having been 
reflected, refracted, or by any phyſical accident turned 
from theirfirſt courſe, the objects are however judged 
to be in the direction of thoſe rays that enter the eye, and 
not in that of the rays immediately iſſuing from the 
object. 

364 This premiſed, if the earth had no annual mo- 
tion, a ray of light paſſing from a ſtar with any finite ve. 
locity, and arriving at the eye without being turned off 
by any phyſical cauſe, would ſhew the ſtar in its true {- 
tuation, whatſoever time that ray might employ in com- 
ing from the ſtar to the eye ; the ſame would happen tho' 
the earth was moveable, provided the velocity of light 
was infinite ; for then the earth's motion would be incon- 
ſiderable when compared with a velocity infinitely great. 
But when the velocity of light has a finite proportion to 
that of the earth, the impreſſion of the ray on the eye 1s 
neither in the direction of the ray firſt tranſmitted, nor in 
that of the earth; but like a body urged by two forces in 
different directions, ſo the light is felt in the direction of 
the diagonal of a parallelogram, formed by the directions 


of the ray and a tangent to the earth $ orbit at the _ 
where 
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where the earth is when the ray falls on ir, (for that tan- 
gent is the direction of the earth's motion) and whoſe ſides 
are in proportion to the velocities 'or ſpaces run thro* by 
the earth and ray in the ſame time, So that the ſtar's 
apparent place will be at the end of that diagonal, which 
falls on one ſide of the ſtar's true place. 

For example, let TLQI (Fig. 60.) be an indefinitely 
great circle, repreſenting the ecliptic, with the ſun at its 
centreS; P its pole, CBFD the earth's orbit, QPET a 
circle of latitude paſſing thro? any ſtar E, determining the 
longitude in T and latitude TE. Let TQ be the inter- 
{tion of the plane of this circle of latitude with the plane 


of the ecliptic. Let the earth's place be firſt in C, and con- 


ſequently when the ſtar is (376) in conjunction with the 
fun; now having joined CE, and drawn the tangent Ce, 
which is perpendicular to the plane of the circle of lati- 
tude TPQ, fay ; asthe velocity of light, is to that of the 
earth; ſo is CE to Cr. (Thus, it being known that light 
takes 8 7 of time in paſſing from the ſun to the earth, 
and that the earth deſcribes in its orbit an arc of 20” in 


WT 7 of time; ſay, as radius, is to the tangent of 20”.) 


The length of Cc being thus determined, and the paral- 
klogram ECcx conſtructed, the point x is the place in 
the heavens where the impreſſion of the light will occaſion 
the ftar to appear, and the celeſtial arc Ex is called the 


ſtar's aberration. 
From a like conſtruction made for every point of the 


earth's orbit, it follows, 

I. That ſuppoſing this orbit is circular, and the velo- 
cities of light and the earth are uniform, then all the ap- 
parent places of the ſame ſtar muſt be in a circle, with the 
ſtar's true place at its centre, and whoſe plane is parallel 
to the ecliptic ; conſequently the projection of this circle 
in the heavens is an ellipſis whoſe greater axis is pa- 
rallel to the plane of the ecliptic (36 1), its leſſer axis per- 
pendicular to that plane, and are in proportion as radius 
10 the fine of the ſtar's latitude; the ſame as for the pro- 
jected ellipſes of epicyles. According to the niceſt obſer- 


vations, the greater axis of the ellipſis of the aberration 
ſub- 


” 
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ſubtends in the heavens an arc of 40 of a prey 
circle. 4 | | 
385. II. The plane of a ſtar's parallelogram of aber. 
tion changes its ſituation every inſtant, being determined 
by the ſtar and by the poſition of a tangent to every ſuc. 
ceſſive place of the earth in its orbit; that plane therefore 
makes a revolution in a year; and becauſe of the al. 
moſt infinite diſtance of-the ſtars from the ſun and the 
earth, the earth's orbit may be taken only as'the point $, 
and the plane of the angle of aberration may be ſuppoſed 
to turn on the right line ES, drawn from the ſtar to the 
ſun, in the ſame manner as the earth moves about the 
- ſun. | 
386. III. The ſtar's apparent motion in this ellipſis 
muſt differ from that in the epicycle : For when the plane 
of the parallelogram of aberration is become perpendicular 
to the plane TPQ of the circle of latitude, which happens 
in the Sizygy, becauſe the tangent Cc is then perpendi- 
cular to that plane, the angle of aberration is not in the 
plane PQ; nor is there then any aberration in latitude; 


but this angle is meaſured by the right line Ex parallel o 


the ecliptic, and perpendicular to the plane TPQ ; (and 
is half the greater axis of the ellipſis ;) *tis therefore the 
arc of a {mall circle parallel to the ecliptic and paſſing thro! 
the ſtar's true place; then the whole aberration is in lon- 
gitude, and at its greateſt, But when the plane of the 
angle of aberration coincides with the plane TPQ, (which 
happens when the earth has run thro* 90 from the Sizygy, 
and conſequently where the ſtar is in quadrature with the 
ſun,) the angle of aberration then is wholly in latitude, and 
the ſtar being at the extremity of the leſſer axis of its el- 
lipſe the aberration in latitude is therefore greateſt, and d 
nothing in longitude, In other poſitions of the plane 
of this angle, the aberration is divided, partly in 
longitude and partly in latitude, much like a force ob- 
lique to a plane. All this is very different from the effett 


of the parallax of the annual orb, according to which the 
parallax in longitude is greateſt in the quadratures, and 
nothing in the Sizygies (378); and the parallax in * 

| | tude 
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nde Is greateſt in the Sizygies, and nothing in the qua- 
dratures. | 

Moreover, if a circle of declination RVX be conceived 
to paſs thro* the ſtar E, conſequently croſſing its ellipſis 
of aberration by paſſing thro? the centre; it is evident 
that when 4 ſtar appears at the points where that circle 
interſects the ellipſis, it will appear to have no aberration 
in right aſcenſion ; ſince (305) its true and apparent place 
will be in the ſame circle of declination : And when the. 
ſtar is in the points where its ellipſis is cut by a diameter 
perpendicular to the circle RVX, it will have no aber- 
ration in declination ; becauſe its true and apparent place 
will be in the ſame parallel to the equator. 

But all circles of declination being oblique to the eclip- 
tic, (except the ſolſtitial colure) che ſtar does not paſs from 
the term of no aherration in right aſcenſion, to that of no 
aberration in declination, in the time the earth takes to 
deſcribe 90® of its orbit; conſequently when the aberra- 
tion is greateſt in right aſcenſion, tis not abfvlutely no- 
thing in declination 3 and reciprocally. +20 

387. The aberrations of a ſtar for a given inſtant, are 
eaſily determined thus; in a circle 3x8p, (Fig. 58.) let an 
horizontal diameter IP repreſent that portion of a parallel 
to the ecliptic whereon the ſtar is placed, and the vertical 
diameter x8 repreſent a portion of its circle of latitude, 
the centre E being the ſtar's true place: Now beginning 
at the point E, divide the radii ES, ES into as many equal 
parts or ſeconds, as are found by this analogy ; as coſ. of 
the latitude of the flar, is to radius; ſo is 20 to the number 
ſugbt. And the arcs of the ſmall circle Eꝭ, Eg will thereby 
be divided, into the number of feconds they contain, Di- 
vide the radii Ex, Ep into parts of 20 each, becauſe they 
re arcs of a great circle: Alſo divide the circle 3xBp into 
hens and degrees, making the point & anſwer to the ſtar's 
longitude z write the order and name of che ſigns, going 
from leſt to right, in the upper part of the circle, that & 
may mark the weſt, 5 the eaſt, x the north, ꝙ the ſouth. 
In Ex. tike EC to Ex, as the fine of the ſtar's latitude 
6 to radius; and deſcribe (360) on the axes 88, CD, the 

| N ellipſis 
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ellipfis CID, which will, be the projection of the ſrar's 


circle of aberration, 2 : 
Suppoſe this ellipſis is made for a ſtar whoſe longitude 
is 125 in &, and latitude 36* north, the ſun being at the 
given inſtant in 14* m. From the point m, anſwering to 
14* n on the circle, draw N to 88, and 
the point M of the ellipfis is (357) the ſtar's apparent 
place ; then MP perpendicular to CD, or NE its equal, 
is the aberration in longitude, or the quantity of ſeconds 
the ſtar appears more eaſtward than it really is; and MN 
—EP is the ſtar's aberration in latitude. 
To find the aberration in right aſcenſion and declina. 
tion, the ſituation of the ftar's circle of declination rela- 
tively to its circle of latitude muſt firſt be determined. To 
do which, let A be the ſtar's true place in the heavens, 
(fee Hg. 45. and the names of the parts of that figure in 
Ne. 297,298), EA 54“, is the complement of the latitude 
AR; the arc GR, or angle PEA, is 48*, being the di- 
ſtance of 12*in 8 to the neareſt ſolſtitial colure. Now in 


the ſpheric triangle APE, there are known AE = g, 


EP=25* 282, and the angle AEP=48* ; then (Trig, 


- 92.) AP the complement of the ſtar*s declination will be 


found =41® O, and the angle PAE=26*® 50, and ſo 
much is the north part of the ſtar*s circle of declination 
AP removed towards the eaſt, relatively to the circle of 
latitude AE, Therefore (Fig. 58.) draw the diameter 


FG making to the eaſtward of Ex the angle x EF 


503 this repreſents the ftar's circle of declination ; divide 
the radii thereof EG, EF into parts of 20 ſeconds each; 


draw the diameter IH perpendicular to FG, repreſenting 
a portion of the parallel to the equator paſſing thro' the 
ſtar; and divide the radii EI, EH into as many ſeconds as 


are found by this analogy ; as coſ. of the ftar*s declination, 


is to radius, ſo is 200 to the number ſought, (which is 30'z). 


Then drawing ML, MQ, perpendicular to FG, IH, gives 
EQ=ML for the meaſure of the aberration in right af- 


cenſion ; and EL MQ will be the aberration in dech- 


nation. 


388. 
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288. There being frequent occaſion in practical aſtronomy, 
to calculate the aberrations in right aſcenſion and declination, the 
following method is here delivered; the demonſtration whereof, 
js eaſily deduced from the Memoirs of the Royal Academy of 
Sciences for the year 1737, or from Mr. Simpſon's Efſays, = 
Her the right aſcenſion. Seek in the aſtronomical tables, that 
point of the ecliptic which carreſponds to the point of the equator 
marked by the right aſcenſion of the ſtar ; this point (which call 
N,) is always that wherein the ſun being found, the aberration 
makes the apparent right aſcenſion the leaſt ; Take in the ſame 
tables, the angle made by the ecliptic and a meridian paſlin 
thro? that point N; and ſay, as the product of the radians by the 
fine of the declination of the flar, is to the product of the caſine 
xm diſtance of the ſun from the point N by the jine of the angle 
ween the ecliptic and meridian of N: So 1s 200, to the aber- 
ration in right aſcenſion : And is additive or ſubtractive, ac- 
cording to the ſituation of the ſun in reſpect to the point N, which 


-jeaſy to determine. 


For the declination, Take from the aſtronomical tables the 
leclination of the point N, and ſay, as the tangent of the ſum of 
the declination; of the flar and the point N (if of different names) 
of their difference (if of the ſame name) is to 152 coſine of the 
right aſcenſion of the flar ; ſo is the fine of the obliquity of the e- 
ecliptic, ta the cotangent of an arc, which is the diſtance between 
the point N in the ecliptic, where the aberration in right aſcenſian 
makes this right aſcenſion the leaſt, and that point of the ecliptic 
(which call T) where the ſun is found when the aberration in de- 
clination makes the declination the leaſt, by 

The point T is obtained, by ſubtracting the arc found from 
theplace of N if the right aſcenſion of the ſar is proceeding from 
0*to 90®, with ſouth latitude and north declination; or from 180 
t0270® with north latitude and ſouth declination : Or J is found 
byadding this are to the place of Nif the right aſcenſion is between 
oe and gos with latitude and declination both north; or be- 
tween 90 and 270 with latitude and declination both ſouth: 
On the contrary, the ſupplement of the ſaid arc from the place 
N muſt be ſubtracted if the right aſcenſion is between 90 and 
1809 with ſouth latitude and north declination ; or is between 
270 and 360 with north latitude and ſouth declination: Fi- 
nally, the ſupplement of this arc from the place N, muſt be 
added if the right aſcenſion is between 2700 and go with lati- 
tude and declination both ſouth ; or between 90 and 270 with 
latitude and declination both north. | 

Then ſay, as the product of the radius by the fine of NT, i: 
lo the product of the coſine of t _ diſtance of the fun from the _ 

- | 
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T, by the fine of the ſum, or difference, of the declinations of the 
far and point N; ſo is 200 to the aberration in declination : whigh 
s eaſily applied to the true declination of the ſtar, according to its 
ſituation in regard to the ſun. 

Laſtly. To calculate the effect of the aberration of light on 
the planets, ſay, as the horary motion of the ſun multiplied by the 
radius of the annual orbit of the earth, is to the diſtance of the 
earth from the planet multiplied by 20” ; ſo is the horary motion of 
the planet, in longitude, in latitude, in right aſcenſion or in deci. 


nation, to a quantity whereby the aberration of light has diminiſhed 


this longitude, this latitude, this right aſcenſion or this declina- 
tion. The demonſtration of this analogy is in the Memoirs of 
the Royal Academy of Sciences for the year 1746. 


ARTICLE V. 


Of tle relative motions of Planets, cauſed by the Eartl's 
| annual Motion. 


389. T HE planets having evidently a proper motion 


in particular orbits whoſe planes incline very 


little (25) to that of the ecliptic, they muſt appear to de- 
ſcribe in the heavens very flat elliptic epicycloids. But the 
earth's orbit being included (174) within the orbits of 4, u, 
and h, and including thoſe of 2 and g; tis neceſſary to di- 
ſtinguiſh theſe planets into two kinds, relatively to the 
earth, and to call d, V and h ſuperior planets, and 9 and 
$ inferior planets. 

Now to know what kind of epicycloid each of theſe pla- 
nets deſcribes, take for the ſuperior kind the expreſſion of 
the proportion of RV—rV to 7u—rV, and for the infe- 
rior kind, that of u -R to RV—Ra; in which V ex- 
preſſes the planet's angular velocity, R the radius of its 
orbit ; « the earth's angular velocity, and r the ſemi-dt- 
ameter of its orbit, 
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Now all being reduced to mean meaſure, and the 
angular velocities taken for a day, 129, and r= 


100. 

For H,R==955,V== 2 Therefore Ry—V: ru==rV :: 1710: 5700 
For Y,R=520,V= 5" - .- - RV—+rV : ru—vV:: 2100: 54co 
For J, R=152,V= 314 - - RV -V: I- V:: 1638: 2750 
For „R= 7e,V= 96 - - - ri—Ru:RV—Re:: 1652: 2664 
For $,R= 38, V=2455 - - - mu—Rs: RV -R: 3058 7171 


390. Therefore I. A the planets deſcribe ſhortned epi- 
gcloids, and ſhorter in proportion as the antecedent in 
each of theſe proportions is leſs than the conſequent. | 
391. II. AI the ſuperior planets are direct at the time of 
their conjunction with the ſun (369), retrograde at that of 
their oppoſition, and ſtationary ſome time before and after 
their oppoſition. And as the inferior planets cannot be in 
oppoſition with the ſun (becauſe the earth cannot paſs be- 
tween them and the ſun,) but muſt have two conjunctions 
(376), it follows, that the inferior planets are direct in 
their ſuperior conjunctions, retrograde in the inferior con- 
junctions, and ſtationary ſometime before and after. | 

392. III. The apparent velocities of the planets, whether 
direct or retrograde, accelerate from one ſtation to the following 
ſtation (369): Their greateſt direct velocity is in their con- 
junctions, and their greateſt retrograde velocity is in the op- 
pofition of the ſuperior planets, end in the lower conjunction 
of the inferior planets. 

393. IV. When the planets are in their Sizypies, they 
bave no parallax of the annual orbit in longitude ; that is, 
their longitude ſeen from the earth is the ſame as their lon- 
gitude ſeen from the ſun ; but in the lower conjunction of an 
inferior planet, its longitude ſeen from the earth differs 180* 
from its longitude ſeen from the ſun. For then the ſun, 
earth and ſtar are all in the plane of the ſame circle of la- 
titude (376). But the planets moving in orbits whoſe 
planes are ſomewhat inclined to one another, and conſe- 
quently always have ſome latitude, except when they are 
in the interſcction of the plane of their orbit with that of 
the ecliptic ; in he fizygies, the parallax of the annual 

N 3 2 orbit 
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orbit is very ſenſible in latitude ; and out of the Sixygies, the 
parallax is ſenſible both in longitude and latitude. / 


394. REMARK. In the preceding articles the motions of 
the planets are ſuppoſed uniform, and their orbits to be circles 
with the ſun and the eve's imaginary place at the centre. This 
hypotheſis is ſufficient on account of the ſmall excęutricity of the 
planets; but the proportions might be had more accurate, b 
taking from the aſtronomical tables, the true angular velocities of 
the planets, and their tiue diſtances from the ſun at the times of 
their Sizygies. Thus, when Mars being in oppoſition, is alſo 
in aphelion, (which happens when its oppoſition falls about the 
zoth of February,) its diſtance from the earth is then the greateſt 
that it can be in that ſituation, and then V==26' 12, or 15/2 
R=16652 ; u=1® © 20', r=9898 ; therefore RV—rV ; ry 
V:: 100; 191. And if when in oppoſition it is alſo in per 
helion (which happens when the oppoſition falls about the 25th 
of Auguſt) at which time it is the neareſt it can be to the earth, 
then V=38' 2, R=13822 ; u=58' o, r=10099. Therefore 
RV—rV : ru—rV :: 100: 143. | 

395. Hence it appears, that the epicycloid of Mars in aphe- 
lion, is ſhorter than that of Mars in perihelion, nearly as 191 tq 
143: Therefore Mars muſt be retrograde a longer time and with 
greater velocity in aphelion than in perihelion. 


CHAP. 


Of optic Iluſions cauſed in the phenomena of the diurnal Mo- 
ion, by the Poſition of the Obſerver on the earth's ſurface, 


396. BY a ſeries of optic illuſions before recited (224), 
the obſerver ſituated on the earth's ſurface, and 
imagining himſeif at the centre of all the diurnal revolu- 
tions of the ſtars, (tho? that centre is in the earth's axis) 
he muſt perceive inequalities in theſe revolutions, tho? 
uniform; this remains to be explained, ſtill following the 
ſame principles. _ 
397. Let P (Fig. 61.) be the obſerver's place on the 
earth's ſurſace þPrG., Let brD be the plane of his ratio- 
nal horizon; Z his zenith in the heavens; C the earth's 
centre and the eye's imaginary place, Let HAaR bethe 
circle of the horizon terminated in the heavens. Allo let 
HZR be the plane of the obſerver's prime vertical, CZLA 
the plane of the meridian 3 and ILK the celeſtial parallel 
that a ſtar L ſeems to deſcribe in its diurnal revolution. 
398. I. Let the ſtar be in / any point of its parallel; 


the ray whereby the obſerver ſees the ſtar is Pl; but ima- 


gining himſelf in C the earth's centre, the radius whereby 
he thinks he ſees the ſtar is Cm, equal and parallel to PI; 
ſo the ſtar's apparent place is in n, its true place in / 7346), 
By the fame conſtruction will be found the apparent places 
M, u, anſwering to the true places L, x. 
399. The angle Cm at the centre of the earth, com- 
prehended between the ſtar's true and apparent place, is 
called the Parallax of the ftar. This angle, becauſe 
PNC is a parallelogram, is equal to the angle PIC. 
Therefore the parallax of a ſtar in reſpect of the obſerver, 
is the angle at the ſtar ſubtended by a radius drawn from the 
garth's centre, to that point of the ſurface where the obſerver 


N 4 is 
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is ſituated. Or otherwiſe, the parallax of a ſtar relativeh 
to the obſerver, is the inclination of two viſual rays paſſing 
from the ſtar, one to the earth's centre, the other 10 the 
point where the obſerver'is placed on the earth's ſurface. 

400. From theſe two definitions it follows, I. That 
' the parallax is, ſtrictly ſpeaking, independent of the pbeno. 
mena of the diurnal motion of the ſtars ; and is here intro. 
duced becauſe its effects are principally concerned in theſe 
phenomena. 

401. II. The 2 cauſing the ſtars to appeat 
in other points of the heavens than thoſe where they really 
are, reſpectively to the earth's centre; muſt alſo alter the 
longitudes, latitudes, right aſcenſions, and declinations of 
the ſtars. Wherefore the difference between the longi. 
tude ſeen from the centre, called the true longitude, and 
that ſeen from the obſerver's place, called the apparent 
longitude, is called the parallax of dongitude. It is the 
ſame of the parallax of latitude, right aſcenſion, declina- 

tion, altitude, &c. 


402. The triangle CP! or its equal /mC, is called the | 


parallatic triangle. Now while a ſtar does not alter itsdi- 
ſtance from the earth's centre, its parallatic triangle has 
always two conſtant ſides, the one CJ, its diſtance from the 
earth's centre, the other PC, or im, equal to the earth's 
ſcmidiameter, | | 
403. TREOR. I. A flar fluate in any point of its pa. 
rallel, the greater its diſtance from the earth, the leſs the 
fine of its parallax. 
For in right-lined triangles, the fines of the angles be. 
ing as the oppoſite ſides ; the leſs the ſide CP is, in re- 
ſpect to the ſide Ci, or which is the ſame, the more C 


increaſes, PC remaining conſtant, the angle P/C becomes 


proportionally leſs. | 


404. Conor. 
fixed lars, Por as the angle ſubtended under the whole orbit of 
the earth's annual revolution does not exceed 3 or 4 ſeconds, the 


angle ſubtended by the diameter of the e:r:h muſt therefore be 
inſenſible. 


405. The parallax of a ſtar does not aller its true vertical 
Poſition, | 


DEM. 


The parallax is not ſenſible in reſpes of the 
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DM. If a vertical circle Zla paſs throꝰ the zenith Z 
and the ſtar's true place I, the plane of that circle will paſs 
thro* the centre C, and the obſerver's place P: Therefore 
the points P, C, /, are in that plane: And becauſe Pm is a 
parallelogram, the point m, and conſequently the parallac- 
tic angle Cm, are in the plane of that vertical circle, 


400. Coror, I. When two flars 7 to be in the ſame ver” 
tical, their true places are in that circle. oe 
* 407. Conor. II. The parallax of a flar only affe&s its alti- 
tude ; or thus, the general ect of the parallax of a flar, is to 
make it appear nearer to the horizon, or farther from the zenith 
than it really is: And the difference between the ' diſtances of the 
far's true and apparent places from the horizon, or from the xe- 
mth, is equal to the parallactic angle. Thus the angle /Cm is 
the difference of the heigths aCm, aC!, or of the diſtances from 
the zenith Z Ci, ZCm, or ZPL 

408. Coror. III. As the poſition of the ſtars is determined 
(308) only by their right aſcenſion and declination, that is, by 
their paſſage thro* the meridian and by their meridian heigth ; it 
follows, that in the meridian, which is a vertical circle, a' flar 
has no parallax in right aſcenſion, but its parallax is all in de- 
clination. At K | | 
409. Thron. III. While a ſtar does not change its di- 
ſtance from the earth's centre, the fine of its parallax, what- 
ever altitude the ſtar has, is always as the fine of its appa- 
rent diſtance from the zenith, or as the coſine of its apparent 
altitude. N 

Dem. For in the triangle PCL, PC: CL :: fine PLC 
: fine LPC=ſfineZPL=fine ZCM. And in the triangle 
PCI, PC: Cl or CL:: fine PIC : fine CPI fine ZPl=' 
fine ZCm. Therefore fine PLC: fine ZCM :: ſine PC 
: fine ZCm. | 


410. Coro. The parallax is nothing when the ſtar appears 
at the zenith, or at 90® of apparent altitude; on the contrary it is 


-- 


greateſt when the flar appears in the horizon in >, or when its ap- 


parent heigth is nothing. For then the parallax is equal to radius, 
or ſine of 90®, and the parallactic triangle PCa, or C is rett- 
angled. . The greateſt parallax is therefore called the horizontal 
parallax. | | 
411. REMARK. IV hen a flar is fo far diſtant from the earth 
. #hat its horizontal paral/ax ſcarcely exceeds a degree, then the fines 
of its different parallaxes coinciding with the arcs that 3 
: 1 m, 
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them, it may be ſaid that the parallax is always as the fine of th, 
— diftance from the zenith, and the horizontal parallax a 
radius. | 


412, TRHEOR. IV. Three of the frve following things Be. 


ing given, viz. the eyes real diſtance from the tar, the ſtar's 
real diſtance from the earth's centre, the true ſemi- diameie- 
of the earth, the true or apparent beigth of the ſtar, and the 
parallaic angle; the other two may be found. 

Deu. For then in the right-lined parallactic triangle 
three things are known, whereby the other two may de 
found by trigonometry. 

413. Corot. Therefore an obſerver ſituated on the earth, can 
Into the real diſtance of the lars from the earth's centre, only by 
their parallax, and chiefly by the horizontal parallax, which be- 
ing greateſt is beſt for this purpoſe. Thus if the horizontal pa- 
rallax of the ſun was rightly determined, the true diſtances of the 
planets would be known, becaufe the phyſical theory gives the 
exact proportion of their diſtances from the ſun : But this impor- 
tant element js not yet determined on account of its extreme 
minuteneſs. 


414. Tntzor. V. The parallax of the ſtars makes then 
2 . farther from the plang of the meridian, than they re- 

are. 

— All the verticals concur at the zenith 282), 
and gradually recede from one another as they approach 
the horizon. Now the parallax of the ſtars keeps them 
in the vertical, but makes them ſeem nearer the horizon 
than they really are; and conſequently farther removed 
from the plane of the meridian, which is the vertical 
whereto they are always compared during their whole di- 
urnal revolution. ; | | 


415. Conor. I. By the ect of the parallax, the ſtars ap- 
pear to riſe later, and ſet ſooner. ; | " | 
416. Conor. II. If a Har ſubje to a parallax, and by its 
etun proper motion from weſt to eaſt is directed to another flar ; the 
conjunction will appear to happen ſooner, (than it would had there 
been no parallax) if the far is in the eaſt part of the heavens ; 
and later if in the weſtern part. 


of 
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Of the Parallax of the Planets. 


Among the different methods invented by aſtronomen 
for obſerving the parallax ot the ſtars, the two following 
are preterable to all the reſt, 

417. The firſt, which is the moſt certain in practice, 
but has not yet been put in execution, requires two ob- 
ſervers, placed on the ſame terreſtrial meridian, one in the 
northern part of the earth, the other in the ſouthern, each 
about 50 or 60 degrees diſtant from the equator ; ſq that 
the arc of the celeſtial meridian comprehended between their 
two zeniths, may be from 8oto 100 or 110 degrees; (ſuch 
would be the ſituation of two obſervers, one placed in & 
den, the other at the Cape of good bope,) each muſt determinę 
by an exceeding good inſtrument, the diſtances of the pla- 
net from his zenith at the inſtant of its paſſage thro” the 
meridian, and the zenith diſtance of ſome one fixed ſtar 
ſituated in a parallel nearly known, and differing but litiſe 
from that of the planet. Then on each ſide, comparing the 
planer's diſtance from the zenith with that of the fixed ar. 
would give the diſtance of the planet's apparent parall 


from that of the ſtar; and if this compariſon gave jd 


planet the ſame parallel or declination relatively to 

obſerver, the planet would not be ſubject to any parallazs 
But if by theſe compariſons the planet was. found in twe 
different parallels, the diſtance of theſe parallels would 
ſhew the planet's horizontal parallax by this analogy. 
As the ſum of the fines of the two diſtances of the planet from 
the zenith, is to radius; ſo is the diſtance of the two appa: 
rent parallels of the planet, 10 its horizontal parallax. 

For example, ſuppoſe that at Upſal 1 in Sweden, where 
the north pole is elevated about 59˙ 52”, the diſtance of 
Mars from the zenith had been obſerved to be 53* 47 21, 
at the inſtant of its paſſage thro* the meridian ; and ſoon 
after the zenith diſtance of a ſtar, alſo on the meridian, 
was 53* 48 300. That on the ſame day at the Cape of good 
bope, nearly under the ſame meridian as Upſal, where the 
altitude of the ſouth pole is about 34* 15, it had been ob- 
krycd that the diſtance of Mars from the zenith, at its 


4 paſſing 
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paſſing the meridian was 40* 19 58”, and the zenith 
diſtance of the ſame ſtar was 40® 18' 10. By com- 
paring the obſervations at Upſal, Mars is higher, or far. 


ther from the equator than the ſtar, by 1 48”, So that 


if the ſtar has 6* 3 10 north declination, Mars at Upſal 
appears to have 6* 4 19, and at the Cape 6® 4” 58”, The 
difference 39' ſhews Mars to have a ſenſible parallax; If 
then the tabular radius is ſuppoſed of 10000 parts, the 
fine of 53* 47 21 is 8069, and that of 40˙ 19 58 is 
6472. Therefore as the ſum 14541, is to radius 10000; 
fo is 39“, to the horizontal parallax of 4 which is 
27. | 
| / For the plane of the equator being ſituated between 


Up/ſal and the Cape of good hope, the 39 here found is 
the ſum of the parallaxes of Mars in heigth or in decli- 


nation in reſpect of each obſerver : But (409) the paral- 


laxes are as the ſines of the apparent diſtances from the 
Zenith, and the horizontal parallax is as the radius: 
Therefore the ſum of the parallaxes, is to the horizon 
parallax, as the ſum of the fines, to radius. 

418. REMARK I, When the two obſervers are in the ſame 
hemiſphere, reſpectively to the pole, uſe the difference of the 
fines inſtead of their ſum, 


419. IL If the two places were not exactly under the ſame 
meridian, but diſtant from one another by a known quantity, 
regard muſt be had to the motion of the ſtar in declination be- 
tween the times of the two paſſages of the ſtar at the meridian. 


420. The ſecond method is more convenient as it re- 
quires only one obſerver. To uſe it with accuracy, iſt. 
determine for three or four days ſucceſſively the right 
aſcenſion of the given planet reſpeCtively to a ſtar nearly 
in the ſame parallel, at the inſtant of their paſſing the 
meridian ; in order to find by the method of interpola- 
tions the true quantity the planet has varied in right 
aſcenſion relatively to the ſtar, for any interval of time. 

2, Obſerve on one of theſe days, the planet's right 
aſcenſion relatively to the ſtar, at the inſtant the planet 
paſſes the meridian, and about ſix hours before or 
aftet : or, which is ſtill better, obſerve the planet's 
right aſcenſion relatively to the ſtar about five — {ix 
| ours 


tte ſpheric triangle Em, (Trig. 83.) fin Zm: fin ZPm :: 
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hours before its paſſage, at the time of its paſſage, 
ind about five or fix hours after its paſſing the me- 
nidian. . 

3. If the right aſcenſions determined by theſe obſerva- 
tions, differ from one another in the direction and quan- 
tity of the planet's proper motion in right aſcenſion agree- 
ing with the interval between the obſervations, the planet, 
has then no ſenſible parallax ; if not, the difference be- 
tween the quantity of that proper motion and the apparent 
motion deduced from theſe obſervations, will be a paral- 
Jax in right aſcenſion, if one of the two obſervations was 
made at the meridian, and the other before or after: But 
it will be the ſum of the two parallaxes in right aſcenſion, 
if the firſt obſervation was made before the paſſage of the 
planet thro' the meridian, and the third after this paſſage. 

4. Say, As the product of the fine of the planet's appa- 
rent diſtance from the meridian (or as the ſum of the fines of 
the two apparent diſtances obſerved before and after its paſ- 
ſug the meridian) multiplied by the coſine of the elevation 
of the obſerver”s pole, to the product of radius by the coſine 
of the planet's declination ; ſo is the difference found, to the. 
planet's horizontal parallax. | ; 

421. To demonſtrate this, let HEZ (Fig. 59.) be 
one half of the celeſtial meridian, P the pole, Z the ob- 
ſerver's zenith, HQR the horizon, EAQ the equator, _ 
LR the parallel of the planet whoſe parallax is ſought, . 
which being on the meridian at L, has a parallax in alti- 
tude, but none in right aſcenſion, Then in all other 
points of its parallel as in M, its parallax in right aſcen- 
fion is always as the ſine of its apparent diſtance from the 
meridian. For having drawn thro* Z and M the vertical 
ZT, and thro' P, M, the circle of declination MP. Let 
Mn be the parallax of altitude, then m is the planet's ap- 
parent place. Draw P, and the triangle MD is nearly 
reftiline and rectangled in D, becauſe the circles of de- 
clination are / 304) perpendicular to the parallels; MD is 
the parallax in right aſcenſion ; and the angle at the pole 
ZPm, is the ſtar's apparent diſtance from the meridian 
(291), Now MD is always as the ſine of ZPm. For in 


fin 
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, 
, 


finZP : fin ZmP. But (409) M fin Em; therefojy 
Mmx ſin ZmP= fin ZPmx ſin ZP. And in the fight, 


angle triangle MDm, as Mm: R:: MD: fin Zap 
Therefore Mmx(fin, ZnuP=RxMD=ſfin ZPmx(fin, Zp, 


therefore MD= = — . — or, ſince R and fin, ZP, are 


conſtant quantities, (54) MD= lin, ZPm. | 
422. Hence it follows, 1*. that the parallax in right 
aſcenſion increaſes from the meridian till the lar appears at 
90˙ diſtant from it; therefore to obſerve the greateſt pa- 
rallax, the obſervation muſt be made ſix hours before or 
after its paſſing the meridian, | 
423. 2. Alſo from a given parallax of right aſcenſion 
MD (Eg. 59.) at any diſtance from the meridian ZPm, 
may be deduced the greateſt parallax NF, by ſaying, as the 
fine of the apparent diſtance Z Pm of the planet, or, if two ob- 
| ſervations be made on either ſide of the meridian, as the 
ſum of the fines of the planets two apparent diſtances from 
the meridian, is to radius; ſo is the parallax MD, or ſum of 
the parallaxes given, to the greateſt parallax in right aſcen» 
ion NF. Thus s, ZP: R:: MD. NF. 


But NF being an arc of the parallel circle LR, whoſe 
degrees are leſs (353) than thoſe of a great circle, in the 


ratio of the coſine of the diſtance from the equator, or as 
the ſine of the diſtance NP from the pole, to radius; 


this arc NF muſt be reduced to its correſponding are Aq 
of the equator ; by ſaying, as radius, to the ſine of NP, 


or MP, or to the coſine of the declination AN or FL, ſo 
is the arc NF, to the arc A 


cof. EL :: NF: AQ. 

Laſtly, in the right-angled triangle AQS, which may 
be taken as rectilinear, where AQ being the greater pa- 
rallax in right aſcenſion, AS becomes the greateſt parallax 


in altitude, that is, the horizontal parallax ; the arc QC of 


the horizon, being perpendicular to the hypothenuſe AS, 
or vertical ZS ; the angle ASQ is the complement of the 
angle CQS, =PQR the heigth of the pole: Therefore 


the fine ASQ :R:: AQ: AS. Now the three laſt propor- 


tions multiphed term by term, produce 5, ZPmxRxs, 
= ASQ 


the greateſt parallax in right 
aſcenſion reduced to an arc of a great circle, Thus, R: 
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ASQ : Rx cof. ELxR :: MDxNFxAQ : NF AO 
AS; which reduced becomes 3, ZPmxs, ASQ : Rx coſ. 
EL:: MD: AS. | 

424. REMARKS. I. The parallax is hitherto ſuppoſed ſmall 
enough to be deemed a right line, becauſe the parallax of any 
lanet does not exceed 1 4. Tis however evident, that the 
fine of the parallax might have been put in all the calculations, 


| inſtead of only ſaying the parallax. | 


425. II. Different attempts have at ſeveral times been made 
aſtronomers for determining the abſolute diſtance of the "ſun 

from the earth by the horizontal parallax ; but all in vain on ac- 

count of the minuteneſs thereof; they howeyer agree in general, 

that it is not leſs than 10", nor exceeds 15”, If therefore it be 
ſuppoſed 12 4 when the earth is in its mean diſtances, the ſun's 

diſtance from the earth will by calculation be found 16500 of the 

earth's ſemi-diameters, each of which contains about 1500 com- 
mon leagues, and makes in all 24750000 leagues, The real. 
magnitudes or dimenſions of the ſun and the planets may accord- 
ing thereto be eſtabliſhed. 
* Thus, the ſun's ſemi- diameter in its mean diſtances being 
16 4% according to the moſt accurate obſervations ; the diameter 

of the ſun is to that of the earth; as 16 4” to 124; which is 
more than 77 to 1. Therefore the ſun diameter is 77 times 
greater than that of the earth: Its furface near 6000 times 
greater, and its ſolidity 460000 times. | 

In the ſame manner the horizontal parallax of Mars being ſup- 
poſed 27”, its diſtance from the earth is 76394 terreſtrial ſemi- 
diameters at the inſtant of obſervation. Therefore if from aſtro- 
nomical tables the diſtance of Mars from the earth be calculated 
(405) in ſuch parts whereof the ſun's mean diſtance from the 
earth, taken as a common ſcale for all the celeſtial dimenfions, 
contains 10000, the real magnitude of that ſcale will be found 
by ſaying, as the diſtance of Mars in parts of the ſcale calculated 
by the tables, is to the diſtance in terreſtrial ſemi-diameters de- 
termined by the obſervation of its parallax ; ſo is x0000 parts of 
the ſcale to its true value in ſemi diameters of the earth. 

Hereby the dimenſions of the orbits, and even of the bodies of 
the planets, may be computed in known meaſures ſuch as leagues, 
miles, fathoms, &c. becaufe the earth's ſemi-diameter has been 
meafured pretty exactly, and is nearly 19611500 Paris feet. 

426. Hence it is obvious, that the knowledge of the parallax of 
one planet only, would give that of the others, And as Mars in' 
oppoſition and Venus in the lower conjunction are the planets that 
approach neareſt to the earth, whoſe parallax is conſequently moſt , 
ſenſible, it follows that the parallax of one of theſe two planets is 


what muſt be chiefly ſought after. HAP. 
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CHAP. IV. | at 


Optic Illuſions cauſed by the Refraction of CDC 
the Rays of Light, in paſſing thro' the of th 


the C 
Atmoſphere of the Earth. * 
| Fr 
42 
PEfide the three cauſes of illuſions treated of in the three zenit, 
foregoing chapters, the refraction of the rays of lightis 42 

a fourth cauſe that diſturbs all aſtronomical obſervations. pear 
427. I. It is certain both by experience and the rules that! 
of dioptrics, that the rays of light are refracted from their be ſu 
rectiline direction, as ſoon as they enter obliquely a me- ſtars, 
dium whoſe denſity differs from that of the medium 4 
whence they. came ; ſo that if the medium into which refra 
the rays enter is equally denſe, they are only bent at their refrac 
entring, and then follow the new direction they have quan 
taken: But if the denſity of that medium varies, for ex- eye. 
ample, if its denſity increaſes in proportion to its depth, 4: 
the rays of light will be more and more curved, following is, tl 
in the direction and magnitude of their angles of curva- a ſtat 
ture, a law that will be a correlative to that proportion, ther 


This happens to the rays of light in paſſing from the |}. great 
ſtars to the eye: · By approaching the earth BOF (Fig. 51.) ing r 
they ſink farther and farther into a maſs of air GCH, thro? 
whoſe denſity increaſes, as the ray approaches the earth's 4: 
ſurface : Therefore unleſs theſe rays enter perpendicu- they 
larly, that is, unleſs they are directed to the centre P of and | 


the earth, and conſequently paſs thro' the obſerver's ze- Phent 
nith, the rays AC are refracted and form a curve CDO 4; 
whoſe concavity is turned towards the earth's centre P. 10 di 
Its length depends on the ſpace they run thro? in croſſing near 


the atmoſphere of air ſurrounding the earth, and its cur- 
vature depends on the denſity of the different lamina 2 all 40 


* ; 
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the atmoſphere thro' which theſe rays paſs, and on their 
obliquity in entering theſe lamina, 

428. II. It is alſo certain, that the obſerver perceiving: 
objects only by the impreſſion which the rays of light make 
on his eye; he conceives thoſe objects ſituate in the direc. 
tion of that impreſſion (383); conſequently it the ray 
coming from a ſtar A, enters the eye by a curve line 
C DO, he judges that ſtar to be in the direction of the fide 
of this curve, terminating at the eye; that is, he imagines 
the object to be in the right line Oa, touching the curve at 
the point O, where it enters the eye. 

From whence it naturally follows; | 

429. 15. The rays of light ZO coming from ſtars in the 
zenith, are not liable to refradtion. 

430. 25. By the effet of the refraction, the ſtars ap- 
bear higher above the horizon than they really are. And 


that in order to compenſate for this effect, ſomething muſt 


be ſubtracted from all the obſervations of the heigths of 
ſtars, 

431. 3*. That (cæteris paribus) theftars have the ſame 
refration at the ſame heigth above the horizon ; becauſe 
refraction does not depend on the diſtance, but on the 
quantity of air the ray muſt paſs thro? before it enters the 


432. 4*. The refraction is propertionally greater, that 
ls, the difference between the true and apparent altitude of 
a ſtar is proportionally greater, as the * ſtar is far- 
tber diſtant from the zenith, Thus the ray AO ſuffers a 


greater refraction than the ray EO; becauſe the latter be- 


ing nearer the zenith, has leſs air to paſs thro*, and paſſes 
thro* more perpendicularly. | 

433. 5*. The ſtars are really below the horizon when 
they appear to be in it: Therefore the ſtars ſeem 10 riſe ſooner 
and ſet later than they ought, according to the laws of the 
Phenomena of the diurnal motion. 

434. 69. *Tis therefore plain, that the effect of reſraction 
ij directly contrary to that of the parallax, ibo both follow 
neerly the ſame rules. 

435. 7*. That refractions muſt be inconſtant and liable to 
all the variations happening in the atmoſphere. They muſt 

O N there- 


- 
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therefore be leſs in a clear air, whether rarified by heat, | 


or by the ſituation of places towards the equator, and on 
the tops of high mountains. On the contrary, they are 
greater in moiſt and condenſed air. | | 

436. 8*. Conſequently no exact method can be laid 
down for deducing them immediately from celeſtial obſerua- 


tions, nor any phyſical bypothefis be given whence they may in 


all caſes be calculated. 


437. REMARKs. I. Experience ſhews that the horizontal 
refraction is very inconſtant, being ſometimes of 32, ſometimes 
36 Or 37. That it is ſubject to variation as far as the heigthof 
10 or 12 degrees: And therefore moſt obſervations made on a 
ſtar very near the horizon are reckoned doubtful. That at the 
heigth of 5092 it is leſs than 1, and from thence it decreaſes nearly 
uniform to the zenith. 


438. II. That 'tis the refraction which cauſes the ſun to ap- 
pear oval at its riſing and ſetting; for as it acts only vertically, it 
does not alter the ſun's diameter that is parallel to the horizon, 
but greatly ſhortens the diameter perpendicular to it, becauſe the 
refraction of the ſun's edge neareſt the horizon, is from 3 to 4 
greater than that of the ſuperior edge. 


439. III. To determine the refractions, aſtronomers compare 
the heigths of ſtars they have obſerved with thoſe they have cal- 
culated for the ſame inſtant. They either uſe the ſun, whoſe 
theory is pretty well known, or ſome conſiderable ſtar, whoſe 
declination is well determined, and which paſles thro' the ze 
nith or nearly ſo. 


440. IV. Beſides the aſtronomical refractions, the atmoſphere 
cauſes alſo a kind of particular phenomenon, that is, the morning 
and evening twilight : This is that light ſeen before the ſun riſes, 


ſenſibly augmenting ; and continuing long after the ſun ſets, di- 


miniſhes inſenſibly to give place to night, When the ſun 
is not far from the plane of the horizon, its rays that enter the 
atmoſphere are there broken and reflected, and paſs to the earth's 
ſurface in a greater quantity as the air is clearer, and the ſun 
nearer the horizon. Tis obſerved that this light begins to be 
perceptible in the morning when the ſun is near 18 degrees be- 
low the horizon ; and goes off at night when the ſun is deſcended 
to the ſame diſtance, W hence it follows, that there is no night 
in any place on the earth where the ſun is leſs than 18 degrees be- 


„it 
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Inv the horizon. This happens at Paris during the month of 
June, and in more northern countries, laſts proportionally 
longer” as thoſe countries are nearer the artic pole; and the con- 
trary in the ſouthern hemiſphere of the earth, 


. and ſetting of the ſun or ſtars, 
alſo the beginning of the morning twylight, called day break, 
or the end of the evening twylight, may be calculated, by re- 
jolving a ſpheric triangle whoſe three ſides are known: One is 
the complement of the pole's heigth ; another, the ſun's diſtance 
from the pole, which is deduced from the declination ; and the 
third an arc of 90 337, if to find the apparent riſing or ſetting of 
the fun; or an arc of 1809, if to find the twylight. The angle 
included between the two firſt ſides being found by calculation, 
and reduced to time, gives the interval of time between the 
inſtant ſought and noon, or the paſſage of the ſtar thro* the 
meridian, | 
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SECTION Il. 


Containing the Second Part of Terreſtrial Aſtronom, 

Rules for calculating the Motions of Planets and 

Comets, and the different Methods for determining 
their Theory from Obſervations mage on the Earth, 


CHAP. I. 


Of the Theory of the Planets ſeen from the 
„55 bo 


442. SINCE the two motions of the earth, cauſe 

the planets to be liable to ſo many optic illuſions, 
whereby they appear neither in their true direction, not 
in the planes of their orbits; thereſore an obſerver placed 
on the earth, from whence he intends to fix the theory of 
their motions, will naturally chuſe for the term of com- 
pariſon, the plane of the orbit of his eye, that is, the plane 


of the ecliptic; which on account of the ſituation of the 


eye, is what is leaſt liable to optic illuſions. 

But the ſun being at the centre of all the true motions, 
and in the interſection of all the planes of the celeſtial or- 
bits (2 4), the theory of the planets manifeſtly depends on 
the ſolution of this double problem; The motions ſeen from 
the ſun being given ; to determine the motions ſeen from tht 
earth: And reciprocally, having given the motions ſeen from 
the earth, to determine the motions ſeen from the ſun. 


Previous 


chara 
paſſes 
thus 1 

44. 
net ( 
grap! 
then 1 
jectio 
tic, c. 


— —— 
—— 


us 


Previous to the ſolution of this problem, *tis neceſſary 


do determine what muſt reſult from the motions of the 


planets relatively to the plane of the ecliptic, and of their 
appearance both from the ſun and from the earth. 
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The Motions of the Planets compared to the Plane of the 
Ecliptic, relatively bath to the Sun and to the Earth. 


443. T HE orbits of the planets being in as many dif- 

; ferent planes (25) every one paſling thro' the 
ſun's centre, it follows, that the right lines wherein theſe 
planes interſe& with the plane of the ecliptic, paſs alſo 
thro* the ſun's centre; and conſequently that the two points 
where each orbit croſſes the plane of the ecliptic, are dia- 
metrically oppoſite or diſtant 1 80ꝰ as ſeen from the ſun, 
Therefore during every revolution, each planet muſt de. 
ſcribe half its orbit above the plane of the ecliptic, and 
the other half below. Now the plane of the ecliptic di- 


Vides the celeſtial ſphere into two equal hemiſpheres, the 


one north, in which 1s contained the artic pole ; the other 
ſouth, containing the antarctic pole. Each planet has 


therefore a north latitude while it deſcribes one half of its 
orbit, and a ſouth latitude while it deſcribes the other half. 


The two points of a planet's orbit at the interſection with 
the plane of the ecliptic, are called the Nodes of the planet. 
The aſcending no le is that where the planet paſſes from the 
ſouthern latitude to the northern, and is noted by this 
character 8, The deſcenqjng node is that where the planet 
paſſes from the northern to the ſouthern latitude and 1s 
thus noted . 

444. Thus, let Eg Pe be the orbit of a ſuperior pla- 
net (Fig. 62.) or inferior (Fig. 63); BS CLS the ortho- 
graphic projection of that orbit on the plane of the ecliptic; 
then if the annual motion of the planet was in that pro- 
jection, it would always appear in the plane of the eclip- 


tic, conſequently would never have any latitude; but as 
| the 
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the planet moves in the orbit E2P&, it evidently follows 


that this motion ſeen from the fun and reduced to the or- 
bit of projection, muſt be explained in the ſame manner as 
was the ſun's apparent motion in the ecliptic reduced to the 


equator (246). Thus if the planet be ſuppoſed at firſt in 
its &, it then has no latitude; but advancing towards P 
its latitude continuaily increaſes, becoming more north, 
till the planet arrives at F go from &, where the lati- 
tude 1s greateſt, and equal to the inclination of the plane 
of the planet's orbit to that of the ecliptic : This latitude 
afterwards decreaſes from F to & where it is nothing ; 
then becomes ſouth latitude increaſing to the point E, at 
go? from 8; whence it decreaſes till it comes to 8, where 
it is nothing, and again changes its denomination. 

445. The latitude of a planet in any point P of its or. 
bit, is meaſured by the angle at the ſun PSL, between 
the radius SP, drawn from the ſun S to the planet's true 
place P, and the radius SL, drawn from the ſun to 
L, the projection of the point P, determined by PL 
drawn from P perpendicular to the plane of the e- 
cliptic. | 

The radius SP is called the planet's diſtance from/the ſun, 
and the radius SL is called the abridged diſtance. 

446. If the plane of the planet's orbit be ſuppoſed in- 
finitely extended to the heavens, the orbit then reſpec- 
tively to the ſun S becomes a great circle NpDb of the ce- 
leſtial ſphere, inclined to the celeſtial ecliptic” NI De; the 
interſections or nodes of theſe two circles will be in N, D; 
and if the point h anſwering to the beginning of Aries be 
marked on the orbit Ny; the arc bD is then called the 
longitude of the aſcending node; the arc bDp reckoning ac- 
cording to the order of the ſigns between the points & and 
p, where the planet ſeen from the ſun appears to be in the 
h-avens, is called the planet's longitude in its orbit : From 
the point p draw the arc / perpendicular to the ecliptic, 
and the arc Y Di of the ecliptic is called the true longitude 
reduced to the ecliptic ; the arc pl, the planet's latitude; the 
arc Dp is called the argument of latitude, which is the pla- 
net's diſtance from the aſcending node reckoned accord- 
ing to the order of the ſigns. Whence it follows that % 

| latituat 
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latitude is north in the fix firſt ſigns of the argument of lati- 
tude, and ſouth in the fix laſt ſigns. That it increaſes in 
0, 1, 2, 6, 7, 8 ſigns, and decreaſes in 3, 4, 5 9, 10, 11 
figns. The points f, e, diſtant go? from the nodes N, D, 
are called che limits of the planet. 

447. The ſines of the latitudes of a planet ſeen from the 

1, are to one another as the ſines of the arguments of lati- 
jude, For the planet's orbit reduced to the heavens be- 
ing a great circle of the celeſtial ſphere, tis evident (Trig. 
55.) that in the triangle Dp! right angled in , radius is 


to the ſine of the angle of inclination pDJ, as the fine of 


Dp to the ſine of pl; and becauſe the two firſt terms of 
this proportion are conſtant, the (ines of the latitudes are 
always as the fines of the arguments of latitude. | 

448. The longitude or latitude of a planet ſeen from the 
ſun is called heliocentric, and the longitude or latitude ſeen 
from the earth, is called geocentric, 

449. The geocentric latitudes of the planets have nearly 
the ſame appearance as the heliocentric latitudes, except- 
ing that they not only depend on the arguments of lati- 
tude, but principaily on the earth's diſtance from the pla- 
net, For, 17. When the planet is in one of its nodes, it 
has no latitude relatively to the earth, the planet and the 
obſerver's eye being in the ſame plane. 25. The planet's 
latitude is north or ſouth according as it is found in the fix 
firſt or ſix laſt ſines of the argument of latitude. 

As to the quantity of the geocentric latitude, let TR 
be the earth's orbit, T the place of the earth therein 
when the planet is at the point P of its orbit; having 
drawn TP, TL, *tis manifeſt that the planet's latitude 
muſt be meaſured by the angle PTL. 

450. The longitude of the planet P ſeen from the earth 
in T, is expreſſed by the arc of the ecliptic M; which 
(becauſe ST the earth's diſtance from the ſun is infinitely 
ſmall when compared with the ſun's diſtance from the 
ſtars) meaſures the angle at the earth + TM, compre. 
hended between the right line TM drawn from the earth 
thro* L the projection of the planet, and prolonged to 
the heavens in M, and the right line TY drawn from the 
earth parallel to the right line SY, drawn from the ſun 
| „ to 
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to the firſt point in Aries; theſe parallel right lines co. 
inciding in the point v, becauſe of their infinite length, 

451. It plainly appzars that the difference between the 
; longitude I as ſeen from the ſun, and from the earth, 
is meaſured by the celeſtial arc MJ, called 379) the pa- 
rallax of the annual orbit; or by the angle SLF: Now 
this angle is, cæteris paribus, proportionally greater as ST 
the diſtance of the fun from the earth, is greater, rela- 
tively to SL, the diſtance of the ſun from the planet's 
Place reduced to the ecliptic. Whence it follows that to 
reduce the heliocentric longitudes and the latitudes of a 
planet to is geocentric longitudes and latitudes, the earth's 
poſition relatively to the ſun, and the relation of the di- 
ſtances ST, SL mutt be known, 


AzTICLE II. 


A 1 K expoſition of the Proceſs in the calculations of the. 
Longitude and Latitude of a Planet ſeen from the Sun and 
from the Earth, for a given Inſtant. 


452. RU LE I. Reduce the given time to mean time 
(320.) 

453. it Take the interval between the given. inſtant 
reduced to mean time, and the inſtant of the epocha of 
the earth's preceding paſſage thro? its aphelion, then ſay; 
as the time of the earth's whole revolution, is to the in- 
terval found; ſo is 3605, to the earth's mean anomaly 
(134). 

454. III. Reduce the mean anomaly to the true ano- 
maly (144), which added to the earth's true apheſion 
place, gives the earth's true heliocentric place, in ſome 
point of its orbit as in T, (Hg. 62, and og, ) or reduced to 
the heavens in H; ſo that the earth's longitude will be 
the arc VDH of the ecliptic, 

455. IV. Adding fix ſigns or 180 degrees to the earth's 
true place, gives (243) the true place of © ſeen from the 


3 carl 


I 


ASTRONOMY, 201 
earth at the point O of the ecliptic, ſo that the ſun's geo- 
centric longitude will be the arc of the ecliptic {DHNO. 
456. V. Compute (145) the diſtance ST of the ſun 
from the earth. d 

457. VI. For the planet, ſay, as the time of the pla- 
net's annual revolution, is to the interval of time between 
the inſtant given and the epocha of its preceding 
thro the aphelion; ſo is 3607, to the planet's mean a- 
nomaly. 

458. VII. Reduce the mean anomaly to the true ano- 
maly, and add it to the planet's aphelion place, this gives 
the planet's true place as ſeen from the ſun, either at P in 
its orbit, or in ↄ in the heavens ; ſo that the planet's he- 
locentric longitude in its orbit is the arc Vp. 

459. VIII. Calculate the diſtance SP of the planet from 
the ſun. But the diſtances ST, SP muſt be reduced to 
one meaſure (169), ſuch, as the earth's mean diſtance from 
the ſun contains 10000 equal parts. 

460. IX. The heliocentric longitude D of the aſcend- 
ing node taken from Dy the heliocentric longitude of 
the planet in its orbit, leaves Dy the argument of lati- 
tude. 1 
461. X. Say (447) as radius is to the fine of the in- 
clination of the planet's orbit; ſo is the ſine of the argu- 


ment of latitude Dp, to the ſine of the heliocentric lati- 


tude pl. | 

462. XI. Reduce the argument of latitude Dp to Di 
the true diſtance from the node's place to the point 
whereon the place of the planet is projected; which is 
done (Trig. 52.) by ſaying = - - as radius, is to the coſine 
of the inclination of the orbit ; ſo is the tangent of the 
argument of latitude Dp, to the tangent of the reduced 
dittance Dl. ; 

463. XII. The diſtance DJ added to the longitude +D 
of the aſcending node, gives TD! the heliocentric longi- 
tude of the planet. | 

464. XIII. Reduce SP the diſtance found, (456) toSL 


the abridged diſtance ; by computing the fide SL of the 


rectiline triangle SPL right angled in L, . whereof SP is 


the hypothenuſe, and the angle PSL equal to the pla- 
a net's 
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net's latitude z therefore as radius, is to the coſine of the 
planet's latitude ſeen from the ſun ; ſo is the diſtance $P, 
to the abridged diſtance SL. 


. 405: XIV. Take the difference between DH the he. 


liocentric longitude of the earth, and YDL the reduced 
heliocentric longitude of the planet ; and in the right- 
lined triangle SLT, there is given the angle TSL, with 
the including ſides SL, ST: Calculate the angle STM or 
OTM between O the place of the ſun ſeen from the earth, 
and M the place of the planet ſeen from the earth, and 
the geocentric longitude DM of the planet, and even 
its diſtance TP, or TL, may be eaſily found, 

466. XV. Laſtly, ſay as the ſine of the angle TSL at 
the ſun, is to the ſine of the angle LTS at the earth; ſo 
is the tangent of the heliocentric latitude PSL, to the tan- 
gent of the geocentric latitude PTL, 


467. REMARKS. I. All the foregoing rules are evident con- 
ſequences of what has hitherto been ſaid, The laſt analogy s 
thus demonſtrated. In the triangle SPL, R: PL :: cot. PSL : SL. 
And in the rectangle triangle PTL ; there is R: PL :: cot. PTL 
: T. Therefore cot. PSL : cot. PTL ::SL : TL; or (Trig, 
62.) tang. PSL : tang. PTL :: TL: SL. But in the triangle 
SLT, there is TL: SL:: s, LST: s, STL. Therefore s, LST 
IS. 7 & 55-7 A © -F A8 iS of 
468. II. Theſe operations being very tedious, aſtronomers 
ſhorten them by the means of tables containing calculations al- 
ready made for finding at once the reſult of every operation men- 
tioned in the preceding rules. But ſuch tables having been con- 


ſtructed by different methods, tis impoſſible to give an explana- 


tion adapted to all of them; therefore the reader is referred to 
the books containing aſtronomical tables; whereto are annexed 
the neceſſary precepts ſhewing their uſes ; which are very eaſily 


comprehended when the general principle whereby they are con- 


ſtructed is well underſtood. The moſt eſteemed aſtronomical 
tables yet publiſhed, ate the Caroline Tables of M. Street, te- 
printed in 1710, and thoſe of M. Caſſini, printed in 1740 “. 


* But there is great reaſon to believe, that were Dr. Halley's 
tables publiſhed, which have been printed between 20 and 30 
years, ra would be found preferable to any that have jet 
appeared, 


ARTICILE 
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ARTICLE III. 


Enumeration of the Elements neceſſary for nl bing the 
Theory of the planets ſeen from the Sun and from the Earth. 


469. I T-is eaſy to conceive that the calculations in the 
preceding article ſuppoſe the following things as 

known, called 4tronomical Elements, becauſe they ſerve 

. for ſolving the general problem in Art. 442. 


*, The times of the periodic revolutions of each pla- 
I 
. The poſition of the line of its apſides. 
1 An epocha of the paſſage of the planet thro” that 
ne, 
4*. Theeccentricity of the planet, which gives the di- 
— * of its ellipſis. 
5*. The relation of the principal axis of the ellipſis of 
each planet to that of the earth. 
6. The place of the planet's aſcending node. 


7. The inclination of the planet's orbit to the plane of 


the ecliptic. 


In order therefore to eſtabliſh the theory of the p/anets, 
all theſe elements, as well for the ſun as for each. planet, 
muſt be determined from obſervations made on the earth, 
The beſt methods known for this purpoſe ſhall here be 
ſhewn. 

470. The earth's motion cauſing in the ſun only 
an apparent one equal to the real motion of the 
earth (240), it follows that there can be no difference be- 
tween eſtabliſhing the theory of the earth's reai motion by 
obſervations made in the ſun, and eftabliſhing the ſun's 
apparent motion by obſervations made on the earth. But 
the planets ſeen from the earth being ſubjcct to a parallax 
(393) which every moment changes all the circumſtances 
of their real motions ; therefore the elements of their true 
motions cannot be determined by obſervations made on the 
earth, in the ſame manner as might be done 11 the obſerver 

3 was 
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was in the ſun. Different methods muſt therefore be 
taken, which ſhall be explained in few words. 
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ARTICLE IV. 


Of the beſt Methods for eſtabliſhing the E lements of the The- 
ory of the Sun by obſervations made on the Earth; with 
Remarks on this Theory. | 


471. LTH E time of the ſun's annual revolution muſt | 


be determined by the method ſhewn in No. 24, 

that time muſt be nearly known, either by what has Ki 
ready been eſtabliſhed by ancient aſtronomers, or by ob- 
ſerving the time of a return of the ſun to the ſame ſituation 
in reſpect of ſome fixed ſtar : The interval of time elapſed 
between the two like ſituations of the ſun reſpectively to 
the ſame ſtar, muſt then be divided by the number of 
the ſun's revolutions, making that interval as great as 
poſſible, that the ſmall errors of the obſervations being 
divided in a greater number of parts, may thereby influ- 
ence it the leſs, 

For example, the 1ſt of April 1669, at oh 3“ 47” at 
night mean time ; Mr. Picard determined accurately the 
difference of longitude between the ſun and the ſtar called 
Procyon, to be 3 ſigns 8 69“ 36“, the ſun being ſo much 
to the weſt. This is the moſt ancient obſer vation made 
with the neceſſary accuracy; (fee Hiſtoriæ celeſtis, fol. 3.) 
The 2d of April 1745, M. Caille obſerved the fun to 


be in the ſame ſituation, at 11h 1o' 45” at night mean 


time, The ſun's revolution being known to be nearly a 
year, tis plain. it has made 76 compleat revolutions in re- 
ſpect of the ſame ſtar in tne ſpace of 76 years 1 day 11 6 
58". Nowin the 76 years there has been 58 of 365 days, 
and 18 biſſextiles, or of 366 days; that interval therefore 
contains 27759 days 115 6' 58”; which being divided by 
76, the quotient is 365 days Ch 8 47, for the time of the 
ſun's annual revolution, 
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ſeribing 57 127 per day about the 3oth of June, therefore 
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| 472. RRMARK. Aſtronomers having divided the interval of 
ſeveral returns of the ſun to the ſame colure, by the number of 
revolutions, have found that the revolution was of 365 days gb 
8 48, leſs by 20' than that obſerved in reſpe of the ſtars z 
whence they have concluded that each colure retrograded 40 or 
50 every year. They have therefore called the Tropical Year 
that whoſe revolution is of 365 days 5" 49, and Sydereal Year 
that, which is made in 365 days 6 of, 

In civil uſe the tropical year is preferred to the ſydereal year; 
becauſe the former brings back the ſeaſons, which depend, as al- 
ready ſhewn (279), on the equinoxes and ſolſtices, and conſe- 
quently on the returns of the ſun to the colures. Aſtronomers 
have conformed to that cuſtom, and reduced all the celeſtial mo- 
tions to thoſe colures, obſerving to allow for the 50” which they 


- (all the preceſſion of the equinoxes, 


In the ſame manner, by dividing the interval of the returns of 


| the ſun to the line of the apſides, they have found 365 days 6* 


145 ; which ſhews that this line advances every year 13", ac- 
cording to the order of the ſigns, reſpectively to the ſtars; and 
137 reſpectively to the colures. This revolution is called an- 
ali The phyſical cauſes of the preceſſion, and of the mo- 
tion of the line of the apſides, ſhall hereafter be ſhewn. | 


473. II. The poſition of the line of the ſun's apſides, 
and at the ſame time an epocha of its paſſage thro? that 
line, is found by the method explained Ne. 109. The 
ſun's right aſcenſion relatively to a known ſtar ſhould be 
obſerved when it is near the terms of its greateſt and 
leaſt velocity. Its longitudes are deduced, by ſeeking the 
two places, and the times when the ſun comes to two points 
at the diſtance of 180* o' 31+ in the middle of its ſemi- 
anomaliſtic revolution, which is 182 days 15h 74. one 
of theſe points is the earth's aphelion, and called the 
Apogee of the ſun, becauſe the earth's motion is attributed 
to the ſun'; the other its perihelion, and called the Perigee 


of the ſun. | 

For example; the 3oth of December 1743, at oh 377 
mean time, M. Caille found by means of the ſtar 
Arcturus, the ſun's longitude to be 8% 29' 12 1n , and 
on the 3oth of June 1744 at oh 3 o it was 8* 51 1510 
3, The difference of theſe two places. is 180* 21' 497, 
Which exceeds 1800 31+ by 21” 175; but the ſun de- 
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on the 3oth of June at 3h 6' 49“ in the morning, the ſun 
muſt have been in 8 29 43 at 180031 from the 
place where it was on the goth of December at oh 31 - a 
night. The interval of time is of 182 days 1 öh 3, 42" 
which is 3 33" leſs than the half anomaliſtic revolution of 
the ſun ; therefore on the goth of June at 3h 6' 49" inthe 


morning, the ſun had not yet paſſed thro* the apogee: 


Saying then (110) as 4' O“ the difference between the di. 
urnal motions of the ſun on the goth of June and the 20th 
of December, is to 57 12” its diurnal motion on the 3oth 
of June; ſo is 3' 33",to50'46", which added to 3Þ 6'49, 
gives the ſun's paſſage thro' the apogee on the goth of 
June, at zu 57 35“ morning. At which inſtant the ſun 
was in 82 31' 35%. Therefore the ſun's apogee was in 
3 ſigns 8 31 35. 

474. REMARK I. At the time of Hipparchus who lived 
140 years before Chriſt, the ſun was in agogee in 5 30 Un. It 
has ſince that time, reſpectively to the colures, advanced 33 in 
1884 years; which makes 1 3' yearly, as ſhewn before (472). 

475. II. Having found an epocha of the ſun's paſſage thro 
the apogee on the zoth of June 1744, at 3" 57” 35” in the morn- 
ing; the ſun's mean longitude for the noon of the 3 iſt of De- 
cembir, which is the inſtant moſt aſtronomers take for the epocha 
of the ſun's mean motions at the beginning of each year, may 
be found by ſaying, as 365 days 5* 49 the ſun's tropical revo- 
lution, is to 360® O O“; ſo is 184 days 8* 2' 25" the interval be- 
tween the two preceding inſtants, to 6 ſigns 141 23” ; which 
mult be added to 3 ſigns 89 31' 35” to have the epocha of. the 
ſun's mean motion for the beginning of 1745, in 9 ſigns 10? 
12 58". j 


476. III. The eccentricity. of the ſun is found by the 
method ſhewn N. 147. 


For example, by means of the ſtar called procyon, - 


M. Caille on the 3oth of September 1744 at 1844 45”, 
mean time, found the ſun's true Vngitude to be 822 31" 
in a, and on the 28th of March 1745, at o g 7” mean 
time, it was 7 53/46" in . The ſun being nearly in 
its mean diſtances at both theſe times. The interval be- 


tween the two obſervations, is 178 days 5* 20' 22", and 
the difference of the longitudes is 5 ſigns 299 31' 15. 
Now the mean motion correſponding to that interval, in 

pro- 


propot 
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proportion to the tropical year, is 5 ſigns25* 39' 52%, The 
difference is 3 51' 23', whoſe half gives 1* 55 41" for 
the ſun's greateſt equation, E 

Saying (147) as 57* 17 45, is to 57 51”, half of 15 
55 41 3 ſo is 100000 equal parts, to 1683, This is 
the ſun's excentricity. | 

After having compared together a great number of the 
like obſervations, the true elements of the theory of the 
ſun will be thereby eſtabliſhed. 


— — — 


ARTICLE V. 


the Method to reduce all obſervations of the Planets made ox 
the Earth, to thoſe which an Obſerver placed in the Sun 
would have made at the ſame time. 


477. THE theory of the ſun, or the earth, being ſup- 
poſed to be known, the dimenſions of its orbit 
may be taken as the baſe of the geometric operations ne- 
ceſſary for calculating the dimenſions of the orbits of the 
other planets, the times of their revolution being alſo ſup- 
poſed accurately known, as will be ſhewn in the follow- 
ng article, For let T (Fig. 64.) be the earth's place in 
is orbit TER; S the ſun ; STM the obſerved angle 
meaſuring the difference between the longitude of the ſun 
and that of any planet M ſeen from the earth. After a 
whole revolution of the planet, it will be returned to the 
point M; let the earth be then in R, and the angle MRS 
be obſerved. Then by the theory of the earth, the angle 
TSR and the ſides ST, SR are known. Therefore the 
angles STR, SRT and the ſide TR are known. Alſo in 
the triangle TMR there is known TR, and the angles 
MTR, MRT, therefore the ſides MT, MR are known : 
Laſlly, in the triangle MST, the ſides MT, TS and the 
comprehended angle MTS are Known, whence may be 
ſound SM the ſun's abridged diſtance from the planet at 
the projected point M of its orbit, and the angle TSM; 
which gives the difference between v ST the longitude of 
| the 
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= earth, and «SM that of the planet ſeen from the 

n. 1 | 

478. To find the latitudes ſeen from the ſun, ſay (466 
as the ſine of the angle MTS, is to the fine of TSM; þ 
is the tangent of the latitude of a planet obſerved from the 
point T, to the tangent of its heliocentric latitude. 

479. Laſtly, the planet's true diſtance from the ſun wil 
be found, by ſaying (464) as the col. of the planet's he. 
hocentric latitude, is to radius; ſo is the abridged. diſtance 
SM, to the diſtance ſought. - 

The ſame longitude, latitude, and diſtance may alſo be 
found by the triangle SRM. 

In this manner may be conſtructed, a table containing 
a great number of longitudes and latitudes ſeen from the 

| fun, and at the ſame time the diſtances of the ſun from a 
many points of the planer's orbit. 

480. REMARK. As Saturn deſcribes only 13 or 14 degrees 
of its orbit, in the interval from one oppoſition to another ; its 
longitude ſeen from the ſun at a given time may be obtained by 
interpolations only, without this reduction; provided it has been 
exactly obſerved in all its ſucceſſive oppoſitions with the ſun, 


— 


ARTICLE VI. 


Different Methods to find all the Elements of the Theory of 
the Planets by Obſervations made on the Earth, 


481. 1 find the time of the periodic revolution of a pl. 

net. This method is almoſt the ſame for the 
planets as for the ſun (471). The time of a planet's te- 
volution being nearly known, two obſervations muſt be 
choſen which were made at the moſt diſtant times poſſible, 
when the planet was found in the ſame. poſition reſpec- 
tively to the ſame ſtar, and at the ſame time in oppoſi- 
tion with the ſun, if it be one of the ſuperior planets, but 
in conjunction with the ſun if it be one of the inferior pla- 


nets, For the planet is then ſeen (393) in the ſame ry 
- | 0 


f 
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of the ecliptic as if the obſerver was in the ſun, Then 
the interval of time between theſe two obſervations being 


divided by the number of the planet's revolutions, will 


give the time of the periodic revolution reſpectively to 
the ſtars. 

482. If inſtead of ufing the ſame ſtar, two oppoſitions 
or two conjunctions were obſerved in the ſame degree of 
longitude, then the interval of theſe two obſervations be- 
ing divided by the number of revolutions, will give the 
periodic revolution relatively to the colures. But this 
method is leſs certain than the preceding; becauſe the 
planet has not the ſame anomaly in the ſame degree of 
longitude, on account of the motion of the colures which: 
8 50” yearly ; whereas the line of the apſides of the pla- 
net being fixed, the planet has the ſame anomaly, every 
time it is in the ſame poſition in reſpect of the ſame ſtar. 
But as all the motions of the planets are uſually reckoned 
from the firſt point of Aries; the time of the periodic re- 
yolution reſpectively to the ſtars being found, it mult be 
reduced to the periodic revolution relative to that point, 
by ſaying ; as 360˙ O ©), is to the time of the periodic 
revolution relative to the ſtars ; ſo is the apparent motion 
of the ſtars during this revolution, to a fourth term, 
which muſt be deducted from che periodic revolution re- 
lative to the ſtars, to have that of the periodic revolution 
relative to the firſt point in Aries, Thus, during a revo- 
lution of Mercury, the ſtars ſeem to advance 12, which 
gives 1 10” of time to be ſubtracted in order to have the 
revolution of Mercury relative to the firſt point of Aries; 


vhich is found = 87 days 23 144. In the ſame manner 


the revolution of Venus will be found = 224 days 16h 41 
3 that of Mars = 686 days 225 19 o' ; that of Ju- 
iter = 4330 days 126 27 ; and that of Saturn = 10747 
ays 2* 50. It muſt here be obſerved, that by compar- 
ing the moſt ancient and modern obſervations, it appears 
that the time of Jupiter's revolution is increaſing, and that 
of Saturn is decreaſing pretty ſenſibly. Soe the Reflec- 
tions on this ſubject at the end of this Treatiſe, 
483. II. To find the paſitian of the line of the apfides. 
CON Met bod 
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Firſs Method. The ſituation of this line being nearly 
known; find, by the means of ſeveral obſervations re- 
duced to the ſun (477), the points diametrically oppoſite, 
wherein the planet is at the end of one half its revolu- 
tion relative to the ſtars (109.) 

484. Second Method, Take three obſervations of the 
planet ſufficiently diſtant from each other, and reduced tg 
the ſun ; alſo three diſtances of the planet from the fun 
found by the reduction above explained (479) ; then find 
(128) the dimenſions of the ellipſis correſponding to thoſe 
three obſervations. i 

485. III. To find an epochs of the paſſage of a planet thr _ 
the line of the apſides. 

If the poſition of the line of the apſides has been found 
by the firſt method (483), the epocha required is at the 
ſame time known: But if by the ſecond ; obſerve the pla- 
net near the time when it ſhould be in the line of the ap- 
ſides ; let theſe obſervations be reduced to thoſe that might 
have been made in the ſun; and the inſtant when the planet 
paſſes thro? this line is eaſily found, its motion being then 
uniform (87). 

486. IV. To find the eccentricity of a planet” s orbit. 

. The ſecond method for finding the line of the apſides 
(484); gives at the ſame time the planet's eccentricity, 
Otherwiſe ; obſerve the places of the planet when it 1s 
about 3 ſigns diſtant from its apſides, conſequently near 
its mean diſtances : Theſe obſervations reduced to thoſe 


which could have been made in the ſun, the greatelt e- 49 
quation of the planet will be found by the method ex- || to the 
Plained Ne. 153. and conſequently its eccentricity. Fir 

487. V. To find the proportion of the greater axis of each f| gitud 
planet*s orbit, to the greater axis of the earth's orbit. thoſe 


The ſecond method for finding the line of the apſides, I greats 
ſhews the proportion ſought. Otherwiſe ſay (167), 5 J planet 
the time of the periodic revolution of the earth, is to the I the pl 
time of the periodic revolution of the planet; ſo is the 49 
ſquare root of the cube of the principal axis of the earth's I planet 
orbit, to the ſquare root of the cube of the principal axis of || atthe 
the planet's orbit. Or the poſition of the line of the ap- | the di 
ſides being found by the firſt method (483), the mage ſeen fi 

0 ; 
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ef that line is eaſily found by reducing the obſervations 
made on the earth, to ſuch as could have been made in 
the ſun. | 


488. VI. To find the poſition of the line of the nodes. 


Firſt Method. Obſerve the planet's place where it has 

latitude 3 this place reduced to that which would have 
been ſeen from the ſun, gives the place of one of the 
nodes. þ 

489. Second Method. Obſerve the time and place of a 
conjunction or oppolition of the planet with the ſun, when 
the planet's latitude is but ſmall ; then determine by ob- 
ſervation, the time when the planet had no latitude ; and 
calculate, by the theory of the planet, determined in the 
preceding articles, the true arc which the planet has run 
thro' in its orbit, ſeen from the ſun, between the time of its 
oppoſition or conjunction, and that of its paſſage thro? the 
node; this arc added to, or ſubtracted from, the place 
wherein the conjunction or oppoſition was obſerved, will 
give the node's true place. 
According to Caffini's tables, the aſcending nodes of 
the planets, on the iſt of January 1700, were as fol- 
lows. | 


h in 21*13' 29“ a 


2. 7 29 53 95 
q 17 17 25 8 
9 13 59 25 1 
8 14 43 © 8 


490, VII. To find the inclination of the orbit of a planet 
to the plane of the ecliptic. - | 

Firſt Method, Having a ſeries of obſervations of lon- 
gitudes and latitudes ſeen from the earth, and reduced to 
thoſe which would have been ſeen from the ſun ; the 
greateſt of theſe latitudes is equal to the inclination of the 
planet's orbit, eſpecially if that latitude was obſerved when 
the planet was go? from its nodes. | 

491. Second Method, If the ſun and the place of a 
planet's node are found in the ſame point of the ecliptic, 
a the time that their apparent diſtance is 90 that is, if 
the difference between the longitude of the ſun and planet 
ken from the earth, is three ſigns : Then the COEY 

| P 2 0 
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of the planet's orbit is equal to its latitude as ſeen from 
the earth, For the earth heing then in the inter. 
ſection of the planes of the ecliptic and planet's or- 
bit ; the plane of the angle formed at the obſery. 
er's eye between two rays, one paſſing to the planet, 
the other to its point of projection on the ecliptic, is per- 
pendicular to this interſection. Therefore the angle 
at the obſerver's eye is then equal to the inclination of 
the two planes. 

492. Third Method. Hence is deduced another me. 
thod. This conſiſts in obſerving very accurately the lon. 
gitude and latitude of the planet when the ſun paſſes thro' 
its node; and when that latitude is not leſs than the in. 
clination ſuppoſed nearly known; ſay, as the fine of the 


obſerved elongation of the planet from the ſun, is to the tan. © 


gent of its obſerved geocentric latitude ;, ſo is radius, .to the 
. tangent of the orbit's inclination. 

For let NST (Fig. 70.) be the line of the nodes of the 
planet, S the ſun, T the earth, P the planet's place in its 
orbit : PL being drawn perpendicular to the plane of the 
ecliptic, and drawing PT, LT, the angle PTL is equal to 
the obſerved latitude. PR being alſo drawn perpendicu- 
far to the line of the nodes, the angle PRL is equal to the 
inclination of the planes of the planet's orbit and theeclip- 
tic, The angle RTL is the planet's elongation from the 
ſun, or the difference between the longitudes of the ſun 
and planet. Now in the right angled triangle RTL, 
there is : TL::ſme RTL : RL. And in the rectangled 
triangle PTL, there is r: TL:: tan PTL: PL. There 
fore ſine RTL: tan PTL :: RL: PL. But in the right 


angle triangle PRL there is RL: PL:: 7: tan PRL: 


Conſequently fine RTL: tan PTL :: r : tan PRL. 
493. VIII. To determine if the nodes and aphelions of the 
Planets are fixed; or if moveable, to find the quantity of their 
motion. | 
Having two paſſages of the planet thro? its aphelion, or 
thro* the ſame node, obſerved at the moſt diſtant times 
poſſible ; then dividing the interval of time between thoſe 
two paſſages, by the number of revolutions of the planet, 
relative to the ſtars, if the quotient is equal to the planet's 
periodic 
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periodic time, the aphelion and node are immoveable; if 
18 than the periodic time, the aphelion or node are retro- 
grade; if greater, the aphelion or node advances accord- 
ing to the order of the ſigns ; and the difference between 
this quotient and the periodic time, will ſhew what is the 
motion of the line of the apſides, or of the nodes. 


404. REMARK. The obſervations left by ancient aſtrone- 
mers baving been but groſly made, it cannot be decided whether 
the nodes and aphelions of the planets are fixed or moveabl: : 
Thoſe who attribute a real motion to them, find it ſo ſmall, and 
the one in one direction, the other in another, that they may 
without any ſenſible error be ſuppoſed fix d; excepting that the 
aphelion of the earth appears to advance yearly 130 in reſpe& of 
the ſtars by the moon's action, as hereafter will be ſhewn. 
Therefore the other aphelions and nodes ſhall be ſuppoſed to have 
noother motion, than that whereby they appear to advance yearly 
50” relatively to the colures, which retrograde by ſo much at a 
mean, relatively to the ſtars (472). 


— - = 
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ARTICLE VII. 
Of the Light and Figure of the Planets. 


BY obſervations made with teleſcopes, the following 
facts are laid down as certain. 
495. I. Planets are opaque bodies, having no light of their 
own like the ſun, but appear luminous by reflefting the rays 
of light received from the ſun on their ſurface : In the ſame 
manner as a looking-glaſs appears glaring with light, when 
'- aq as to reflect to the eye the rays it reccives from 
the ſun, 
For Mercury and Venus are ſubje& to the ſame phaſes 
as the moon (ſee Sect. VI. Art. I.) according to their dif- 
ferent aſpects with the ſun ; thus they appear quite round 
and enlightened when near their ſuperior conjunction with 
the ſun, and appear like a creſcent when approaching their 
inferior conjunction, where they diſappear unleſs cy 
have a conſiderable latitude. It happens alſo, that wheh 


in their inferior conjunctions, if their latitude is leſs than 


| 3 16, 
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16, they appear to paſs over the ſun's diſk, wherein they 
are ieen as very black round ſpots, Now if theſe planet 
were as luminous as they ſeem to be, their light muſt ei. 
ther be loſt in that of the ſun, and would then be inviſible 
in theſe conjunctions, or be diſtinguiſhed from the light 
of the ſun by its greater or leſs brightneſs, or by its dif. 
ferent colour. | 

Mars is alſo ſubject to phaſes, for in oppoſition it ap. 
| pears perfectly round; but near the quadratures it ap 
nearly like the moon three or four days before and after 
the full moon. | 

Jupiter and Saturn do not appear ſubject to theſe phaſes, 
their diſtance from the earth being ſo great, that they 

ar from thence nearly as they would from the ſun : But 
as theſe planets evidently caſt a ſhadow oppoſite to the 
ſun, whereby their ſate lites diſappear when they paſs thro 
that ſhade ; and alſo ſince theſe ſatellites caſt a ſenſible 
ſhadow on the ſurface of their planets, thoſe planets and 

their ſarc].ites are doubtleſs opaque bodies. 
43596. II. The planets are globes not perfectly round, but a 
little flatted, ſo that their axis of rotation is ſomewhat ts 
than the diameter of their equator, | | 

This Eatned figure has been obſerved only in Jupiter 
and the Earth ; the other planets being ſeen under angles 
too ſmall for diſcovering the inequalities of their diame- 
ters. *Tis however eaſily ſhewn that if the ſurface of the 
planets is covered totally, or in part with a fluid matter, 
ſuch as the ſeas upon the earth; they cannot have a 
motion of rotation without being flatned towards the poles, 
and ſwelled towards the equator. 


497. For in this hypotheſis, the figure of the planet 


muſt neceſſarily be ſuch, that the whole maſs of fluid 
whoſe particles gravitate towards the planet's centre, may 


remain in equilibrium. And indeed theſe particles being, 
by the nature of fluids, capable of yielding readily to 
every impreſſion, and to move caſily among themſelves, 
they muſt be ſo placed as to tend with an equal force to- 
wards the fixed point whereto they gravitate, and conſe- 
quently keep in equilibrium about this point. But the 
equilibrium could not ſubſiſt with the motion of ron 
3 . 
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if the planet was a ſphere ; for the points of its ſur- 
face would by that motion deſcribe about its axis greater 
circles and with a greater velocity, in proportion as they 
were at a greater diſtance from the poles, or nearer the 
equator z whence it follows that by this motion, theſe 

ints would acquire proportionally a greater force to fly 
off in tangents from their circle. 
This tendency would therefore diminiſh their gravita- 
tion towards the centre of their planet, and conſequently 
the parts of the globe would gravitate leſs in proportion 
as they were more diſtant from the poles ; therefore the 
fluid parts near the equator making leſs reſiſtance to the 
effort which draws the parts near the poles towards the 
centre, the parts near the poles would flow towards the 
equator, ſwell thoſe already there, and thereby flatten the 
figure of the planet, leaving leſs matter near the poles and 
gathering it towards the equator ; or elſe would overflow 
the lands near the equator, which would equally alter the 
figure, To prevent therefore this inundation, the lands 
near the equator have been conſiderably raiſed, and the 
planet flatned at the poles and ſwelled towards the equa- 
tor. So that the diminution of the gravitation cauſed by 
the rotation is compenſated by that exceſs of matter, and 
all remains in equilibrium. | 

498. Hence it follows, 1. That the ſwifter the motion of 
rotation, the more the planet is flatned; thus the velocity of 
Jupiter's diurnal motion which is but of qh 56, tho' that planet 
be 456 times bigger than the earth, cauſes its flatneſs to be very 
ſenſible. | 

499. 2% That of all the circles imagined on the ſurface of a 
planet, only the equator and its parallels are circles ; the others, 
as the meridians, verticals, horizons, Cc. are of an elliptical 
figure. The meridians are ellipſes whoſe lefſer-axis is directed to 
the two poles, and the greater axis is in the plane of, and equal to 
the diameter of the equator. | 

500. 3®. Conſequently the 360 equal degrees of every cir- 
cular celeſtial meridian do not anſwer to 360 equal parts taken 
on the circumference of the correſponding meridian on the pla- 
net: Thus on the earth, for example, the lengths of the arcs of 
a terreſtrial meridian anſwering to equal arcs of a celeſtial me- 
ridian, are not equal; but are leſs in the moſt convex parts 


of the earth's ſurface, and greater in its flatned parts. 
„ Whence 
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Whence it follows, th : lengths of the degrees of a terreſtrial 
meridian anſwering to degrees 4 the celeſtial meridian, arg 
greater as they gradually Wilfoach the poles, and leſs as they ars 
nearer the equator. 172 

By exact meaſures, it has been found that a degree of the ce. 
Jeſtial meridian anſwers on the earth to 57440 fathoms at the 
polar circle, to 57050 fathoms at the parallel of 45 degrees, and 
to 56753 fathoms at the equator. 


501, III. The figure of Saturn is very ſingular ; this 
planet appears concentric to a lucid body of an elliptic 
torm, whoſe principal axis is conſtant, inclined about 300 
to the plane of Saturn's orbit, and 1s to the diameter of 
the globe of Saturn as about 9 to 4; its leſſer axis varies 
continually, ſometimes widening, ſametimes narrowing, 
ſo that Saturn appears as ſeen in fig. 65. when its helio- 
centric longitude is 20% in n. It narrows afterwards 
for 7 years, which is one fourth of Saturn's revolution; 
near the end of that term it ſeems as having only two 
handles, as in fig. 67; ſoon after, Saturn appears a- 
lone, and round, as in fig. 66. This happens when its 
heliocentric longitude is 20% in ; but after ſome time 
the handles appear again as in fig. 68; then they widen in 
a direction contrary to the former, ſo that after another 
fourth of a revolution, Saturn is ſcen as in fig. 69 ; after 
this phaſe, the leſſer axis again narrows, and the body of 
the planet appears only with its handles, which again dif- 
appear, and leave Saturn quite round; this happens when 
it has 20% in X of heliocentric longitude. Soon after 
the handles again appear, and continue the ſame changes; 
which are analogous tothe variations of the apparent paths 


deſcribed by the ſatellites of Saturn; that is, the luminous 


ellipſe which ſurrounds Saturn is broadeſt when the ellipſes 
of the paths of the ſatellites are alſo broadeſt ; and diſap- 
pears when thoſe paths are become right lines, or when 
Saturn is in the nodes of its ſatellites : When that ellipſis 
is broadeſt, the proportion of the axes is as 5; to 2. 

502. From theſe appearances it may be eaſily concluded, 
thar Saturn is at the centre of a very thin circular body, 
whoſe thickneſs is not ſenſible enough to be ſeen when its 
plane is directed to the earth. This plane — the 
| 5 planet 
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planet without touching it, leaving a conſiderable ſpace 
hetween its inward circumference and the planet's body. 
The plane is called Saturn's Ring. All its phaſes are ex- 
plained in the ſame manner as the appearances of the el- 
liptic paths of the ſpots on the ſurfaces of planets, or of 
the ſatellites about their primary planet, and obſerved 
from a place not included in their orbit, as will be ſeenin 
the following Section. | 


CHAP, IK 


The Theory of C omets ſeen from the 
. Earth. 


503. T H E motions of comets ſeen from the earth are 
complicated with the ſame optic illuſions as choſe 
of the primary planets ; ſince the twofold motion of the 
earth and its magnitude is the cauſe of ſuch illuſions, 
But what they have more than the planets, ' and occaſions 
them to be taken more notice of, is a long train of light 
which uſually attends them, and is called their zail. It 
is almoſt always oppoſite to the ſun, and as the comet a 
proaches thereto, its length and brightneſs gradually in- 
creaſes ; it is always largeſt when the comet begins to re- 
cede from the ſun's rays, after having been in conjunction, 
with but little latitude : And when the comet is very far 
from the ſun it has ſcarce any tail, being only ſurrounded 
by a nebuloſity whereby the border of its diſk cannot be 
diſtinguiſhed, but ever appears confuſed and ill termi- 
nated, 
504. According to the moſt probable opinion, this tail 
is a vapour ariſing from the body of the comet by the 


action of the ſun's heat, in approaching very near 4 it, 
| f alter 
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after having been a conſiderable time very diſtant from it; 
during which time the comet may have gathered a 
quantity of moiſture, Tis remarked that the leſs the 
perihelion diſtance of the comet, the longer its tail, and 
reciprocally: But this being a ſubject purely phyſical, it 
| ſhall not be further inſiſted on. 


ARTICLE I. 
Calculation of the Motions of Comets ſeen from the Earth. 


50g. Hung ſnewn (201) the trajectory of a comet to 
be nearly a parabola, in whoſe focus the ſun is 

placed, it follows that the elements neceſſary for comput- 
Ing its geocentric longitude and latitude, are, | 

15. The inſtant of the comct's perihelion which ſerves 
as an epocha. 

25. The perihelion of the comet's orbit. | 

3*. The diſtance of the perihelion from the fun, in 
parts of the radius of the earth's annual orbit. 

4*. The poſition of the aſcending node of that orbit. 

5*. The inclination of its plane to that of the ecliptic, 

For, theſe elements being known, the computation of 
the longitude and latitude of comets, ſeen from the earth, 
differs very little from that of the planets ; as will appear 
from the following precepts and example. | 

From the computations hereafter mentioned (555), the 
comet in 1739, which was retrograde, was found to pals 
through its perihelion the 17th of June 1739, at 100 9 
30 mean time; the perihelion of that comet's orbit was 
in 3*12* 38' 400; the perihelion diſtance of that comet 
from the ſun was o, 67358 parts, the mean diſtance of the 
earth from the ſun being =1 ; the aſcending node in o- 
27* 25' 14 ; and the orbit's inclination 55* 42 44”. 

Required that comet's true place as ſeen from the earth 
on the 17th of Auguſt 1739, at 14* 20 mean time. 


500. 


its ſupplement to 12 ſigns is 112120 7. 
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506. I. Take the time between its paſſing through the peri. 
belion and the given time; which is 61 days 4 10 300. Re- 
duce the hours, minutes and ſeconds into decimal parts of a 


dy, this gives 61,174 days. 


507. II. Take two thirds of the logarithmic perihelion 


. diſtance ; Subtrakt it from the logarithm of the time between 


its paſſing through the peribelion and the given time; the re- 
mainder will be the logarithm of that interval reduced to the 
diſtance in days from the peribelion of the orbit, calculated in 
the general table (p. 112). The logarithm of the perihe+ 
lion diſtance is 9,828388, its 4 is 9,742582, which ſub- 
tracted from 1,786567, the logarithm of 61,174, leaves 
2,043985, the logarithm of 1 10, 6587 days. | 

508, III. Find in the table (p. 112.) the true anomaly 
anſwering to the time found; and when the comet is dirett, 
add that anomaly to the peribelion's place, if the given time 
follows that of its paſſage through the perihelion z or ſubtrat? 
it, if the given time precedes the ſaid paſſage : But when the 
comet is retrograde, add the true anomaly to the peribelion”s 
place, if the given time precedes that of the paſſage, and ſub- 
tract it, if the given time follows it; and the reſult will be 
the true beliocentric place of the comet in its orbit. 

In this example go 2138 or 3* O 21“ 38" is found in 
the table to anſwer 110, 658 7 days, which muſt be ſub- 
trated from 3* 12 38' 40 the perihelion's place, the 
comet being retrograde, and the given time following that 
of the paſſage through the perihelion; the remainder 
o 12 17” 1” 15 the true heliocentric place of the comet in 
its orbit. | ö - 

509. IV. Subtraing the place of the aſcending node from 
the comet*s true heliocentric place, will leave the argument of 
the comet” s. latitude (460). | 

Thus ſubtracting o 27 25 14” from of 12 17 15 and 
the argument of latitude is 1114 61 47. 

510. V. Say (462); as radius is to the coſine of the in- 


clination; ſo is the tangent of the argument of latitude, to 


the tangent of the comet s diſtance from the aſcending node, 
meaſured in the ecliptic. 
In this example the diſtance will be found =8* 39 53", 


511, 
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511. VI. Add the diſtance found in Art. V. to the true 
place of the node, the ſum will be the comet's true beliocen- 
tric place reduced to the ecliptic (463), vr its true longitudg 
ſeen from the ſun. | 

Therefore the comets true heliocentric place reduced 
to the ecliptic is o 1845 21", | 


512. VII. Say, (461), as radius is to the fine of the ar. 
gument of latitude, ſo is the fine of the inclination of the co- 
met's orbit, to the ſine of its latitude ſeen from the ſun. 

In this example, 1227 34 is the comet's latitude 
ſeen from the ſun; which is ſouth, becauſe the comet is 
found in the ſix laſt ſigns of its argument of latitude 
(446). 5 

513. VIII. Calculate the ſun's diſtance from the earth, 
and its true place; from which ſubtratting ſix figns leaves 
the earth's true place ſetn from the ſun ; then the difference 
between the comet*s true heliocentric longitude, and the lo- 
gitude of the earth ſeen from the ſun, will give the angle at 
the ſun between the earth and the comet. 

In this example, the ſun's diſtance from the earth is 
10115 and its true place on the 17th of Auguſt at 14? 
20% is 4* 24 34 360. Whence the earth's true place 
ſeen from the ſun is 10* 24 34 36”, whoſe difference 
with o* 18* 45 21, gives the angle at the ſun 1* 24 10 
45", Or 54* 10 45", 

514: IX. Say, (215), as the ſquare of the coſine of half 
the anomaly (found 508), is to the ſquare of radius, ſo is 
the comet s peribelion diſtance, to its true diſtance from the 
un. 


Thus the logarithm of the coſine of 45® 1049“, half 


of goꝰ 21" ZE”, is 9,848 112; its double 9,696224, ſub- 
tracted from 9,828388 the logarithm of the perihelion 
diſtance, leaves o, 132 164 for the logarithm of the comet's 
true diſtance from the ſun. | 


515. X. Then as radius is to the coſine of the comets la- 
titude ſeen from the ſun; ſo is the comet's real diſtance from 
the fun, to its abridged diſtance, or its diſtance meaſured 
ubon the plane of the ecliptic (464). 

| | This 
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This analogy gives o, 1218 13 for the logarithm of the 
abridged diſtance, anſwering to 132377 ſuch parts, as the 
mean diſtance of the earth from the fun contains 100000, 
516. XI. Say, as the ſum of the comets abridged diſtance 
and of the earth's real diſtance from the ſun, is to their dif- 
ference ; ſo is the tangent of the complement of half the angle 
at the ſun (found No. 513), to the tangent of an arc, 
which added to this complement, if the comet's abridged 
diſtance exceed the earth's real diſtance from the ſun, and ſub- 
trafted, if the comet's diſtance from the ſun is leſs than that 
of the earth, will give the angle at the earth comprehended 
between the ſun's place and the comets geocentric place; from 
hence may eafily be deduced the come!*s longitude ſeen from the 
earth. | 
Now; as 233527 is to 31227, ſo is the tangent of 62 
54 37 (thecomplement of 27 5' 22"; half the angle at 
the ſun=54* 16! 4c) to the tangent of 14 39 17; add this 
to 62 54* 37 x becauſe the diſtance of the comet to the 
ſun exceeds that of the earth to the ſun, makes 77 357 
38", or 2* 17* 33 38" for the angle at the earth, form'd 

rays from thence to the places of the ſun and comet. 
This angle ſubtracted from 4* 24 34 36" the ſun's place 
ſeen from the earth, leaves 257 0 55" for the comet's 
true geocentric longitude on the 17th of Auguſt 1739, at 


14* 20, mean time. 


517. XII. Laſtly, ſay (466) as the ſine of the angle at 
the ſun (found No. 513.) is to the ſine of the angle at the earth 
(found Ne. 516); ſo is the tangent of the comet's latitude 
ſeen from the ſun, (found No. 512.) to the tangent of its lati- 
tude ſeen from the earth. 

That is; as the ſine of 54* 10 45 is to the ſine of 759 
33' 38"+.; ſo is the tangent of 12 27' 34 to the tangent 
of 14 54' 4 the comet's geocentric latitude. 


ARTICLE 
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| AzTricrte HI. 
A Method for determining all the Elements of the Theory of a 
Comet, by Obſervations made on the Earth. 


518. ] T is very difficult to ſettle -by a direct and geo. 
metrical method the elements of the theory of 
comets obſerved from the earth, both becauſe their peri. 
odical revolutions are not known, and their appearance 
here is of ſo ſhort duration, that they can ſeldom be ſeen 
in conjunction or oppoſition with the ſun, The want of 
ſuch a method muſt therefore be ſupplied by gueſſing and 
frequent trials. 
gig. LEMMA. The orthographic projection of a para. 
bola on a plane, is a parabola. | 5 
Dem. Let the parabola CMAD (Fig. 74.) be drawn 
on any plane Ql; and let another plane QK any ho in- 
clined to the plane Ql, interſect it in the direction of the 
right line QR. Draw AH a tangent to the parabola per- 
pendicular to the interſection QR: Let AB be a diameter 
paſſing through A the point of contact, and MP, CB, 
two ordinates to that diameter: Alſo let cmad be the or- 
thographic projection of the parabola CMA D. By the 
nature of this projection, the lines Aa, Bb, Pp, Mm, Ce, 
Da, are parallel to one another, and perpendicular to the 
plane QK : Now the points M, P, m, p, being in the ſame 
Plane, and MP parallel to AH ; therefore PM produced 
to X, is perpendicular to QR; alſo it is evident that the 
line pm produced muſt terminate in the point X, and the 
angle PXp be equal to the inclination of the planes QI, 
QK : The ſame is true with the lines BC, c; whence it 


follows, that the right-angled triangles XmM, XpP, arc 


ſimilar to one another and to the right-angled triangles 
GcC, GbB, which are in parallel planes; from hence a- 
riſe the three following proportions ; pm : PM :: Xn: 
XM; ch: CB::Gc: GC; and Ge. GC:: XM: XM: 
Therefore pm: PM :: ch: CB; and pm*: PM:: ch: C'. 
But (by con. ſect.) PM“: CB* :: AP: AB. And the 


three right lines Aa, Pp, Bb, being parallel, in the ſame 
plane, and perpendicular to QK, therefore AP: AB:: 
ap : ab. Laſtly m: chi :: ap: ab. And the curve cmad 

is 


ww Kw ca. 
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«ſuch that the ſquares of its ordinates are to, each other 
as the abſciſſes. Therefore it is a parabola. . 

520. PROBLEM. Through four right lines Aa, Bb, Cc, 
Da, (Fig. 75.) given in poſition, to draw another right line 
which ſball thereby be divided into three equal parts. 

SoLuTION. From a point E taken at pleaſure upon 
the firſt or laſt of the four lines, as upon Aa, draw any 
right line EF. In that line take PM=PE ; through M 
draw MN parallel to Bb, meeting Cc in N; draw EN 
which will be biſected in 0, becauſe the triangles EO, 
ENM are ſimilar, and MP=zPE. Produce EN, and 
make NR=NO. If the point R terminates in the line 
Dd, the problem is ſolved. But if R falls out of the line 
Dd, take on the line Ag any point e, and repeating the 
foregoing operations, determine in the line en the point r. 
Join Rr by a right line cutting Dd in G; thro' G draw 
any right line GL; in GL take VS VG; draw Sl pa- 
rallel to Cc meeting Bb in I. Laſtly, through the points 
G and I, draw GK, which 1s the line required ; for then 
GH=HI ; and it is evident that if the point K had been 
taken inſtead of E, the point R would have fallen in G. 

521. I. Having collected the greateſt number poſſible 
of obſervations made on a comet, thoſe muſt be remarked 
which were taken when the comet was not toonear its pe- 
rihelion : A comet is known to be near its perthelion when 
its light is brighter, its tail longer, more luminous, 
broader, and a little bent. | 

522, II. When *tis neceſſary to interpolate obſerva- 
tions; determine four longitudes of the comet (in degrees 
and minutes only) anſwering to three equal intcrvals of 
mean time, as of three, or four days. Calculate the ſun's 
true place correſponding with its diſtance from the earth: 
the difference between each longitude of the comet and of 
the ſun, will produce four eaſtern or weſtern elongations 
of that comet; that is, the four angles at the earth, be- 
tween the ſun's true place and that of the comet reduced 
to the ecliptic, for each of the four given times. 


7 This folution is not general; tor the points R, r, may both 
fall on the ſame ſide of Dd: Beſides if the lines tend to one and 


the ſame point, the ſolution is impoſſible. 


52. 


P 
1 1 a | 
323. I Upon a lange ſheet of or fine 
* — K | : a, 

©  _,abouta foot long, 


don g. divided into 10000 equal parts. Mark 
tze ſides of the Paper caſt and weſt, ' Take r 
= - the 5 place in the plane of the ecliptie 
k ©. from this point draw the right lines Sa, Sb, Sc, Sd, making 
E 4+ © angles e che motion of the ſun in each of the thr 
F_- -_ .intervals;' and let the lengths of theſe lines be equal tothe 


 .  , diſtances of the earth from the ſun, taken from the ſeals 


= RY, ſo that the points a, ö, c, d, in direction from eaſt ts 
& _ . "welt, may reprelent the earth s true places in the ecliptic 


At the ſour determined moments of time. 25 k 
3524. IV. From the points a, ö, c, d, draw indefinitely 
|. -3 the lines ae, #8, cx, 43, (calling chem the lines of the g. 


* met's direction) ſo that the angles See, Sog, Scx, Sad, may 


the el tions. r \ _— > 
525. V. By the preceding problem (520) draw a right |} 
line AD throughche lines of the comet's direction, which 
5 =? thereby be divided into three equal parts AB, N, 
- = 526. If the four lines of direction were to. crold one 


1 "F225. Ph The poſition of the line AD being found 
then if the ws, B, C, D, incline from weſt. to call? 


5 it is retrograde; although its courſe had appeared from 
he earth, either direct or retrograde. 8 | 


their common tangent GI, which (by con. ſect.) is the 


A and D are equidiſtant from the fixed point S and. the 


line GI, Having then deſcribed the parabola MOND, 
let it be taken as the orthographic projection (519) of # 
parabola, which is the comet's true orbit. | 
Th bis conſtruction ariſes, by conſidering that in a ſmall 
interval of time, as of ten or twelve days, the parabolic 
| | = ; are 


a5 = a 


ſquare, make a ſcale XY (Fig. 7 


S F EE 


be equal to the comet's four elongations; and to the el.. 
"ward or weſtward of the fun, according to the name 


another between the earth's orbit and the ſun, the u 
| . AB muſt be found on each ſide of their interſections. 


the comet's courſe is direct; but if from the eaſt to well 
SC - 
528.” VII. From the points A, and D, as centres, des 


ſeribe the arcs SEF, SHG, paſling thro? the ſun 8; d 
directrix of a parabola whoſe focus is S ; becauſe the points 


S 


eclip 


"ee deſcribed by a comet at ſome diſtance from 3 


* 
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Jion, is nearly rectiline, hereof the parts are propartios 


pal to the times, and that they are ſeen in this proportion, 


becauſe the motion of the earth is nearly unifprm 5 
this time. And although the point S is not really in the 


focus of this projected parabola,” and conſequently MON 


not the true parabola, yet they may be taken as ſuch in 


the tentation uſed in the following calculus ; where it is 


only neceſſary tohaye the diſtances nearly from the point 
to the places of the comet projected on the plane of the 


edliptic, and not om the r 


bola. - _ 
629. Things be hes rn ſt: the comet will 


have paſſed by one of its nodes, cither towards the begin- 
ng, or towards the end of its apparition : 2d. Or it will 
have paſſed through one of its nodes in the middle of its 
apparition.: 3d. Or it will have a latitude of the ſame dev 


3 during the whole dine it has been obſerved. 


— "TA and computation in the fr coſe, when the comet 
yaſed through its node . the . 2 * 


an * Re L (7 IO 


The comet of. 1739 is beg * as an g 

4 which was obſerved by Mr. Zanotti at Bologna dus 
— the months of May, June, July, and Auguſt By the 
(count of theſe obſervations printed at Bolognain the ſame. 


ear, the light both of the comet and of its tail was molt” 
wid about the middle of June; therefore near that time 


muſt have been in its perihelion. Here follows an ex- 
dect of thoſe obſervations, OY to Nen Sime ang to 
4 endian of Parts, Ee | 


* | Long itudes Latitudes 
256 May at 8 48“ 286 9 . 27 o North 
25 h 13 59 16 1 mn... 2 25 North no 
14 8. . 15 26 n. 1 3 North _ +} 
+. 2. Auguſt 13 5 . 13 34 n. 2 48 South 
4 Auguſt 13 12. 1 5 n. 4 13 South 
10 Auguſt 12 49. 10 31 u . . 8 53 South 

17 Auguft 14 20, A be 14 57 South 


= EY —_ 


1 


— 
* 
he 


as T#Eiewewrsof — 
-  Thterpolate the four laſt obſervations, to get four. lon- 

_ Pitudes of the comet at intervals of three and a half da 
each; and according to Article II. (522) conſtruct the fot. 


lowing table. | 

oy | | ' . ra | 

pig Ob Longitudes of _ Longitudes of Diſt. of the ſun Weſtern 
Ms, the — * | 


| fun, TIRING 
Mi n | | come, 
_ 6 Aug. at midnight 212 17 41355 10136 61* 38 
10 Fug. at noon 2 10 49. 4 17,16 10130 66 27 
13 Aug. midnight 2 9 9 4 20 38 10124 71 29 

17 Aug. non 2 7 21 3 24 © 10116 76 3) 


By the means of this table, and according to the ar. 
ticles III. IV. Sc. the projection of the parabola is found 
as marked in Fig. 76. the points A, B, C, P, going from 
eaſt. to welt, ſhew that the comet is retrograde. 
531. VIII. The comet having paſſed through its de- 
ſeending node towards the end of its apparition, interpo. 
late the obſervations of the 2.5th, 25th of Juby, and 2d of 
Auguſt, to find the time and place where the comet had no 
latitude this is found to be the 29th of July 17 39, at 
Bu 48 mean time in 144 r. The ſun's true place be. 
ing computed for this time, will be found in 4* 6 7 10, 
Which gives the comet's weſtern elongation 3115 100 
The ſun's diſtance from the earth is alſo found = 
J em 
5632. Take another obſervation, the fartheſt poſlible 
from the preceding one, and where the comet's latitude ſcen 
from the earth was conſiderable ; as for example, that of 
the 28th of May. Proceeding as before, the ſun's place 
1s found in 2*6% 5&' 10", the comet's eaſtern elongation 
, from the fun is 30% 9“ 50", and the ſun's diftance from 
E  . the carth 210142. e 
= The time between theſe two choſen poſitions is 62 
=. days. 1 4 
N 33. This premiſed, it remains to find by calculation, 
the elements of a parabola anſwering the following con- lng 
ditions. 19. It muſt paſs through the two points deter-. F 
"mined from the two choſen poſitions. 25. The ſun muſt WW nalo 
be in its focus. 3*. That in the ſpace of 62 days, the Wi =4: 
comet may deſcribe the arc of 'a parabola contained be. | 
Sa * 5 e ; tween 


P * 7, 
- 
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this teen theſe two points, according to the laws ſet down iii 
days Chap. 3. of the firſt Section. 4. This wh abola muſt 
alſo pals through another. point, determined a third.ob- 


ſervation ſomewhat diſtant from the two . — as tor 
example, that of the 17th of Auguſt. ' 
534. IX. To attain which, in the bavie talke K for the 
earth's true place on the 28th, of May at 8*48'; from 


I 3 the point K . toward the caſt a right line KM, 10 that 
I 9 the angle SKM may be equal to the comet's eaſtern elon- 
5 30 gation for that time; this gives the point M for the pro- 


jection of the comer's true Place on the plane of the e- 


ar. iptic. 
bund Find allo the projection N of the comet's true place on 
from the 29th of July at 8h 48. putting L for Vo: 10 S K 


ace at that time, and making the angle N=51* 


de- 17 20% which is the weſtern elongation of the Rk 
po Meaſure upon the ſcale, the lines SM, SN, which are 
2d of (447) the. abridged diflances of the comet bal the ſun.z 


the firſt, is found of about 5500 parts; and. the ſecond 
tbout 10700. ,, Then compute as follows. 

635; Suppofition firſt. SM==5500,.(ig. 76.) and 8 

Sooo, in the triangle SKM, wherein are known Sh 
10142, SM==5500, and the angle SK Mo- 90 50, 
find the angle SMK thus; 
4 SN the ſuppoſed abridged diftance, is io SK the dj Nance 
of the earth from the ſun; ſo ig the fine of the angle f 
elongation < SKM to the fine of the angle at the comet SMK — =. 
67 56 23 from whence the angle at the ſun'KSM is 
9154 N ; this gives the comet's heliocentric longitude 
in 5 19 2 2% becauſe the carth's place K ſeen from the 
lun, is in 8s 6* 507107. 

Then calculate the comet's betiocentiic latitude thus, 
466) 3 4 fbe fine. of the angle at the earth ==30* of 50, 
is to-fang of the angle at the ſun =81* 5 8; Jo is the tan- 
gent ef the. latitude ſeen from the earth ==2 79 0ſt the 

langent of the latitude ſeen from the ſun 45 1% 49% 

' Find the comet's true diſtance from the ſun by this a- 
nalogy. ( 464). as the coſine of the — latitude © 
=45? i 55 iy is i radius ; ſo is the * diſtance 
| I? 


2 , 


_ 
A 
als.» 


F 295 mie EIn /, 
W, to the thmi!'s true diftance from the fu 96 16,3 
weaſured in the plane of its orbit. © © 
536. For the poſition of the 29th of July: In the tri. 
angle SEN are known SE==101483, SN=10700, and 
the angle SLN=51* 14 10%, By ding as in the 
firſt analogy, the angle $NLis found to be 47 40 42 
which gives the . the fun 2916 77, conſe. 
quently the comet's. heliocentric longitude is O2 17 
1 oy gh : £3 g \ A 441 
9 72 Take the difference of theſe two heliocentric lon. 
- gitudes, which is 4* 17 48“ 44 Tor 137 48, 44"; ; and 
make a fpheric triangle MmN (Fig. 77.) right-angled at 
M, wherein the fide-MN is 137 4 44%; and re- 
preſents that arc of the ecliptic paſſed thro* by the comet, 
as ſeen from the ſun, from the 28th of May to the 2gth 
of Fuly, Make the perpendicular fide M= 17 49: 
equal to the comet's heltocentric latitude on the 28th of 
May, and draw mN reprefenting an arc of a great circle, 
Which the comet, ſeen from the fun, apparently deſcribed 
in the plane of its parabolic orbit between the two deter. 
* mined times. Now in this triangle the ſide MN is eaſiy 
8 found by this analogy (Trig. Jr) As radius ts to the cofm 
of MN, the comes motion in beliocentric longitude between 
Ihe two determined times; ſo is the cofine of Mm, the comet 
Beliocentric latitude, to the cofine of mN, the comet's motion 
| in the plane of its orbit during the ſaid time : This is found 
4 r 
3538. Make a ſeparate figure (Fig. 78.) wherein Sn= 
3 7818,84, SN=10700, and the angle SN 121 24 
48"; from the points , N, as centres, with the radii ns, 
AJ NS, deſcribe the arcs Q, R; draw their common tangent 
4 | us and perpendicular thereto. draw , NR. The 
| right line QR is the directrix of the parabola ſought ; and 
SP drawn perpendicular to QR is its axis, whoſe poſition 
muſt be found ;̃ that is, the angles or true anomalies 
. SP, NSP, by the following rule; add 10 10 the cha 
. .”, raZeriſtic of half the difference ofthe logarithms of the rays 
rom the centre of forces Sm, SN | the ſum is "the logarithn 
tangent of an arc, from which ſubtrat 45%: From the logo- 
rithm tangent of the remainder, fubtrat# the legarithm a 
5 | & gen 


— 
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g of & of the angle mSN, ill leave the logarithm tan- 
gent of an arc; of which, and + of the angle mSN, the ſum 
and difference- being taken, will give the balves of the angles 
nSP, NSP; or true anomalies ſaught, © 

Ex amPLE.. The logarithm of Sm is 3.893142, that 

of SN is 54,029 38 4, their difference is, o, 136242, its 
half 1s 0,068121 : : The arc, having 10,068121 for its 
log. tang. is 4 * 28 31“: Whence taking 45* leaves 4* 
2831“; whoſe log, tang. is 8. 893582, from whence 
9,767602, the log. tang, of 30% 21' 12"=5 of 121* 24 
48", being ſubtract ubtracted, there remains 9,125980 for the 
jog, tang. of 7* 36 4574 3 whole difference with 30˙ 21 

12 gives 22 44 26 for half of the leaſt anglemSP (be- 
cuſe the leaſt true anomaly i is always next the leaſt ray); 
and their ſum 377 57 z is half the angle NSP. Taere- 
fore the true anomalies ns mSP, NSP are 45* 28” 530 and 
15* 5585 #19 

539. RamARK. This rule is general, whether the 
picular 8P fall within or without the anglc NSM: the demon- 
ftration 'whereof depends upon ſeveral trigonometrical principles 
not included in theſe Elements. But are in the Memoirg of 1. 
Royal Academy of Sciences, anno 17 46. 

540. The perihelion diſtance of this orbit is thus com- 
puted : (514) As the ſquare. of radius is to the ſquare of the 
hne of half of one of the true anmalies ; (found in the pre- 
cding article) /o is the ray from the centre of forces adja» 
cent to this true anomaly, io the peribelion diſtance. N 

Thus ; the log. coſine of 22* 44 26518 9964855, its 
double is 9,929710, this added to the logarithm of Sm, 


2 

us 35893142, makes 3,822852, the logarithm of the peri- 
ent WM belion diſtance fought ; this diſtance contains 6650 ſuch 
The parts, as the mean diſtance of the earth fromthe ſun contains 


and WF 10000 : But as this diſtance is generally ſuppoſed =1, 
jon WM ide prrihelion. diſtance | is then 0, 66505, whole logarithm 
lies i 9.822852. 

ha- 541, From the table (p. 112.) take the diſtance from 
dhe perihelion anſwering to the true anomalies z they are 
bn 30,4781 days for 45* 28' 53'; and 77,1725 days for 75* - 
6.55 554 3 to the logarithm of their ſum 113,6506 add 
. to thirdg of the * of the * diſtance, the 
gil | 23 ſum 


* 


2 %ůꝝ 95% EITE Hie 4 
ES ſum is the logarithm of 61,638 days: So chat the pars. 
Dol are of the comet's courſe was run in 61,638 days, Wil o the 
which ſhould have been 62 days; whereby it is found] 54 
that the two ſuppoſed abridged diſtances SM,” SN (Fig, BW ments 
76.) give a parabola anſwering only the two firſt of the ¶ eaſy t 
ur” conditions: neceſſary. Another muſt therefore be 13 1: 
 Tought, which, in correcting thoſe diſtances, may anſwer WM wde, 
the third condition. After that, another muſt be found Ml of the 
anſwering at once the four conditions required, n its 
| 542. To obtain the firſt correction, ſuppoſe the error 160 to 
. ariſes from the inacuracy of the diſtance SM ; increaſe it i 23+ 
therefore 100 parts, ſtill leaving SN=10700, repeat the ¶ the lo; 
| _ boperation upon this new ſuppoſition, and the reſults will WW gives 
= be as followW s. „„ 
843. Suppofition ſecond. SM— 5600 and SN=10700, WW viuch 
Then the comiet's heliocentric longitudes are 5: 12* 38' 0, Wl the 3 
And o 37 13' 1774. The latitude on the 28th of My Wl angle 
is 45* 26 32/4 The Jogarithm of Sm 3,902083, nden 
The arc mN=1 192 68 43. The true anomalies 18, 16, 
PSN are 45* 32'40';, and 74* 26' 15. The logarithm Wi the co 
of the perihelion diſtance 9, 831891. The-perihelion 54 
= diſtances, in days, according to the table, are 36, 54r, and true g 
4 | 2. Laſtly, the reduced interval of time is 62,039 wy 
= F . : . | 1091 
_ © 544: Now by increafing SM 100 parts the time has BW ſhews 
been augmented by o, 401 days: Therefore to ſatisfy the BW condi 
third condition; that is, to find a parabola whoſe arc 54 
intercepted between the determined points could have been tions, 
fled over in 62 days, ſay, if o, 401 of a day anſwer to SM 
10 parts, then o, 362 of a day, the number wanting in WW the « 
ö the firſt. ſuppoſition, will give go:: Make then a third i 100 | 
F * hypotheſis, whereSM=53590+ and SN=10700. | - 54 
545. Suppoſition third.” SM==5 5904 and SN 10700. The 
The heliocentric longitudes are then 5* 122: 50 54" and 0 27 
- © 27? 13' x7 . The latitude Mm g 43 25 54. The log. e 
log. of Smeg, 901264. The arc N= 20% 6 24. The true 
true ànomalies are 45 32 8" and 745 34 16“. Thc i corre 
- Correſponding days are 36,531, and 74, 693. The log. of of tb 
2 the perihelion diſtance is 9.8 30802. Laſtly, the time duce: 
3 reduced is 62,001 days, very nearly anſwering the third | 
%%ͤ . ea on 
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condition. It remains to. find if this parabola agrees allo — 3 
io the fourth; for then the problem would be ſolved... 

546. In order to which, determine all the other ele- 
ments of the orbit found in this third ſuppoſition z which is 
aly to be done, For I. The aſcending node is in o 27% | 
1 17, becauſe the comet having this heliocentric longi- 
ude, had no Jaticude, II. By adding the true anomaly 
of the 29th of July to the comet's: true place, which was 
in its nade, that is, adding 74 34 16, or, 2 14% 34 
16 to 05 27 13 1% the perihelion's place is in 3 11˙47 
33, III. Add half the log. of the perihelion diſtance to 
the log. of 74,693 days, found in the foregoing. article, 
gives 41,6374 for the reduced time between the comet's 
paſſage through its node, and that through its perihelion; 
yhich gives the time of its paſſage through the perihelion 
the 37th, of June at 17 300. IV. In the ſpherical tri- 
angle MN (Fig. 77) where are known MM = 45 25 54 
and N. 120% 6' 24%, the angle MN is found 8g 26 
16% Which is (Trig. 9.) the inclination of the plane of 
the cometẽs orbit to that of the eclip tic. 

647, With theſe elements (506) calculate the comet's 
and true geacentric place for the 19th of Auguſt 1739, at 14 
039 20 it gives 6e 65 37 in n, but by obſervation it was 7, 

roi u. The error therefore is 323 wanting: This 
has eys that the parabola found ſatisfies only the three firſt 
the conditions. | "ep oF Lads 

arc 548. To find a parabola agreeable to the four condi- 

deen tions, make another | hypotheſis. Suppoſe the diſtance 

to SM was taken true at firſt, and conſiſts of only 550, and 

z in the error lay in the ſecond. diſtance SN. Intzeale it 

hird 100 parts, and repeat the calculation. ' .,  . . 
549. Suppoſition ah _ SM=53500 and SN=10800, 

100. The heliocentric longitudes then, are 5* 15* 2' 2% 

and WY 0 27% 4% 4, The latitude Mm=47* 17' 49.5. 

The log. of Sm is 3,893142.. The arc Nm IZ %“. The 

The true anomalies are 44 493%, and 761606. The 

The correſponding days are 35,8365, and 77, 8022. The log. 

. of of che perihelion diltance is 9,8 24898. Laſtly, the te- 

e guced time is 62,068 days. e 


—— 
— 


S ·˙ - 3388 


, © 
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350. This ſuppoſition compared with the firſt ſhe, 


that SN increaſecd by 100 parts, has alſo increaſed the 
time 0,4. 30 days: Say then, as o, 430 is to 100; ſois o, 362 
to 84. SN ſhould therefore have been ſuppoſed =10784, 

that the time might be 62 days. 
8651. Suppeſtion fifth. SM==5 500, SN=10784. The 
 hehiocentric longirudes will then be 5* 15 2" 2% and o. 240 
$2" 25". The latitude Mm=45* 17 494. The log, of 
Sm is 3.89342. The true anomaſtes are 44* 55 54 and 
767 12" 43". The correſponding days are 33, 934 and 
77.697. The log. of the perihelion diſtance is 9,8 24588. 
And the reduced time is 61,999 days, very nearly an- 

fwering te the third conditio. 

Determine as above 546) the other elements of this 
orbit ; then g will be in o 27 42 25". The perihelion 
in 313“ 55” 8%. The time of its paſſage through the 
xefihelion is on the 16th of June at 23 23. And the 

; mnelination is 568 444.. . 
Wich theſe elements, thecomet's | 
on the 37th of Auguſt at 1 20, in 5* 8* 42 u differing 
from the place of obſervation by ) 42 in exceſs ; this 
— parabola therefore does not ſatisfy the fourth con- 
| cron, 1 1 . ” Sis 3} — , | . 


* 
s. 4 


352. The corrections made to the diſtances SM, SN, 


being ſuppoſed nearly proportional to the differences be. 

tween the calculation of the two orbits and the obſerva- 

tion. Say, as the ſum, 3 23742, of the errors or dif- 

ferences between "the calculations and the obſervation, is t1 

the error 5 2.3" of the orbit deduced from the third ſuppo- 

Ition, ſo 905 and 84 the correttions made on the diftances 
SM, SN, ts to 364 and 34, correftions that ſhould have 
been made to find a parabola agreeing with the four conditions 
required. $5 


533. Obſerve that if the two errors had been of one 


kind, that is to ſay, both wanting, or both in exceſs, the | 


firſt term of the analogy muſt then have been, 'as the dife- 
Eo do . SS Ld 
554. Now to apply theſe corrections, it is eaſily ſeen 
in comparing the. computations with the obfervations, 
— tharSM. is too much in the third ſuppoſition, * 
* | | it 


= 


geocentricplace is found 


795 A8 1 0¹ N Mie: 

riſe ih che Rfth; therefore ſubtraft"g62 from: 55908 3 

and that the time may ſtill remain cual to 64 gs 78, 34 

muſt be added to SN in the third fu Then the 

abridged diſtances of the comet to the fun will be, SM 

55534, and SN=10734. The calculation muſt chen be 
ed. 


= 
, Suppoſition farb. 81582533 SN=10734/ | 
rhe — longitudes are A 135 4 15g ang 25 


14”, The latitude Mm==4.5? vs The! 
15 K is 3,8980453. The arc N ro. 30 200. The 
true anomalies are 45 16 54" and 73 15” 2 26". be 


reduced time is 62 days. 

From hence are derived the true elements of the theory 
of the comet; namely the place of 2 in of 27* 15 5 
The perihelion s place in 3˙ 12 38 40%. The pan 
through the perihelion the 1th of Tune at 105 25 2-4 ; 


time, and the orbit's inclination is 55* 42 44. The 


comet's true place for the 17th of Auguſt at wo 20 is 


found (516) in 759 05% n, its latitude _ 14 3 
ſouth, differing very little from the obſervation. © | 


556. Remarks I. When a parabola is found ew? nearly to 


- zpree with the poſitions given, it is uſeleſs to endeavour to find 


one perfectly true. For, either the obſervations fixed upon ate 
accurate, er are only nearly ſo, If the obſervations are accurate, 
'tis impoſſible a parabola ſhould agree perfeQtly with them, becauſe 
the three points they determine ate actually in an ow 1 if if they 
are only nearly accurate, tis meer chance to find a pa 
feAly agreeing with them; and in that caſe it would not 44 | 
with all the obſervations made of the comet. W 


57. Raman Il. As the ſun is not in the focus of the pro | 
parabola ; but is removed from it in proportion to the in- 
>" of the angle of inclination of the comet's orbit to the 
of the ecliptic, and that of the line of the apſides to the line ofthe 
nodes ; therefore the diſtances SM, SN, (Fig. 76), are never the 
true abridged diſtances, how carefully ſoever the figure be con- 
ſtructed. Tis therefore proper to begin with only a rough cal- 
culation of the five ſuppoſitions, omitting the ſeconds and frac- 
tions; alſo the diſtances SM, SN, may vary from 500 to 1000 


parts, in order to attain nearly the true abridged diffances, which 
are * to begin the computation of five new yt 


correſponding times are 36, 280, and 75872. Thels- —- 
5 of the perihelion diſtance is 9828388, \Andthe. * 


. - other as 


„„ © wEizuanrs ff 
wherein 4 SM, SN, muſt not vary above 60 or 100 
er muſt the ſeeonds and fractions he now negleched, 


parts ; neit | 
for with them the true orbit will be better aſcertained. 


© © Examination of the ſecond and third Caſts 


558. The method of proceeding in the ſecond ang 

third caſes is the ſame as in the firſt, exdept that the cal. 
culations are ſomewhat longer. For it is neceſſary the 
two obſervations choſen, ſhould be as diſtant from each 
ſible ; nor can any obſervations ſerye in theſe 
cafes, but ſuch as have the comet's geocentric longitude and 
latitude. Therefore 19. the comet's two true heliocentric 
longitudes and latitudes, with the diſtances Sm, Sn, ( Fig, 
178.) from the ſun meaſured upon the plane of its orbit, 

muſt be computed from the two ſuppaſed abridged di- 


3669. 25. Inſtead of the right · angled ſpheric triangle 
MN, (Fig. 77.) conſtruct a figure (Hg. 79 or 80), 
wherein the circle. PEC repreſents a circle of latitude, EC 
the ecliptic, P its pole, M the comet's heliocentric longi- 
tude in the ſfirſt obſervation, N its longitude in the ſecond 
obſervation. Draw the circles of latitude PM, PN, on 
which take the arc Mm equal to the comet's heliocentric 
latitude in the firſt obſervation, Nu equal to the latitude 
in the ſecond; through the points m, u, deſcribe the great 
circle OmnB repreſenting the comet's true orbit, whoſe 
node is in D; and its inclination the angle CDB. Now 
in the ſpheric triangle n here are known the ſides Pn, 


g f equal to the complement of the two latitudes, and 


the comprehended angle PN equal to the difference of 
the comet's two heliocentric places (the angle being mea- 


Fred by MN); find (Trig. 92.) the ſide mr meaſuring 


the angle at the ſun between the comet's two places in 
its orbit; with which conſtruct a figure like to the 
8th. hoſe calculation muſt. be as directed in 338 and 
the ſucceeding Numbers. | 
3560. When a parabola is found agreeable to the three 
firſt conditions, compute the other elements as in Article 
5453 to ſind the node, compute one of the angles neareſt 


We a5 Pam in the yrangle Po, whaſe thee ſte 


r reo 


& the angles atP are known; then in the 
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night angled at N, the angle N#D and the fide Nu 


being known, find the ſide ND whereby the —_— 


between the comet's longitude in N and the arg ace of 
its node, will be eaſily, determined, To 
place of the perihelion ; in the ſame — ND 


Ns” 


* 


compute the hy pothenuſe D, which is the arc between 


the comet's:node and its true place in its orbit. Now by 


6 e e 8, the comet's true anomaly at 


the time w tht rater 5 af len a Re that is, 


the arc of its diſtance from the perihelion; his the 


node*s diſtance from the perihelion is eaſily deduced, and 


conſequently the perjhelion's poſition, Then by, comput- 
vs ths angle DN in the ſame * the orbit's 95 


pajion 1s "m_ 45% at | 
* 
0 | "Vs 
1 o \ . 2 =” } 
4 
1 = 
* . 7 
* 'S * p | 
„ 1 
'\ a 
of Sp 8 
" 1 
* 8 
a 
: : 
. * af 
2 * — * 
- 1 * _ 
y © 2 ; _ 
* F 
* 4 9 CT 
. 8 
* 
9 0 
14 »- 
- | 1 
— * AC * 
, ..4Þ 3 + $:ysur 
| 9, #\ 440 1 vw 
- ”- C5 — „. x . C3 ©. 
S171 61 c1 4 l 
* -. * 
4 - L. CL , . . 
% « $4 . 6 
«* = * X 0 
1 
: ' : 
4 'S — N 0 
* 


a 
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SECTION IV. 


Containing the. Second Part of Solar . 
nw. 
= OR. 
An Explanati the Laws 
4 * ets, as 50 


- 


Diurnal Matias 
the Sum. ; 


4 


Alge of the diurnal motien of 
the 2 _—_ been iently explained, and 
na manner Jy applicable to that of any other planet; 
jet as it is of able importance to form a juſt con- 
ception of whatever an 27 might ſee when placed in 
the centre of the fun ; therefore it is thought neceſſary to 
give another explanation of the ſame phenomena, which 
has very little relation to the former one. This will be 
chiefly uſeful to a right underſtanding of the eclipſes of 
he fans ae of the ſpots often ſeem 
on its ſurface, and on thoſe of the other planets ; the dif- 
ferent ways whereby. each point of a planet's ſurface is en- 
ightened by the ſun, and conſequently the various ſeaſons, 
rr revo- 


lution, 
:62, The obſerver having choſen one of the 


whoſe ſurface is covered with diſtinct ſpots, as 
ample the earth ; and having made frequent and _ 
obſervations thereon, during ſeveral annual revolutions ; 
will eſtabliſh the following phenomena, as facts whoſe 
cauſes he ſhould endeavour to difcover, and from e 
deduce the laws of theſe motions. 
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ARTICLE I. 


®. "Of the general Phenomena of Diurnal Motim, 
563. PHzxomexon I; The paths deſcribed by the ſpoꝶ 
| in the diurnal motion of the planet, being ſi. 
- Poſed to be traced upon an apparently plane ſurface, are 
For every point on the ſurface of a globe revolving on 
an axis, deſcribes a circle whoſe plane is perpendicular to 
the axis, and conſequently parallel to each other. 
© 564. Pnenon. II. The paths of theſe ſpots appex 
generally as curves; being more convex at the Extrenities 
of the planet's diſk than towards the middle. 
This phenomenon proves, that the axis whereon the pls 
net turns, is not perpendicular to the plane of its annual q. 
bit : For if it was, all the paths of the ſpots would be 
right lines parallel to one another; for then the circles dt. 
ſcribed by the ſpots would be in planes parallel to that df 
the annual orbit, in which is the centre of the fun, and 
conſequently the eye of the obſerver. And ſince the di 
ameter or diſk of the planet appears under an angle of: 
few ſeconds only, it is evident that all the planes of the 
circles deſcribed by the ſpots would feem to the obſerver, 
ſuch, that being produced they would paſs: thro? his eye; 
the circles therefore can appear to him but as right lines 
equal to their reſpective diameters; according to this 
principle in optics, that an eye being in the prolongation of 
Abe plane of any plane figure, ſees that figure as a right lin, 
"equal to its greateſt dimenſion expoſed to the eye; for the eye 
_ perceives only one part of that figure's perimeter, and 


Lees nothing of its ſurface. © 1 
35065. Pazxon. III. All the paths of the ſpots of a 
turn their concavity towards the ſame point. 

It is evident, that this point is one of the planet's poles; 
that is, one of the extremities of the axis whereon the 
planet revolves; the two ends of an axis whereon a glob: 

turns being the two points that have no rotation. 


* 


* — * be 
ky p | . a 5 ; 
/ p | 


ASTRONOMY. wy © 
$66, PurNONM. IV. Every year about the 2 1ſt of Jung, 
the middle part of the paths deſcribed by ſpots on the earth, 
re parallel to the plane of the ecliptic for ſeveral days: 
About this time are ſeen towards the upper part of the ex- 
remity of the earth's diſk, many ſpots which do not diſap- 


ſpot but deſcribe a kind of entire ellipſes, a, , c, (Fig. 8x.) 
> ſup. {i about 2 fixed point P; this is (565) one of the pokes, . 
e, ac vbich the obſerver will call the earth's ar/ic or north pole 
Other ſpots deſcribe about the ſame pole P, portions of el - 
ng on Lipſes 4, e, , exceeding 1 more and more as 
lar o they are nearer the pole; ſo that the ſpots deſcribing them 
are viſible upon the diſk upwards of twelve hours, and 
ppear i «re the longer viſible above twelve hours as they are leſs 
nit: WY diſtant from the pole P. On the contrary, in the lower 
part of the diſk, the ſemi-ellipſes h, i, &, apparently de- 
pl. creaſe as they recede from the pole P, and in this propor- 
1] or. tion the ſpots are ſeen gradually leſs than twelves hours. 
+ be 567: PrznoM. V. In the following months of Zuly and 
5 dc. August, theſe ellipſes decreaſe in breadth (Fig. 82.) al- 
nat of WM moſt imperceptibly at firſt, but afterwards very ſenſibly: 
and They become more and more inclined to the plane of the 
je d. echptic, and the pole P draws obliquely nearer to the cir- 
of cumference of the diſk. The parts of the elſipſes a, 6, c, 
the which before were ſeen beyond the pole P, begin now gra- 
rver, I dually to diſappear, being hid behind the diſk; conſe- 
eye; Wl quently the ſpots that deſcribed them ceaſe allo to be con- 
lines MY cinvally viſible : At the fame time the portions of ellipſes 
this 4, e, f, diminiſh more and more toward femi-ellipſes, and 
on te ſpots deſcribing them, by degrees decreaſe their time 
line, of appearance to x2 hours. But in the lower part of the 
eye diſk the portions of ellipſes þ, i, &, augment, and gra- 
and dually approach to be ſemi-ellipſes ; and the ſpots deſcrib- 


ing them become longer viſible, and proporcionally nearer . 
to 12 hours, New ſpars allo appear ſucceſſively in the lower 
part of the diſk deſcribing ſmall portions of ellipſes i, m, 
les; WW increaſing continually in length but diminiſhing in 
the as the others do. 5 | 
lobe 568. PRENOM. VI. Towards the 23d of September 
(Fig. 83.) che breadth of the ellipſes both in the upper and 
lower part of the diſk, are diminiſhed to nothing, and ap- 


parently 


 Jnclined to the plane 
The pole 


Ain the two 


4 * 

4 *. N * * , 
_ 1 4 

* a 


ener, 
Fami berome coincident with their greater axes, an 


ſeeming only as right lines equal to them, are parallel ang 
of the ecliptic in an angle of 66* z1-: 


P is in the circumference, and the pole Q, 


2 


which 


a was hid. behind the diſk 


— 
(and called the antartic or ſouth pole) is allo in the circum. 


.- 


All che ſpots 


on the ſurface of the earth an 
| therefore viſible during twelve hours. 


56g. Puznon. VII. Immediately ber the 23d of $4. 
tember, and during the months of OZober and Alumni, 


the paths of the 


ſpots are leis inclined to the plane 


of the 


ecliptic (Eg. 84). and again become portions. of ellipſe, 


with their concavity turned towards the pole 
advancing 


the diſk ; the 


Q, obliquely 
pole P being now hid be, 


hind it. The ellipſes alſo — in breadth ; thoſe in 
te lower part of the diſk. increaſing above ſemi-<llipſes in 


proportion 


as they are nearer the pole Q: So that the 


paths , m, /, become ſucceſſively whole ellipſes; and the 


ſeribing appariti 
oſe deſcribing the paths 4, i, b, are upon the diſk 4 


ts de 


them are in continual ion; 


While 


longer time proportionally above twelve hours as they at 
nearer the antartic pole Q. On the contrary, the paths 


on the upper part 
tinually diminiſhing, and the 


of che diſk are portions: of ellipſes con. 
ſpots deſcribing them ap- 


peur on the diſk -proportionally leſs than twelve hours, a 


they are farther diſtant from the 
the paths 


e, 6, a, being the fart 


ceſſively, as well as the ſpots that deſcribe them. 
570. Pxzxon. VIII. About the 2 iſt of December, the 


middle.part of the paths 
plane ofthe ecliptic 


Q. Inſomuch tha 
diſtarit, diſappear ſuc- 


of the ſpots are parallel to the 
(Fig.85), and all is in an inverted order 


to that of the 2 1ſt of June (366): The portions of ellip- 


ſes in the lower part 


of the diſk are 


proportionally greater, 


as they were leſs in phenomenon IV: The ellipſes u, m, |, 
not viſible on the 2 iſt of June, are now ſeen intire; while 
the ellipſes a, , r, are totally hid. The ellipſes 4 * 
are alſo now become ſo much Jeſs than a ſemi- ellipſe, as 
before were greater on the 21ſt of June, and the du- 


ration- up the vibility of the * deſcribing the ſaid el- 


4 


- lipſes 


— 


8 


25 


ee 


the portion of the ellipſes they deſcribe. 

571. Phenom, IX, X, XI. In the months of January 
and February (Fig. 86. ; all the ellipſes decreaſe in breadth, 
and incline-contrarily to that in which they were before 
ſern: The pole Q draws nearer t6 the circumference of 
the diſk The ellipſes of the lower part diminiſh, thoſe 
neareſt the pole Q are not ſeen entire, thoſe in the upper 
part continually increaſe, and every thing approaches to- 
wards the ſame ſituation as in phenomenon IV. On the 2oth 
of March. (Fig. 87. ; all the ellipſes appear again to coin- 
cide with their greater axis, and conſequently are parallel 
right lines,” as much inclined to the plane of the echptic, 
as on the 23d of September, that is 669 31 25", but in an 

oppolite direction. All the ſpots are viſible for twelve 


hours: And the two poles P, Q, are on the edge of the 


diſk. 'Laſtly, in the months of April and May theſe right 
lines again become ellipſes, leſs inclined to the orbit of 
the earth (Fig. 87.) with their concavities turned toward 
the pole P, advancing upon the diſk, while the pole Q 
recedes more and more behind it. Thus things gradually 


come to the ſtate wherein they were ſeen on 1 hs 


9 nen again in the ſame 


3 en are ſeen in the other pla- 
nets, attended with ſuch variations as are the conſequences 
of their annual revolutions ;- the alterations in the ellipſes 
are alſo not ſo perceprbl in one plants inanocher, © eyen 
ebr A en = 


a 


4 " 7 = N | | | | | f 8 N 
"x" ArTICLE 


Th. 


deeb the ſaid ellipſes, depend on the wels of 


, 
- 


— 


. 
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ArTricre Hl. 


The immediate conſequences of the preceding Phenomena ; 4 
Nights and Days; of their different lengths ; of the dife. 
rent Seaſons of the Tear; of the Solſtices and Equinoxes, 
| N 7 


73. Po eſtabliſh a general theory of the ſeveral appear- 
"_ F ances, the obſerver will ſuppoſe that the pla- 
nets are habitable bodies; not luminous of themſelves 
like the ſun, but appear ſo by the reflection of the ſur' 
ight: He will alſo ſuppoſe that every ſpot ſeen upon the 
anet is ſome remarkable point upon its ſurface, as cities, 
Fe. Whence it follows © FE Bb Wop 
574- iſt. That the inhabitants of each ſpot are in the 
dark, or it is night with them, during the time that ſpot 


is behind the diſk, reſpectively to the ſun ; and that they 


- — 


o 


— 


enjoy light, or it is day wich them, during the time that 
pot appears upon the diſk. | her: 4 
- 575: 24, The day-begins, and the night ends, at 
the inſtant. when the ſpot enters the edge of the en- 
2 diſ; and the day ends, and night begins, at 
e inſtant when that = is paſſing from the edge of the 
diſk, behind it. The ſpot may be ſaid to riſe when its day 
begins, and to ſet when its day ends. 
576, 3d. When the two poles are in the circumfe- 
nce of the diſk (Fig. 83 and 87.) all the inhabitants of 
it planet have day during one half of a diurnal revolu- 
tion, and have night during the other half: Therefore 
the times when theſe two phenomena happen, are called 
the Planet s Equinoxes. of 
577. 4th. That when only one pole is upon the en- 
ned diſk, the inhabitants near that pole have con- 


tin 7 day ; and thoſe, of the other pole have continual 
578. 5th. All places have longer days and ſhorter nights 


: 


in proportion to their proximity to the enlightened pole, 


and their diſtance from the hidden pole; conſequent]y 
when placed at an equal diſtance from- both poles, the 
days and nights are equal through the whole year. _— 
Fe 9 ence 


r * & - © Py * 4 
. 3 v 


=, AS TFRONUWY?. .. a& 
hence the great circle equidiſtant from the poles, is called 
the EquineSia!, or the planets equator ; Which in the 8 iſt 
and following figures, is repreſented by the line IRR. 

579. 6th. In any planet, an inhabitant not fituated on 
the equinoQial, has the longeſt days and ſhorteſt nights, 
when the pole, whereto he is neareſt, is in the middle of 
is path upon the enlightened difk ; the middle af its track 

to the plane of the planet's orbit, and his ellipſis 

from increaſing, is going to diminiſh. The ſhorteſt days 
to that inhabitant is, when the pole he is neareſt to, is in 
the middle of its path behind the enlightened diſk; its track 
parallel to the plane of the planet's orbit, and his ellipſis 
from diminiſhing, is going to increaſe; theſe times are 
called Solſtices. The ſummer ſolſtice, is when the days are 
longeſt ; becauſe it is then very hot reſpectively to this in- 
hebitant, whom the ſun enlightens a long time, and with 
more direct rays : The winter ſalfice is, when the days are 
at ſhorteſt ; becauſe the ſun's rays being then very oblique 
reſpeftively to this inhabitant, and continuing but à ſhort 
time, the air is conſequently very cold. The vernal equi- 
ux is that which happens between the winter and ſummer 
folltices 3 and the autumnal equinox that which comes be- 
tween the ſummer and winter folftices. $a 

580. 7th. The intervals between an equinox and the 
ſolſtice, and between this ſolſtice and the following - 
nox, being tach one fourth of the planet's annual revolu- 
tion; each pole muſt conſequently be enlightned during 
one half of that revolution and remain in darkneſs the 
other half. rt jo SY 25. 

581. $th, In the inhabited parts about the P, Q, 
there muſt be conſtant Jay for ſeveral wel ap he 
ral weeks, or ſeveral days; alfo, there muſt be a place where 
the longeſt day of the ſummer ſalſtice is exactly equal to 
a diurnal revolution of the planet; this is the place whoſe 
elipſis touches the circumference of the diſk beyond the 
pole; and therefore, is the laſt ellipſe whoſe whole peri- 
phery can be ſeen, The circles repreſented by ſuch ellip- 
ls are called che Polar Circles of that planet, and in the 
bgures, are expreſſed by the ellipſes c, and 7, DATE. + 

eee 
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3582. gth, Between a polar circle and the equator; the 
| days increaſe from the winter ſolſtice tothe ſummer ſolſtice, 
and the nights decreaſe in proportion, Alſo the days de- 
creaſe from the ſummer ſolſtice to the winter ſolſtice ; the 
night at the winter ſolſtice being equal to the day of the 
ſummer ſolſtice, and reciprocally. 

583. 1oth. Therefore over the whole ſurface of the 
planet the ſum of the days is nearly equal to that of the 


AR TIE III. | 
Of the general Cauſe of theſe Phenomena. 


_ s account generally for all theſe phenomena, the 
Int obſerver will remark ; that the tracks of the 
ſpots being · parallel right lines only at the time of the equi 
nox ; the planes of the circles deſcribed by the rotation of 
_ theſe ſpots, muſt on that day be all directed to the ſun ; and 
that at all other times, the planes of theſe circles are ſome- 
times above, ſometimes below, reſpectively to the fun, 
This is a conſequence of a principle in optics, viz. wher 
the eye is neither in the plane nor axis of a circle far diſtant, 
it fees the whole ſurface of an elliptic form; broader or nar- 
rower, as the eye is nearer to, or farther from the produced 
9 of that circle; ſo that i the eye is in that plane, ibe 
' breadth of the ellipſes vaniſhes, and that circle appears on 
as a right line equal to its diameter. For then rays drawn 
from the eye to every part of the circumference of the 
diſtant circle and terminating in the celeſtial concavity, 


form thereon the orthographic projection of this circle 


F ö 
386. And ſince the ſun's centre is always in the plane 


pf the planet's orbit (24), it follows, that at the inſtant of 


an equinox, the ſun's centre is at the ſame time in the 
Plane of the planer's orbit, and in the plane 9 
C3 


l 
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circle; therefore at the inſtant of an equinox,the ſun's centre. 
is in the inter ſection of the plane of the planet's orbit with ihe 
plane of its equator. | N Ine 
586. Now let an axis EC (Hg. 8 1 and foll.) be ſup- 
poſed to paſs through the centre of the earth perpendicu- 
lar to the plane of its annual orb, (call it tbe axig of the 
ecliptic), and another axis FQ terminating at the two poles 
call this the axis of the equator, ; it will be eaſy to demon- 
ſtrate that 05, en | 
587. All the phenomena of a planet's diurnal motion are 
neceſſary conſequences of the axis of the equator being always 
inclined equally, at leaſt apparently ſo, to the plane of its an- 
mal orbit; and that the planet makgs a rotation upon the axis 
of its ecliptic, during the time of its annual revolution, and 
with an angular velocity equal to that with which the centre 
of the planet makes this annual revolution. | 
For the axis of the ecliptic being perpendicular to the 
plane of the earth's orbit, it muſt always be expoſed to 
the ſun in the ſame manner, and would have no mation 
ſen from the ſun, if it was not to advance in the circum- 
ference of the earth's orbit with a velocity equal to that of 
the earth's centre. Now if the earth makes a rotation on 
theaxis of the ecliptic while it performs its annual revolu- 
tion, the axis of the equator, muſt in that time deſcribe a- 
bout the axis of the ecliptic, two oppoſite and equal cones, 
whoſe common vertex is at the centre of the earth; and 
conſequently each pole of the equator mult deſcribe; every 
year a ſmall circle about the neareſt pole of the ecliptic. 
Now both poles of the ecliptic being always expoſed in 
the fame manner to the ſun, is always upon the circum- 
ference of the planet's enlightned diſk, that is, upon the 
great circle terminating light and darkneſs ; * a7 one 
half of the ſmall circle deſcribed by each pole of the equa- 
tor muſt be in the enlightned diſk, and the other half in 
thedark diſk: And both poles of the equator being di- 
rectly oppoſite, the one muſt be as far advanced on the 
dark diſk; as the other is on the enlightened one; alſo 
when one is on the edge of the diſk, the other muſt be on 
the oppoſite edge, and ſo on, It being therefore once 
nghtly underſtood, that = earth every day makes por 
3 "ot 


* * 


9 
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cl a rotation on the axis of the ecliptic (deſctibing an 


centre in that day, that is, about r of a circumference), 
Whilſt it makes every day a rotation on the axis of its e. 
quator 3 nothing is eaſier than to decount for all the phe. 


| 07 the Obliquity of the Ecliptic ic, the different Situations of 
- Declination and Right Aſcenſion of the Sun. 


| of theetliptic; are at the time of an equinox in thecircum- 


2 quently that of the planes of the ecliptic and equator; this 


ſphere; it is evident, that during an annual revolution, 


that the earth makes yearly 366 rotations, tho' in appear. 
ance there are are only 66969. 


75 
8 % ar 
equal to the arc of the annual revolution deſcribed by it; 


nomena of the diurnab motion, as. will be ſeen in the fol. 
lowing articles. 1 


3588. This agrees with what was before obſerved (3 10 


AR TIE IV. 


be Pales of the Equator reſpefiively io the Sun: Of the 


309. I. CI NE the extremities P. O. (Fig. 83 and 570d 
8 the axis of the equator, 4 K. C, thoſe of the axis 


ference of the enlightned diſk ; it follows, that the arcs EP 
or QC meaſure the melination of the two axes; and conſe- 


inclination is called the ohliguity of the ecliptic, and on the 
earth's diſk is an angle of about 23* 28' 35. ._ 
390. Therefore the inclination of the planes of the zclip- 
lic and equator, of any planet, is known by meaſuring the ob- 
oquily of the paths of its ſpots when thoſe paths appear 10 be 
591. II. The centre of the ſun always anſwering di- 
rectly to the middle point of a planet's enlightned hemi- 


each pole of the equator ſucceſſively approaches to, and 


recedes from that middle: In the equinoxes, the diſtance 


of each pole from the centre of the planet's-diſk, meaſured 


„ reaps of 0 


1 4 * 


A 
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alk is the pole of a great circle whoſe ercurnferetice ter- 

minates the diſk. In the ſolſtices, the pole of the equator 
on the enlightned diſk, is the neareſt it can be to its centre, 
and the oppoſite pole is the fartheſt it can be from it. 
And at all times, the in the illuminated diſk is at the 
ſame diſtance from its centre, as the other pole in the 
dark hemiſphere is from its centre. 

592, III. If at the diſtance of 23 28 35” about each 
poles E, C, (Fig. 81 and foll.) of the ecliptic, two ſmall 
circles ADB, GKH. be ſuppoſed on the ſurface of the 
earth, they will repreſent the paths deſcribed by the poles 
of. the equator during an annual revolution of the planet. 
The projection of theſe two ſmall circles are right lines 

to the chord of 46* 35 10“ (the double of 23* 28 
350 ; becauſe their planes are parallel to the plane of 
the ecliptic, and very near to it, from the rent 
ſmallneſs of the planet's diameter. The interſections 

A, B, G, H, of theſe ſmall circles with the Grcumference 
of the enlightened diſk, are the places of the poles of the 
equator at the times of the equinoxes; and theſe poles ad- 
 rance in their ſmall circles in proportion as the earth's 


Il 


70 centre moves in its orbit. T re, if the arc of the 
1 e er is Ser ee the Besse e laſt 
n equinox,” or its diſtance from the ſucceeding equinox, be 
T2 ge, che place of that pole of the equator upon the en- 
” r 


having moved in its orbit 2829 x7” ſince the equinox of 
the preceding month of March; on AB (Fig. 88.) as a 
diameter — the ſemicircle AOB from Ns point A, 
repreſenting the place of the le es the time of the 
equinox, taks the arc AO=28® 29 17”; then OPdrawn 
perpendicular to AB, will Sve Pt > place of the pole on 
the enlightned diſk (357). 

On the projection — ef Hg behind the 
enlightned Fiſk of 255 29. 177," the 
11 pots of the ward pole il fe 


5993. We: The ſituation of each pole of the equator be- 


Thus, on the 18th of April 1745, at noon, the cart 


1g thus determined ; n point 8, * 


* 
= 
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' and ſoll.) the centre of the | enlightned - heniiſpherg, 
anſwering . to the centre of the ſun, - (and | hereafter 
called the ſun's place) be drawn the great circle PSQ, 

- terminating at the two poles P, Q; 1% it is: epi. 
dent, that its plane paſſing through the obſerver's eye, it; 
projection muſt be a right lige. 27. This ſemi-circle wil 
alſo be biſected at right angles in g by the great circle Tok 
repreſenting the equator ; (Trig. 8 and 17) conſequently 
the arc Pg or Qę is 90*. Therefore, 4*. the ſemi circle 
PSQ is never ſeen but at the equinoxes; at all other times 
a part thereof at P, or at Q is hid, according as the pole 
where it terminates is more or leſs advanced in the ob- 
ſcure diſk. 45. The point g where the ſemi- circle PSO 
interſects the equator, coincides with the ſun's place 8 at 
the times of the equinoxes ; whereas at other times theſe 
points, are the more diſtant as the earth is farther from the 
* - - Equinoxes : The diſtance therefore of the points 8, g, is 
called the Surf's declination; and termed northern or ſouthern, 
as the north or ſouth pole is on the enlightned diſk ; the 
Circle PSQ may alſo. be called a circle of declination: 
Therefore tbe ſun's declination is an arc of a great cirtle of 
the ſphere, drawn from the ſun's place perpendicular. to the 
equator. 5*. Now the ſun's declination increaſes from an 
equinox to the following ſolſtice, where it is greateſt ; and 
decreaſes from the ſolſtice to the next equinox, where there 
is no declination; it afterwards changes its name from north 
to ſouth, or from ſquth to north, and again increaſes from 
this equinox to the next ſolſtice ; from whence decreaſing as 
before to the following equinox, it then takes the name of 
north or ſouth that it firſt had; theſe variations are repeated 


continually. -6% At the time of the ſolſtices, the circle 


PSO coincides with the circle paſſing. through 8, and 
E, C, the poles of the ecliptic. z when it is evident, 
the arc Sg the ſun's greateſt declination, is equal to 
the obliquity of the ecliptic, that is, =23% 28 35”, For 
(Fig. 81.) the arc ES is 90% as well as the arc Pg. Now 
the arc EP, which is the diſtance of the pole of the eclip- 
tic from the circle annually deſcribed by the pole of the c- 
quator, is (589) 23* 2835” 3. therefore PS is 66* 31 25 
Andi rom Peg", be taken PS=6E 31 48, man 
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594. V. Through the point S, the middle of the en- 
ightned- hemiſphere, draw the diameter IL to repreſent 
he interſection of the globe of the earth by the plane of 
the-ecliptic, which ſeen from the ſun would appear as a 
great circle of the terreſtrial ſphere, (call it zbe eclipuic) ; 
then, 15. at the time of the equinoxes, the equator TgR 
interſects the ecliptic ISL (Fig. 83 and 87.) in the point 8, 
anſwering to the ſun; and at all other times their inter- 
ſection is removed farther from the point 8, in proportion 
to the earth's diſtance from the equinoxes: So that at 
the ſolſtices ( Fig. 8 1 and 8 5j.) · the equator and ecliptic in - 
terſect in the points marked v and = in the circumference 
of the enlightned diſk. ' 20. During one half bf the earth's 
annual revolution, and from one ſolſtice to the other, one 
of theſe interſections, ſuppoſe v (Fig. 81, 82, 83, 84, 8 53) 
runs over IL, deſcribing thereon' the fame number of de- 
grees that each pole of the equator deſcribes on its ſmall 
circle 3 and during the other half revolution, the inter- 
ſeftion & (Fig. 85, 86, 87, 88,'89,) deſcribes the fame 
ſemicircle IL. 3%. The ſpheric angle Sey g or Sg (Fig. 
81 and foll.) is always equal to the obliquity of the eclip- 


tie, that angle being formed by the interſection of the 


planes of the equator and ecliptic. Whence it follows, 
if che earth's diſtance from the neareſt equinox be 
known, that is, the arc which the centre of the earth has 
tun in the ecliptic ſince its laſt equinox, or is to run to 
is neareſt! equinox z then, the ſun's declination and its 
diſtance from the two poles of the equator are eaſily com- 
puted. For in the ſpheric triangle Sg (Fig. 81, 82, 83, 
$4, 85,) or S=g (Fig. 85, 86, 87, 88,) right · angled in g 
(Trig. 16.), the arc S or S is equal to the arc of the 
earth's diſtance to its neareſt equinox, the angle Sag or 
Syg is equal to the obliquity of the ecliptic, that is, 235 
28 25”, Hence (Trig. 31.) ariſes the following a- 

As 


J 


gi; 28" 35”. 7%. The arc PS or Q, the ſun's di- 
ſance from one of the poles P or Q, is equal to the com | 
t of the ſunꝰs declination if that pole is enlightned, 
or go added to the declination, if the pole is in the ob- 


_ % W r . 

A radius, 

Ty 40 the fine of the obligu ity of abe Arie 1 nod <> 

x" So is the fine of the earth's diſtance to _ n chu, 
x To the fine of its declination. 


5935. VI. The are of the equator * comprechended 

X bermeen the interſection v of the equator and the ecliptic 
and the arc Sg drawn from the ſun's place perpendicul; 
to the equator, is called the ſun's right aſcenfion. This ar 
is reckoned according to the order of the figns, from os x 
the beginning of Y, to 360%. Now the tircle PSO a. 
ways perpendicular tothe equator, being alſo perpendicu 
lar to the ecliptic in the ſolſtices, cuts the equator and e. 
cliptic at 90? from their interſection (Trig. 18.); wherety 
(Fig. 81-and 85) &S, VS, g, vg; are quddrantal arc: 
Therefore the fun's right aſcenſion at the vernal equinox 
is os, at the next following ſolſtice is 905, at the autumnd 
equinox is 1809, at the winter ſolſtice is 270%, and is 360? 
or oꝰ when returned to its firſt equinox, Hence, the cb. 
liquity of the ecliptic and the earth's diſtance to its next 
equinox being given, the ſun's right aſcenſion is eaſily 
found; for, in the right-angled ſpheric triangles 'vgs, 
28, the angle Sg, or S=g, and the fide Sor a are 

known; to find (Trig. 52.) the ſide vg or S fay - - - 

As radius, 

I to the cofine of the obliquity of the: ecliptic ; 

So is the tangent of tbe earth's dance from wins 

* inox, 

20 Be tangent of an arc : Which is the right aſcenſion 
when the earth is between the equinox' and the ſolſtice 
of ; or is equal to its ſupplement when the earth is be- 
tween M and v; or to the ſum of this arc and 180˙ñ, when 
the earth is between Y and 8; or to the difference be- 
tween this arc and 360 if the earth is between s and . 
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* ASTRONOMT. 283 | * 
Aro V. | 
The times of the Rotation of the Planets, of true Time and 
e of mian Tims. | 
a6 l Ik che plane of the dicke whoſe diameter i 
S be ſuppoſed to move only by the earth's 


naval and not by its diurnal motion, but remains fixed 
i to the latter (in which: caſe this circle is called the ce- 
bfial meridian) ; then it is evident, 15. in conſequence of 


* te diarnal motion, all the points of the earth's ſurface, 
d e. ad even thoſe of the circles ISL, TęR, ſuppoſed to be 
-reby (deſcribed on its ſurface, will ſucceſſively paſs the plane of 
arcs ht meridian, deſcribing about the axis of the equator 
ino WY thoſe circles which from the ſun appear like ellipſes. (The 
mng allant of the paſſage of any point is called the noow of that 
60? point). N 44 2 LF | N n 
97, a7. The arcs of circles paſting under the meridian. 
aret Wi vould always be in proportion to the times, if they had 
ay bat one motion of rotation; but becauſe of the annual 
yes, motion, during which the planet makes a rotation on the 


axis of its ecliptic ; each interval of the return of any ſpot 
to the meridian, is compounded of an entire uniform ro- 
tation. of the earth on the axis of its equator, together 
with that portion of the annual rotation on the axis of the 
eciptic correſponding to this interval, which is propor- 
tonal to the velocity of the annual motion. Whence it 
ſion follows, | | Mr OW | 
Feb 598...3*. The time of a ſpots entire revolution, re- 
be. WY ſpectively to the ſun, being given, to find the time of a 
hen WJ planet's rotation on the axis of its equator, fay : As ibe 
be- % of 360 and he planet's proper motion during the time 
6 Fa ſpot*s revolution, is to the time of that revolution ; ſo is 
30 Zo tbe time of the rotation. WY 8 
599. 4. The velocity of the annual motion being un- 
equal, every interval of a ſpot's return to the meridian 
(meaſuring a day as to that ſpot) muſt be u 3 
therefore if the inhabitants of the earth have clocks 
yhoſe motion is uniform, theſe clocks do very ſeldom 
| | | give 
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give 24 O 00" for the time from one noon to another; 
but, when the earth's motion is accelerated muſt give fon, 
ſeconds more, and when the faid motion is retarded, foms 
600. Now with regard to theſe differences, it is naty. 
ral to diſtinguiſh two ſorts of time or days: A rue or g. 
parent day, is determined by the time between the paſſag 
of a ſport under the meridian, and that of its return: And 
a mean day, is the interval from one noon to another; ſuch 
as would be obſerved, if the motions of rotation and revo- 
lution were always uniform ; this is the time ſhewn by 
well-regulated clocks. ' Both the true and mean day are 
divided into 24* OO“, or into 86400. In a mean dy 
there paſſes under the meridian, the 360? o' o of the e. 
quator, and that part of 360 of the annual motion pro. 
portioned to the time of a mean day; which is 59 8; 
found by this analogy ; as the time of an annual revolutin 
- of the planet, is 10 360* © ; ſo is the time of its diurnd 
revolution, to à correſponding number of minutes and [+ 
conds.) But in à true day there paſſes under the meri 
dian, the $60* of the equator, and an arc thereof anſwer- 
ing to the arc of the ecliptic deſcribed in that day, and is 
called the motion in right aſcenſion.” Now when the 
earth is in the aphelion, its diurnal motion in right aſcen- 
ſion, 18 1* 26", therefore 361“ 2 6” paſs under the me- 
ridian in a true day; then, as 360* 39 80, is 10 301 
2"6"; jo is 24* Oo of mean time, 10 21 © 120; ſhev- 
ing tlie time of a true day to be 12 more than that of 
mean day when the earth is in aphelion. . 
8. It follows, that a mean day cannot be equal to a true 
day, but when the earth deſeribes in a day 39 8 of right a. 
ſcenſion. This happens on the 11th of February, 14th of 
May, 26th of July, and iſt of November N. S. At all other 
times there muſt be a conſiderable difference between the 
true noon, or the time when a point really paſſes the mer 
dian, and mean noon, or the time when that point would have 
paſſed, had the earth's motion round the ſun been always 
uniform: Now theſe ſmall differences between a true and 
its correſponding mean day, being conftantly accumult- 
ing, make in time a very conſiderable variation. 83 
3 | a ore 


"ASTRONOMY. was 
ore fince a machine can have but a regular, or regularly 
e ſome xccelerated motion, and as time can be computed but by 


| ſome obſervations of the true or apparent noons, it follows that 
| :fronomers muſt be able to know at any inſtant, the dif- 
; naty. ¶ ference between the mean time ſhewn by a clock, and the 
or we time ſhewn by the celeſtial phenomena. 7 th 
ACT —_” 
reve ARrTicLlE VI 

m C 

y ki (f the difference of Meridians, of Geographical Longitudes 
n day ll. and Latitudes, and how eftimated by Geographers. 
the e. * | 172 | . 
pr 60. A LL. the points on the ſurface of the earth ſucceſ- 
mA | ſively paſſing under the meridian, PSQ, which 
(uti WY ſhews-the inſtant of noon to each, conſequently every ſpot 
uni t:ckons noon ſucceflively after each other; therefore a 
4 (+ WY point paſſing an hour after another, reckons it noon when 
men. WT the former counts one hour after noon ; and ſo of the o- 
were der ſpots. But all the points paſſing the meridian at the 
id is WY ame time, have their noon at the ſame inſtant ; therefore 


on the ſurface of the planets there are places which reckon 
the ſame hour at the ſame inſtant ; and others, where at 
the ame inſtant they reckon quite different hours. Hence 
25 all the points wherein at the ſame. inſtant it is called 
en- noon, muſt be found at the ſame time under the meridian 
of:; it follows, chat theſe points muſt be ſo diſpoſed on 
| the terreſtrial globe, as to be in the direction of a circle paſſ- 
true ing thro? both the poles, and the points where noon is 
t a·¶ reckoned at different inſtants cannot be under this circle. 
o cherefore thro? the poles P, Q, of the equator, and thro* 
her each point of its circumference circles be drawn, (which 
the call terreſtrial meridians to diſtinguiſh them from the ce- 
er- leſtial one PSQ) each circle will determine on the ſurface 
ave Wl of the earth all the points reckoning the ſame hour at the 
ays ¶ lame inſtant, and diſtinguiſh them from the others. And 
nd Wi if the degrees of the equator comprehended between two 
at- ¶ of theſe terreſtrial meridians be reduced to time, at 360* 
re- Wi © 2% or, which is . the ſame, (Trig, 11.) the degrees 


. 
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meaſuring the ſpheric angle formed at the pole by- the 
two terreſtrial meridians ; then the different reckonings of 
time under "theſe two meridians will be found; this in 
aftronomy is called the difference of the meridians. 

602. Now it is evident, that'earh ſucceſtve point undi 
| the ſame terreſtrial meridian, is ſo ſituated in reſpe# of Ile 

= of the equator, that it is impoſſible any two of them can 

eguidiſtam from the ſame pole. * | 

603. Alſo the hour reckoned on any point of the fur. 
face of the earth, and the difference of the meridians be- 
tween that and any other point, being known, the hour 
reckoned on the latter is alſo known; and reciprocally, the 
hours reckoned at the fame time at any two points on the 
earth's ſurface being known, the difference of their me. 
ridians is afoknown. N . ; 

- 604. The diurnal motion being made round the poles 
of the equator, it follows, that every point on the ſurface 
of the globe, equidiſtant from the ſame pole, deſcribes 
the ſame circle; or, as ſeen from the ſun, deſcribes the 
ſame ellipſis: Therefore if between the equator and its 
poles, circles be deſcribed parallel to the equator, theſe 
circles (called parallels, and are only ſmall circles of the 

) will determine the points equidiſtant from the 
ole, and ſhew thoſe which ſucceſſively paſs under the ce. 
Jeff meridian PSQ ; ſo that tis impoſſible two points 
can be at the fame time under the ſame parallel and reckon 
the ſame hour, or be under the ſame terreftrial meridian, 
Hence by a conſtant and ſure method, any point on the 
ſurface of the earth may be determined, by having its 
parallel and the difference of its meridian, in reſpect of 
that point of the equator where the firſt terreſtrial me- 
ridian is fixed. For it has been ſhewn, that two different 
points cannot poſſibly have the fame two conditions, 
605. By this method, geographers determine the po- 
ſition of the remarkable points of the earth; 1. They di- 
vide the equator into 360; and thro? its poles and each 
diviſion draw meridians: They then chuſe one of the. cir- 
cles thro? theſe diviſions, and call it the fr/# meridian; 
from whence they reckon the others. But geographers 
are not as yet agreed on this head; for * 


- 


ASTRONOMY. | 
b on of others. Tis however commonly placed jn the 


uit iſland of the Canaries called the Hand of Ferro, agree- 
ble to the ancient geographers, and an order of Lewis 
X11, From the firſt meridian, going always from weſt 
w eaſt, the geographers reckon the other meridians, ſay- 
ing, that every point under that meridian which is one 


under the next, in two degrees, c. Thus every point un- 


— ter the meridian of the 6ath diviſion, is ſaid to be in the 
hour WY longitude of 60. Fc. 29. Having divided the firſt or 
TY u other meridian into go? from the equator to each pole, 
1the ey deſcribe through each of thoſe diviſions ſmall circles 
me. WM parallel to the equator ; and every point on the circle 
next the equator is faid to be in one degree of latitude; 
oles WY north, if that circle is toward the north pole; or ſouth, 
face f that parallel is on the ſide of the ſouth pole. In the 


fame manner all the points on the ſecond parallel are ſaid 
to be in two degrees of latitude ; north or ſouth, accord- 


1 ics ig to the fide whereon that parallel is ſituate ; and ſo on. 
heſe Therefore the geographic longituge of @ place, is meaſured 
the h arc of the equater, comprebended between tbe firft me- 
the an, reckoning from weſt to eaſt *, and the terreſtrial me- 
ce. MY rider poſing thro? that place; and the geographic latitude of 
ins place, is an arc of a great circle meaſuring the diſtance he- 


tween the equator and the parallel wherein. that place is fitu- 
ae; or, which is the lame, an arc of tbe meridian of that 
place comprebended between it and the equator. Therefore 


the 
its Wl '** geographic latitude of a place is the complement of its di- 
: of . N | 


fance from the pole. 


e- . 9 —— TTY 1 — — — ——— —_—_—_ 4 * * * * 


altward and weſtward; that is, beginning at their firſt meridian, 
tdey count eaſt longitude on the eaſt fide, and weft longitude on 


iitant from the place whence they began to reckon. 
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degree from the firſt, is in one degree of longitude; thoſe 


* By this method of reckpaing, the longitudes of places muſt 
te always eaft : But many geographers do now reckon both 


the welt fide thereof ; the eaſtern meeting the weſtern, at 180 


AzTicty 


| i - 
their firſt meridian at London, the French at Paris, and 
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ARTICLE vn. 
22 | of the various Altitudes of the Sun, 


606. AS a point on the earth's ſurface by its diurnal mg. 
tion, gradually deſcribes its elliptic path, 23 
ſieen from the ſun; it is evident, I. That any point, in 
approaching the celeſtial meridian PS. approaches al 
the ſun's place 8: Thus, when the point is on the edge 
of the enlightned diſk, and conſequently riſes and ſetz, 
its diſtance from the point S is repreſented by a radius of 
the enlightned hemiſphere, When it is riſen, it ap. 
proaches more and more the meridian PSQ, and conſe. 
. quently the ſun ; and when under the celeſtial meridian, 
is, for that day, the neareſt it can be to the point 8. For 
the paths of the ſpots being ſmall circles of the globe, 
Whoſe pales are P, Q, thoſe paths interſect at right an. 
gles all the great circles paſſing thro the poles P, Q 
therefore they interſect perpendicularly the celeſtial me. 
ridian PSQ. Now when a ſpot is arrived at this mei- 
dian, its diſtance from the ſun's place 8, is an arc of the 
circle PSQ drawn from the point S at right angles to the 
path of that ſpot; this arc then is the leaſt diſtance poſ- 
-. ſible from the point S to this path; conſequently, when 
the ſpot is at the meridian it is neareſt, for that day, 
JJ places; OS on nnd hoe 
505. II. Suppoſe an inhabitant of the earth be ſo placed, 
that the right line paſſing from the head to the feet (called WF ines 
the vertical line or plumb line) be directed to the earth's pears 
centre; if in this ſituation, the poſition of the objects he WI from 
ſees, be compared to this vertical axis; or rather, to the Wl Non 
plane perpendicularly interſecting it in the point where it WI level 
paſſes thro” the eye, (called the horizontal plane, or the enlig 
level plane) and which may be conceived to touch the earth WM the 7 
at that point; and if this compariſon is made by angles WI ſeque 
formed at the eye between that level plane and right lines heigt 
drawn to the objects obſerved, calling the arcs meaſuring WM ment 
thoſe angles degrees of altitude; (eſteeming an ow rallel 
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ſituate in the level plane to have no heigth ; but that it 
has 30˙, 40˙, o', 60, Ec. of altitude, when the right line 
drawn from the eye to that object, makes with a line in 
the horizontal plane, an angle of 307, 400, 50%, 60% Se.) 
Then the ſun muſt appear to that inhabitant to riſe, to 
deſcend; and to paſs thro' different degrees of heigth, in 
proportion as the diſtance of the ſun's place S to the place 
of the obſerver; increaſes, diminiſhes or varies; ſo that 
the fun's beigth will always __ to be nearly equal to the 
lement of this diſtance. For, let E (Fig. 89.) be the 
zolition of the eye, EZ tlie vertical line, EN the hori- 
zontal or level line; let S be the place anſwering to the 
ſun's centre, the ſun being indefinitely diſtant from the 
earth, in the direQion 'CSs ; let the arc ES, or the di- 
ſtance of the eye E from the, middle S of the enlightned 
hemiſphere, be 29 (in which caſe (575) the point E 
riſes and ſets reſpeCtively to the fun) ; then the angle ECS 
being right, the line CSs drawn from the earth's centre to 
the ſun is parallel to the level plane EN: If from the 
point E a right line Es be drawri towards the ſun's centre, 
it will meet the right line CSs at a very great diſtance 
from the earth's centre: Now two right lines meeting at 
a very great diſtance, are nearly parallel, and the greater 
the diſtance the-nearer their parallelifm ; ſo that they may 
be ſuppoſed parallel when meeting after an infinite courſe z 
therefore the lines CSs, Es, are very nearly parallel. 
Now the level line EN being parallel to CSs, therefore the 
hne'Es drawn from the eye to the ſun almoſt ny | 
with the level line EN; then the angle made by | 
lines is exceeding) ſmall; and conſequently the fun ap- 
pears to have no altitude, when the ſpectator's diſtance 
from the centre of the enlightned hemiſphere is 90. 
Now ſuppoſe the ſpectator in e, his vertical line ez, his 
level line en, and let his diſtance eS to the middle of the 
enlightned hemifphere be 40“. From the point e draw 
the right line es terminating in the ſun's centre, and con- 
ſequently nearly parallel to the right line CSs ; the fun's 
heigth is then meaſured by the angle nes, whoſe comple- 
ment is dex, of 30“. No the lines CSs, es, being as pa- 
rallel, the angles 5ez, eCS are nearly equal; therefore the 
8 . | meaſure 


* 


2538 T ELIN EAT : 
meaſure of the angle gen, or of the fun's heigth, is newly 
equal to the complement of the arc es, meaſuring the ſpec- 
Nerz diſtance from the middle of the earth's enlightned 
hemiſphere. 8 ea Ty ' ue 
608. RRMAAK. The angle formed by the inclination of the 
right lines Es, es, one drawn from theearth's ſurface to the centre 
of the ſun, and the other drawn from the centre of the earth to 
the ſun's centre, is called the jun's parallax, as ſhewn (300); 
which when at the greateſt does not exceed 12” 3 but if ne- 
glected, then right lines drawn from any points of the earth to 
the ſun may be ſuppoſed parallel; alſo that the ſun's heigth ſeen 
from the earth is the complement of the diſtance of the ſpecta- 
tor's eye from the middle of the enlightned hemiſphere. 


_.. 609. III. This being premiſed, when a point of the earth 
is unden the celeſtial meridian, if its geographic latitude and 
the ſun's declination are of the ſame denomination (namely, 
both north or both ſouth), the diftance of this point from 
the ſun's place, is equal to the difference between the 
geographic Jatitude and the ſun's declination 3; conſe- 

ently, he. /an's meridian beigth is equal to the fum of its 

leclination and the complement of the  geograpbic latitude: 


But if the geographic latitude and the ſun's declination are of 


different denominations (that is, one north and the other 

uth) ; then the ſpectator's diſtance from S the ſun's 
Place, is equal to the ſum of the geographic latitude and 
he ſun's declination ;- or, the ſun's meridian altitude is equa! 
. #0 the difference between the complement of the geographic la- 
- Fitude and the ſun 's declination. For, the terreſtrial me- 
ridian of a point on the earth's ſurface coincides with the 
| Celeſtial meridian PSQ, when that point comes under it; 
(Fi. 81 and foll.) and the diſtance of the ſpectator's place 
from the equator, and of the ſun's place S from the equator, 


-  - are both meaſured on the ſame circle PS: Now if theſe 


places are both on the ſame fide of the equator, the dit- 
ference of their diſtances from. this circle will give their 
mutual diſtance : But if on different ſides, their mutual 
diſtance. will be equal to the fum of their diſtances from 
the <quator z- that is, to the ſum of the geographic lati- 
rude of the terreſtrial. place and the fun's. declination, 

And to apply this demonſtration to meridian heigths ; 
4 4 3 bbſerve, 


' 
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ebſerve, that the complement of the ſum of tio arcs, is 
equal to the difference between one are and the comple- 
ment of the other; and that the complement of the dif- 
fetence of two arcs, is equal to the ſum of one of the arcs 
and the complement of the other: From hence reſult ſe- 
yerdl appearances ſeen from the earth, depending on the 
ſituation of the ſpectator and the time of the year. For, 
iſt. if the geographic latitude of a place is equal to the 
ſun's deelination, and if both are of the ſame denomina- 
tion, the ſun is vertical to the ſpectator when he paſſes che 
celeſtial meridian. Now as the ſun's greateſt declination 
does not exceed 23 28' 237, it follows, that all places 


oh the earth at à leſs diſtance from the” equator than 23% 


28' 35 have the ſun vertical twice a year; namely, when 
the ſun's dechnation either incteaſing or decreaſing, is 
become equal to the ene latitude, But places 
whoſe geographic la is 23* 28' 33” have it vertical 
once only ; namely, in their ſummer ſolſtice ; becauſe 
the ſun's deelination canhot exceed their latitude : On 
this account; the two parallels diſtant 2g* 28* 25 from 
the equator on both ſides, arè called Tropics : The Tropic 
of Capritvrn, that whetein the ſun is, when neareſt the 
ſouth or antartic pole, and is in the ſolſtice ; the other, 
called the Tropic of Cancer 2 If the complement of 
the geographic latitude is equal to the ſun's declination, 
and are of different names, their ſum being then =90*, 
the ſun does not appear to riſe; and the riſing, noon and 
ſetting of this place, in reſpect to the ſun, muſt be at the 
ſame inſtant ; this phenomenon happens twice a year to 
places ſituated between the obſcure pole and its polar cir- 
cle; namely, on the day when the ſun's declination in- 
creaſing is become equal to the complement of the geogra- 
phic latitude; then the inhabitants of ſuch places have their 
ſhorteſt day, and the fun immediately diſappears :* From 
that time they remain in darkneſs, till the ſun's declina- 
tion decreaſing, again becomes equal to the cement 
of their latitude; when at noon they ſee the fun riſe, and 
immediately ſet ; their days afterwards continue for ſome - 
time increafing. The ſame thitig happens, in an inverted 
order, to thoſe who are in the fame geographic — 
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the other en 3d. If the ſpeCtator has . 


tude, or is placed on the equator ; the ſun's altitude at 
noon is equal to the complement of its declination, 4* b 
If the fun has no declination, or if the earth is in an equi- 
nox, the ſun's altitude at noon is equal to the comple- 
ment of the geographic latitude, in whatever part of 
the earth the ſpectator is placed. 5th. The ſun's meri- 
dian altitude increaſes daily from the winter to the ſum- 
mer ſolſtice 3 and decreaſes from the ſummer to the 
winter ſolſtice: Now to find the ſun's heigth from the 
winter ſolſtice to the following equinox, ; from the com- 
Plament of latitude ſubtraft the declination, which daily 
decreaſes : And to find the heigth from the e ox to 
the ſummer ſolſtice z to this complement add the declination, 
which. daily increaſes : This rule inverted finds the ſun's 
heigth from the ſummer to the winter ſolſtice. 

610. IV. The leſſer axes of all the ellipſes, deſcribed by 
"the ſpots of the earth, being in the plane of the celeſtial 
meridian PS; it follows, 8 at equal diſtances on each 
| fide the meridian, GETS ſame ellipſis ate equal 

and in like poſitions; equently the diſtances of 
the fame ſpot from the point 8 8. j 8 in the middle of the en- 

- lightned hernifohere, are equal at equal times before and 
after its paſſing the * or, which is the ſame 


thing, the heigths of the ſun muſt appear the ſame at e. 


qual intervals of time before and after noon: On this 


prin- 
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2. 2 Determination of the foregoing Phenomena. 
RopLzM I. The ſun's declination, and the geogras 


611. 
2 P pbic latitude of any point on the ſurface of a planet 
being given; to deſcribe geometrically the ellipfis of its pa- 
rallil; 9 3 e thet Point is to bt 
' ſound at a dan a £ | 


SOLUTION, 
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Sol urion. Let the circle EZ CR (Pie: go.) repre- 


1 ent the enlightned diſk, and EC the axis of the ecliptic ; 
0 find (592) the: poſition P of one of the poles, thro* which 
"A the diameter MPSQ, being drawn, is the projection of the 


meridian z in M take SF equal to the fine of the geo: 
graphic latitude, SI equal to the fine of the difference 
tween the geographic latitude and the given decliriation ; 
and SN equal to the fine of their ſum (which is eafily 
done by taking on each fide the point M, the arcs MT 25 
equal to the complement of the geographic latitude, and | 
the arcs TD, TR, equal tothe ſun's declination, and draw. 
ing TT, RR, DD); then is TFT, the diameter of the 
rallel of the given point, or the greater axis of the ellipſis 
354) 3 and IN the leſſer axis; for 609) when the de- 
clination is of the ſame name with the geographic latitude, - 
the place of the given point upon the enlightned difk at 
noon is in I, and its place at midnight in N, behind the 
diſk : But when the declination is of a different name, 
the place of that point at noon is in N, and I is its place 
at midnight, Then from. V the middle of IN, with 
the radi VN, FT, deſcribe circles, whoſe circumfe. 
rences divide into arcs of 15* each, beginning at the 
meridian M; then (360) may an ellipfis be con- 
ſtructed, which is the projection required ; and fo di- 
vided, that the given point will be found in the ſucceeds 
ing hours, at the places marked 1, 2, 3, 4, Sc. And 
if the declination is of the fame name as the geographic 
latitude, the inferior part of the elliplis, camprehended 
between the two points towards T, where it touches the 
edge of the diſk, will ſhew the time the fun is viſible, or 
the length of the day; and the upper part ſhews the length 
of the night. And on the contrary, if thedeclination and 
| latitude are of a different denomination. Alfo the points of 
. the ellipſis in contact with the diſk's edge, will ſhew the 
hour of the ſun's riſing and ſetting at the given place. 
612. Rxmanx. All the particularsin the phenomena of the di- 
urnal motion might be graphically determined by this kind of 
projection: But trigonometrical computation being much more 
accurate ; . inſtead of enlarging 2 this ſubject, it will be more 
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ry ſpberic triangles, 
513. PrRonuemTE Any e 4206 * things bein 
given; viz.1* . The geographic latitude of any point en a pla- 
net, ſuppoſe the earth ; 29. The ſun's derlination; 30. Any in- 
| of true time computed for the given place; 4*. The 
Jer $ ats obſerved from that point: To find the fourth. 


Casz J. When the geographic latinade and the un“ $ 


. - declination are of different denominations. 


geo- 

Srap hic latitude be 48* 51 north, the, ſun's declination 
ſouth, the given time 3% before or after non. 

Deſks c. a circle EICR (Fig. 9a.) repreſenting the en- 
ed diſk, "whoſe centre is S; mark thereon the 
two 1 E, C, of the ecliptic; and, the ſun's declina- 
2 2 Bel draw OD (s the right line GKH 
—— path of the antartic pole, which is then en- 

— — » and whexeon. mult, be marked a point Q fot the 
antartic pole, at the place where it is judged to be about 
13 degrees from the Ai edge: Through Qand 8 draw 
| X diameter QM repreſenting the celeſtial meridian. ; at 
| Ip diſtance Qg god, deſcribe the circle TgR repreſent- 
ing the equator; alſo at the diſtance gM=48? 51 de- 


2 the parallel IML V repreſenting, the path of the 


gen point on the enlightned diſæ. Let the point 
IT of the equator be ſuppoſed towards thoſe parts of the 
earth hich ſet, and the point R towards their * of 


riſing. ' On the equator take an arc O 38 55 z y) 


reckoned from the meridian towards the eaſt, + ft 
the given time is 3*. before noon-; Let a great circle paſs 
| thro? the pole Quand the point O, interſecting the parallel 
IMYV in the point L, which repreſents the true place of 


the given point on the enlightned diſk, at the given time. 


Thro?.S and L. deſcribe the quadrantal arc SLN.; and 
the arc LN meaſures the diſtance of the given point L 
from the margin of the- -enlightned diſk 3 or, which is the 
fame, the heigth of the ſun's centre as ſeen · from the 
point L. Now in the ſpheric triangle SQL, the fide 
SQ 1s h the ſun's * from che pole, or to the 
| com- 
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of Sy the ſun's declination ; therefore SQ 
amc, is equal to (QO OL, or 29“ 
* egen n. 51: And the angle SQL at the pole, 


is meaſured by the arc g Ogg 453 the ſide SL, i is the ſun's. 


diſtance from the zenith, which by calculation is found 
(Trig. 92. J==73" 464 3. . expo 46; . 
18 1 91 7 · 

614. 15 this ſpheric triangle LOS, 5 four quan 
already mentioned, are, the ſides QL, — 
ad che ide SL any three of which | 
fourth may be calculated. 


615. Cask II. When the geographic latitude and the 


' ſun's declination are of the ſame denomination,” Let the * 
latitude be 48* 51' north, the declination 14* 18 north, | 


and the given time 3ů befpre noon ; required the heigth 
of the ſun. - Deſcribe the circle ETC (Fig. 93.) repreſent- 
ing the enlightned diſk; S the ſun's place; E, C, the poles 
of the ecliptic : The declination being north, the north 
pole of the equator is therefore enlightned ; its path round 
the pole E, is APB, and its place is near the point P. 

The celeſtial meridian is PSg, the equator is IRR diſtant 
go* from the pole P, and the parallel of the 2 
is IML, diſtant from the equator 486: 
ing taken 43 on the equator weſtward, Jn 810. 
whoſe interſection with the parallel IMV gives the point L, 2 
which is the ſituation of the given place at the given time; 
and SEN being drawn, the are LN is the ſünꝰ's heigth: It 
may alſo be found by means of its complement SL. which 
is one ſide of the ſpheric triangle PST, wherein are kno 
PL=41* , the complement of LO, or the diſtance of 
parallel of the place L from the equator ;. SPG 425 , 
the complement of Sg the ſun's declination ; and the an- 
gle SPL=45*%, meaſured by the arc gO ; therefore SL 
will be found =51* 145, and conſequently the heigrh of 
the fun LN is 38 454 © 

616. By means of theſe triangles, may be found 
the time of the apparent rifing or rei of the fun 
for any place of the earth, when its geographic lgtitude 
and the ſun's declination are given: For in the triangles 


EOF „ riſing or * 590 z that 
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| bs, the points N and L. coincide 3 and the arc QS or PS 
is known, it being the complement of the northern or 
ſouthern declination ; alſo the arc QL or PL is known by 
the geographical latitude of the place: From hence the 
angle SQL or SPL may be readily found; which reduced 
to time, at 24* for 360®, gives the time between the in- 
ſtants when the given place is on the edge of the en. 
| hghtned diſk, and when on the meridian. This! inter- 
N ne Pens ares... 
And thus ned Kr. 92.) that the angle SQL. i 
| 6g* 325 or 4* 38 8” of time; and the angle SPL (Eig. 
- 93:)15 110? 28; or 20 21/32 ot time, The fermiciurna 
are doubled, evidently ſhews the time that the given place 


remains on the 4885 diſk — ane * fevoly- 
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617 1 WY HAT has hitherto been ſaid of the elliptic 
paths of the ſpots of planets, is true only 
in appearance: * 19. The planets advancing continu- 
ally in their orbits, in conſequence of their _ mo- 
tion, theſe paths are really elliptic epicycloids. 2*. The 
leſſer axis being continually Jengthning or — the 
chrves are a kind of elliptic ſpirals; the true paths there- 
fore of the ſpots ſeen from the ſun are, ſtrictſy ſpeaking, 
very compound curves, being the reſult of a complication 
of three motions made in different planes namely, of the 
Planet's annual motion in the plane of its ecliptic, of its 
diurnal motion in the plane of its equator, and of the an - 
nual and conical motions of its axis round that of the e- 
gliptic. Nevertheleſs in practice, theſe curves may be 


whe #s Free ellipſes for 8 ork * the angular hg 
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of the diurnal motion being ſo very conſiderable in com- 
iſon of that of the two other motions. FOR 
618. II. If che times of the renewal of the ſeaſons, 
with the times of the earth's revolutions in re- 
of a ſtar, the renewal is found to anticipate yearly 
20 of time theſe revolutions; alſo that the annual 
revolution of the poles of the terreſtrial equator round 
thoſe of the ecliptic, is not exactly equal to that of the 
earth round the ſun ; one being made in 365 days 5* 49, 
the other in 365 days 6* 9; fo that when the of 
theater has deſcribed 3607 round the pole of the e- 
cliptic, the earth has deſcribed only 339 59' ro round 
the fun. Hence the interſeftions of the plane of the e- 
quator with that of the ecliptic (or the equinoctial points), 
muſt appear to move backwards every year gꝙ0 in reſpect 
to the ſtars; conſequently if this point of interſection be 
regarded as a determined point from whence all the. ce- 
leſtial motions are to be reckoned, then the. ſtars muſt 
appear to advance $0" yearly, without any viſible altera- 
on in their diſtance from the ecliptic, fince the motion 
of the pole of the equator is round that of the ecliptic : 
And this is the cauſe why the ſtars ſeen-from the earth, 
gppear to have an annual motion of 30 in longitude with» 
oft altering their latitude, | 188 
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% e 
ge. x of the ſecondary planets or ſatellites, jr is neceſſary, 2 
iin the preceding enquiries, to ſtate fats, and from _ 
to deduce the moſt intereſting conſequences. Now the 
; _ obſerver having attentively conſidered the ſatellites of 85 
mtun, of Jupiter, and that of the Earth, which ſhall be 
8 23 called the a will remark the n 


619. Pn ENOMENON 1 EY 1 of "EY of Ju 
Direr, and of the Earth, ae Jometimes io the eaſtward, 
' ſometimes to the weſtward of their Planets ; moving ſucceſ- 
' froely from one fide to the other : Each at its greateſt excur- 
fron, is "as far diftant from the one fide as it wat from the 
other; and is found again on the fame fide, in much about the 

| Jame di of time ; as if Way be Pd in the Te” table. 
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Theſe diſtances and times © ws th 15 the &- 
elites one from another: That ſatellite of Saturn or Ju- 
ſiter, whoſe diſtance and time of revolution is leaſt, ſhall 
|: 8 the firſt ; the next leaſt in diſtance, the ſecond, 
and ſo on. 

620, It follows from this phenomenon that the orbits 
of the ſatellites art curves returning into t emſelves, like a 
crcle or an ellipſis; and the primary planet is in one of its / 
bameters whoſe direction. tends to the fun. Otherwiſe the 
wa hs weitern and \ caſtern excurſions would not * 


F 


WS 


N F 38 


621. Pux von. 1. Al the Ales in going en 
weſtern excurſion to he eaſtern, are * "0 hid by the pla- 
wi's diſk, and conſequently paſs bebind it; Sometimes one or, 
uber of them paſſes above or belaw, but never On the ple | 
wt's diſk. On the contrary, in going from the. eaſtern en- 


= 
0 


n 7s the weſtern, thoſe which paſſed behind, now paſt o@ | 
%%, and theſe hich paſſed about, now paſo belowry * 
K reciprocally, © 
1 622. By this phenomenon ths facts are ſettled. . 
„ e ee, of the planets go. all one way. 2*. Thi . 
nary planet is within their orbit, or which is the 
they. move round their principal planet, 3*. The Planes 
the orbits of the ſatellites, OR to the Plane the orbit L : 


ſe TIO” e 


4865 
would 
diſk ; or if totall 


the diſk. 
623. In the 


The ELEMENTS of 
For, I. If the ſatellites did not all go one way, ſome 
paſs on the planet's diſk in going from the weſtern 
excurſion to the eaſtern, and the others paſs behind. 
II. If che ſatellites orbit was totally beyond the plan 
in reſpect of the ſun, it could never paſs on the planet 


y on this ſide, it could not paſs behind 


revolution of a ſatellite, there muſt be 


diſtinguiſned two conjunctions with the planet; the one 
made beyond the planet in reſpect of the ſun, and in paſſ. 
ing from the weſtern excurſion to the eaſtern, which is 
called the ſuperior conjunction; the other made on this (ide 
the planet in paſſing from the eaſtern excurſion to the 
weſtern, and is called the inferior conjunction. That part 
of a fatellite's orbit comprehended between the two points 
. of its weſtern and eaſtern excurſions, and where the ſy. 
perior conjunction is made, may be called the ſuperity 
emi-circle ; and the part where the lower conjunction i 


made, the inferior ſemi - circle. 


III. If the planes of the ſatellite's orbits were parallel ta 

the plane of their reſpective primary planet's orbit, theſe 
planes prolonged would paſs through the ſun; becauſe the 
plane of each planet's orbit paſſes through it; conſe- 
quently-all the ſatellites would appear to move in a right 
line (564) in the direction of the planet's diameter, where 
it is interſected by its orbit; therefore would never paſ 
planet's centre when in conjunction 


above or under the 
with it. 
624. Another con 


ſequence of this phenomenon is, ſup 
poſing the planets and their ſatellites to have no light but 
what is reflected to them from the ſun ; then the ſatellites 


paſſing before their planetꝰ's diſk when in their inferior con- 
junction, muſt hide the ſun from ſuch of the planet's in- 


habitants who are under their 


path, and thereby cauſe an 


eclipſe of the ſun to thoſe inhabitants. And when in their 


ſuperior conjunction they paſs behind the 


planet's diſk, 


they ceaſe to be enlightned by the fun, and conſequently 
being ſunk in the planet's ſhade, are not viſible while 
an eclipſe of the ſatellite a 


625, 


behihd the diſk; which forms 


Moon. 


. 
* 


wuced to their planet's centre, ſometimes appear rettiline, 

ſino thro” that cenire, and inclined in à certain di- 
ion to its orbit. Afterwards they change more and more 
9 ellipſes, during one quarter of the planet's annual revo- 
vin; and all the ſuperior conjunctions are then made above 
the plantt*s centre, and the inferior conjunctions below it: 
During 4 ſecond ter of the revolution, theſe ellipſes 
ome narrower, the ſatellites are nearer the centre in their 
anjunftions, and at the end of ihe ſecond quarter of a revo- 
lion all the ellipſes are again become right lines with equal 
milination but in a contrary direction. In the third quar- 
ter of the revolution they are formed anew into ellipſes, the 


ror ones above; laſtly, in the fourth quarter of the revolution, 
dlipſes again decreaſe in breadth, and all returns to its firſt 


ghbaſes every 86 days; that is, in an interval of about 5 days 
Lf; than one fourth of the earth's annual revolution; ſo that 
the earth has ſtill a courſe-of 19® 20 to compleat its revolu- 
tion, when the moon's orbit is become reflilinear ihe ſecond 
ine. 2 | | pn 

626, This phenomenon is a conſequence. of the obli- 
quity of the planes of the ſatellite's orbits to that of their 
planet; Whence it follows, that the paths of the ſatellites 
muſt have the ſame appearances as the ſpots of the planets ; 
ee the ſame concluſions muſt be drawn. There- 
dre B | 

627. 1%. When the paths of the ſatellites appear recti 
near! then (564) the ſun is in the right line where the 
plane of their orbit interſects the plane of the planet (this 
is called the line of nodes; the aſcending node is that where 
the ſuperior conjunctions commence above the 22 
centre; and the deſcending node that where the ſuperior 


conjunctions are formed below the planet's centre). There - 


fore all the conjunctions of the ſatellites are then made op- 
poſite to the centre of the planet. i | 

628. 2*. The inclination of theſe right lines, ſhews the 
inclination of the plane of the ſatellite's orbit, to the plane 
of the planet's orbit (590), 629. 
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615, Prznon. III. . The paths of the ſatellites, being 


ſuperior confunctions are made below the centre, and the - «4 | 
when the planet is returning to the ſame point of its orbit, theſe 
fate. The moon muſt bere be excepted, whoſe path changes its 


W% 


# 


1 The ETTMZNTS of 
© G29, 3˙ Tf the paths of all che Qatellites of one pt 
| ure at the ſame time rectilinear, and paſs thro' the Gn; 
with equal inclinations, they are then known to be in thi 
fame plane, and to have the Tame node. On the con 
their planes, nodes, and inclinations are known to be af 
ferent, by the inclination of theſe reQilinear paths, and b. 
the different points wherein the paths are reckilinear. 

630. Now the inclination of the plane of the moor! 
orbit to the plane of the A is found to be 3e ip 
the right line deſcribed by the moon being ſo much in 
elned to the plane of the ecliptic. And the moon's nod; 

is alſo known to retrograde annually 19 20'; becauſe j 
track again becomes rectilinear; or rather becauſe it i; 
returned to the ſame node, when the earth has ſtill i920 
of its orbit to run thro?, | ww 
The aſcending node. of Saturn's five ſatellites, is in the 
fame manner found to be in 21® , beginning at the fit 
Rat in Aries; all the paths of theſe ſatellites being redi. 
 Jinear when Saturn is in 21* ; alfo that the planes df 
their orbits are inclined to that of h, about 305; there- 
fore from 21* = to 21* f the ſuperior _comun&tions ate 
made above Saturn's centre. Likewiſe the aſcending hode 
of Jupiter's ſatellites is found to be in 155 yp, and the incl. 
nation of their orbits about 2® 557, .. Theſe nodes and this 


.  Inclination are likewiſe found to be apparently conſtart, 


the ſame phaſes returning in the ſame points of the orbits 
of Saturn and Jupiter. ONES OR, 

G33. Remark. , Theſe latter determinations are not very 
exact, eſpecially thoſe of the inclinations of the orbits of Saturn's 
and Jupiter's ſatellites, which appear not to be conſtant. The 
obſervations of Maraldi on this ſubje&t may be conſulted ; they 
are to be found in different volumes of the Memoirs of the Royal 


Academy of Sciences. 
632. 4. When a ſatellite's orbit is very ſmall, or its 
plane very little inclined to the plane of the orbit of it 
planet ; it follows, that in all inferior conjunctions, this 

tellite muſt hide a part of that planet's ſurface from the 
ſun, and reciprocally hide the fun from the planet, calt- 
ing its ſhade on all thoſe points of the ſurface found in the 
path of its ſhadow, and therefore cauſes an eclipſe of the 


ſun, 


” 
: 
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wg, In all the ſuperior conjunctions, this fatellite muſt 
wh thro* the ſhadow of the planet, and conſequently be 
7 5˙. And though the orbit of a ſatellite be very 
ktle inclined to the plane of the orbit of its planet, yet 
the ſatellite's orbit be pretty large, like thoſe of Saturn's 
burth and fifth ſatellite, the fourth of Jupiter's, and the 
orbit of the moon; it is evident, that in conjunctions di- 
tant from the node, and when the apparent paths of theſe 
ſuellites are become ſuch ellipſes that that their leſſer axis 
exceed the diameter of the planet, then in the inferior con- 
junctions the ſatellite does not hide the fun from any part 
of the planet, conſequently there is no eclipſe of the ſun ; 
id in the ſuperior conjunctions, the planet does not hide 
the ſatellite from the ſun, conſequently there is no eclipſe 
of the ſatellite or moon; therefore the eclipſes of ſuch ſa- 
telltes occur only when their ſyzygies happen near their nodes. 

634. If the planet is in one of the nodes at the time of 
m inferior conjunction, the eclipſe of the ſun paſſes chro- 
the middle of the planet's diſk; and in a ſuperior con- 
junction, the ſatellite paſſes thro the centre of the planer's 
ſhadow 


635, The greater the planet's diſtance from the node, 
the greater is the diſtance of the fatellites ſhadow from the 
centre of the planet's enlightned difk in its inferior con- 
junctions; likewiſe the greater is the fatellite*s diſtance 
tom the planet's ſhadow in the ſuperior conjunctions. 

636. Thoſe points of a planet's orbit which are fo far 
= diſtant from the nodes, that at the conjunctions of the 
*The dillant ſatellites there are no eclipſes, are called the limits of 
they ge when the inferior conjunctions are near theſe li- 
yal wits on the ſide next the node, then only a part of the ſa- 5 

tllites ſhadow paſſes on the planet's ſurface; and in the 
i ſuperior conjunctions, a part only of the ſatellite enters into 
its the planer's ſhadow ; this part is the leſs, the nearer the 
his WY Nanet is to theſe limits. Such eclipſes are called partial, 
and the others total, Therefore near the nodes the eclipſes 
are total, and near the limits the eclipſes are partial. 

637. In eclipſes at the inferior conjunctions, the ſun ap- 

* the pears eclipſed only to thoſe points of the „„ 


[ 
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fall under the track of the ſatellite's ſhadow ; in the othe 
pron the ſun is ſeen as uſual. Now the planet's magnitud 
ing conſiderable in compariſon to that of the ſatellites, 
the inhabitants ſituate on the points of the planet's ſurface 
{ſomewhat diſtant from the ſection of its globe by the plane 
of its ecliptic, will ſee the ſatellite in the ſun's direc. 
tion, only when that ſatellite is at ſome diſtance from the 
plane — the ecliptic on the fide where thoſe inhahj- 
tants are ſituated : And then the ſatellite will appear to 
the inhabitants in the other hemiſphere, as far diſtant from 
the viſual ray terminating in the ſun ; conſequently the fun 
will not be eclipſed to them. Eclipſes of the fun common) 
Lappen to the inhabitants between the tropics and polar cir- 
cles of abe planet, when the ſatellite has latitude of the ſant 
ame cnith the elevated pole of thoſe inhabitants. Thus at 
Paris, where the pole is elevated 48 51' north, the e- 
. clipſes of the ſun are conſiderable, only when the moon in 
conjunction has 30 or 40 minutes north latitude. 
638. On the contrary, in eclipſes at the ſuperior 
conjunctions, when the ſatellite is immerſed in the ſha. 
dow, it is abſolutely eclipſed to every point in the world; 
therefore a ſatellite cannot appear eclipfed to ſome and not 
to others. In general, it may be ſaid, that eclipſes of ihe 
moon or of a ſatellite are univerſal ; but thoſe of the ſun par- 
ticular, in reſpet3 io the inhabitants of the primary planet. 
. 639. In eclipſes of the ſun, when the body of the {a 
tellite does not of ſufficient magnitude to intercept 
all the ſun's light from a ſpectator viewing it from the pla- 
net; but hides only that part of it towards the centre, E 
and leaves a border of light quite round the ſun; this of + 
appearance is called an annular eclipſe : But if the ſatellite Wi *. in 
appears large enough to hide the whole body of the fun diate] 
from the view of an inhabitant in the primary planet, the 
eclipſe is then called total. in ; | 5 
5640. An eclipſe of the ſun happening only by — 
the ſucceſſive interpoſition of the body of the ſatel. | 
lite between the planet and the ſun ; 1“. Its beginning WF 643 
muſt be when the ſatellite by its motion is apparently WF lebt n 
come ſo near the ſun, that the diſtance from the ſatel- WM *0liple, 
 lite's centre to that of the ſun, appears equal to the * pro 


ſum 


ſum of the angles under which the ſemi-diameters' of 
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the ſatellite and of the ſun are ſeen: Alſo this eclipſe 
ends, to the ſame ſpectator, when the ſateiliteꝰs centre 
receding from that of the ſun, appears at the diſtance 
of the ſum of the ſame angles. 29. It will appear as 

beginning, to a.ſpeCtator placed on one part of the pla- 
net's ſurface, when to a ſpectator on another part of 
the ſurface, it will appear at its middle, or 8 — 
while at another place it is not yet begun. 3. To the 
inhabitants next the inner border of the path of the ſatel- 
lce's ſhadow, the eclipſe appears total but tor an inſtant, 
while to thoſe farther within the ſhadow, it is total for a 
longer time. 4. Thoſe at the outward borders of the 
ſhadow, ſee_the ſun eclipſed only in part, and gradually 
leſs as they are nearer this margin; for the ſatellite's body 
hides only a part of the (un from them; and at a certain 
diſtance from the ſhadow's edge, no eclipſe is ſeen. 
Therefore the fame eclip/e may be total in one place, and par- 
tial in another. 

641. On the contrary, in eclipſes of the moon or ſa» 


tellites, the different parts of the ſatellite ceaſe to be en- 


ightned, and conſequently become inviſible, in 
3s it enters the ſhadow ; all ſpectators to whom the ſatel- 
lice is viſible, ſee it enter the — at the ſame time and 
in the ſame manner, totally if the eclipſe is total; and 
partly if the eclipſe is partial. In general, woobſervers to 
whom tbe ſatellite or moon is viſible, ſee no di Herence in tbe 
phaſes of its eclip/e, on whatever places of the planet 's ſurface 
ibey may be ſituate. © f 

642. Hence it follows, that obſervations on the phaſes 
of eclipſes of the ſatellites, are moſt proper for imme- 
diately determining the differences of the meridians of 
thoſe places where the obſervations are made: The obſer- 
owt phaſes of eclipſes, of the ſun do not give thoſe 
differences without proper reductions. This hall . 
alter be more amply explained. ET 

643. However it is neceſſary to remark, that the motion of 
light.not being inftantaneous, muſt cauſe the Gme phaſe of an 


eclipſe, ſeen from different points of the univerſe, to appear later 
in * to the diſtance of W s eye from che * 


e reer, 
br its fatellite, For by obſervation, all other circumſtances be. 
ing alike, the eclipſes of Jupiter's fatellites ſeen from the earth, 
Happen 8 or 9 minutes of time later when Jupiter is nearly in 
— quadrature with the ſun, than when in oppoſition. - Now a pla- 
net when in quadrature, is, reſpeQively to the earth, nearly equi. 
diſtant from the earth and the fun ; but when in oppoſition, is 
neareſt the earth by -the diſtance of the earth from the fun. And 
according to obſervation, light is about 8 or 9 in moving this 
_ diſtance. Nou if the motion of light be uniform, rays emitted 
from the ſun, arrive at the earth in about 8' of time: But as the 
moon is about 300 times nearer the earth than the ſun, light is 
only 2“ of time in coming from the moon to the earth; there. 
fore in the uſe of the obſervations on the moon, the motion of 


| light is not regarded. 4 | 
66644. Puznom. IV. The motions of the ſatellites cor. 
Nalered in reſpett to the ftars, and not as io their planet's 
centre; Saturn's three firſt ſatellites, and the firſt of Jupiter 
are, 1*. ſtationary or immoveable for ſome time in two point; 
of their orbit; namely, before the weſtern excurſion, and af- 
ter the eaſtern. 29. They are diret}, or move according i 
the order of the figns of the zodiac, from their weſtern t1 
Their eaſtern ſtation. 3. They are retrograde, or move con- 
trary to the order of the figns, from their eaſtern to their 
weſtern ſtation.” 4. The ſatellites in their excurſions move 
with" a velocity equal to that of their planet; but their ve. 
locity accelerates from one ere of their ſtation 10 the next 
fellowing ronjunftion, and decreaſes from that conjunction to 
| the next ſtation. 5*. They are longer in going from tht 
weſtern excurſion to the eaſtern, than from the taſtern 10 the 
weſtern, tho" their velocity is greater in their ſuperior cn. the 
 Juntiion than in their inferi . ODE 
645. On the contrary, the moon, Saturn's fourth and the 1 
Ffth fatellites, and the ſecond, third and fourth of Jupiter's, WM <onj1 
"are always direct, and never ſtationary : In their digreſſions, rang! 
they move like the other ſateilites, with a velocity equal 1 digre 
#hat' of their planet; but in going from the weſtern excurſion WM 6. 
to the upper conjunction, their velocity is accelerated, ani tion, 
-they paſs to the eaſt beyond the planet: But after the ſup: ¶ dicul 
rior conjunction, their velocity decreaſes, ſo. that in the eaſtern Wl the | 
digreſſian it becomes equal to the velocity of the planet: After- ll view 
cards their velocity. ftill decreaſing, the planet in its turn, equa 


4s goes 
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zun beyond the ſatellites in their inferior conjunZion, leaving 
them behind to the weſt, But after this conjunction, the ſa- 
tellites velocity again increafing, becomes equal to that of the 
planet in ther ' weſtern digreſion; theſe apparent variations 
continually ſucceeding each other. 

646. Theſe phenomena are eaſi Lead by the the- 
ory of relative motions and that of the epicycloids, applied 
as before to the apparent motions of the planets fcen from 
the earth; but it will here be ſhewn how to account for 
them independant of that theory. It is evident that a 
ſatellite s motion in reſpect to a fixed ſtar, depends on 
three cauſes that may occaſion theſe apparent variations. 
1. Of the real velocity of the ſatellite, 25. Of the direc- 
tion of this velocity. 3*. Of the real velocity of the pri- 
mary planet, whereby the ſatellite and its orbit are drawn 
in the ſame direction with the motion of the planet. 

Let the real velocity of the ſatellite and planet be ſup- 
poſed uniform: (for the inequalities of Saturn's, Jupiters, 
and the Earth's motions, are not conſiderable enough to 

cauſe great variations in theſe phenomena ; beſides, the 
motions. of the ſatellites are nearly uniform, as will here- 
after be ſhewn, becauſe their orbits. are apparently circu- 
hr.) This premiſed, it follows, that all the apparent va- 
nations in the ſa ellites motions, will depend on the di- 
rection of the real path of the ſatellite ; on its ſituation to 
the obſerver's eye; and on the proportion between the 
planet” s real velocity to that of the ſatellite. 


We Let 8 (Hg. 91.) be the ſun's place, I that of 


planet moving in the arc and direction IK. Let 
0518 be the ſatellite's orbit. Through 8 and I draw 
the right line S0; then O ſhews the place of a ſuperior 
conjunction, and C that of an inferior: Draw SD, SG, 
tangents to the orbit; and the point G ſhews the weſtern 


digreſſion. and D the eaſtern. 


647. 15, When the ſatellite is in O its ſuperior conjunc- 


tion, hes OA che direction of its motion being perpen- 


dicular to SO, or which is the ſame, parallel to, and in 
the ſame direction with the path of the planet; the ſatellite 
viewed from a fixed point, ſeems to move with à velocity 
te to the ſum of its wa, velocity and that of the pla- 

2 | net: 
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net: Therefore the ſatelliteꝰs apparent velocity is then di. 
rect, and at its greateſt. | 0 A o fr 
648. 25. When the ſatellite is in P between its ſuperior * 
conjunction and eaſtern excurſion, then the direction of plane! 
| its velocity PQ being oblique to the radius SP, or to the Ther: 
© planet's direction IK ; the eye in S does not fee the fatel. ¶ gor © 
| ; les velocity ſuch as it is, but as if it was in PT; and aſterv 
conſequently ſees it Jeſs than it really is: The fatellite's city, 
motion is ſtill direct, and equal to the ſum of PT and the ¶ can b 
942 planet's velocity: Therefore the ſatellites paſſage from real v 
the ſuperior conjunction to its eaſtern digreſſion is di- third 
rect; but its apparent velocity is diminiſhed, becauſe its I ;eithe 
real velocity is become more oblique to the obſerver's Wl only. 
BE Os f | 22 

9253 3. When the ſatellite is in D, the direction of val o 

its velocity DR coinciding with the radius SD, the ſatel- pens 
ſite mult appear neither to move in the order of the ſigns ſupit: 
IK, nor contrary to that order IM; but remaining in the 65 
fame radius SD, would appear fixed if not urged on by CB o 
its planet. Therefore the ſatellite in its eaſtern excurſion WI gong, 
is direct, and its velccity equal to that of its planet. planet 
530. 4*. When the ſatellite” has paſſed its eaſtern di. theref 
greſſion, and comes towards H, the direction HF of its Bil greate 

real velocity is contrary to the order of the ſigns ; and be- Wi onder 
ing oblique to the radius SH, appears to be equal to the 65 
. quantity HN; this may have three caſes: Either, HN is WW © the 
less than the planet's velocity according to the order of Ml nl a 
the ſigns, 7a conſequently the ſatellite is moved in the Wl obſert 


. ſame direction, but with the exceſs of the plahet's velocity I fore t 
” - above HN the ſatellite's apparent velocity; or, HN be- and t 
A1 ng equal and contrary to the planet's velocity they de- Wl creaG 
ſtroy each other, and the ſatellite appears immoveable or WM lower 
fationary; or, laſtly, HN is greater than the planet's WW more 
velocity; conſequently the ſatellite appears to be retro- Wl direct 
grade, or to move contrary to the order of the ſigns, conju 
wich a velocity equal to the exceſs of HN above the pla- WM of the 
netꝰ's velocity. Now the direction of the ſatellite's ve- 65 
locity becoming leſs and leſs oblique to a radius drawn boeity 
from the ſun, until they are perpendicular in C at the in- net's 1 

ferior conjunction; it follows, that the ſatcllite*s — | 

5 again 
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againſt the order of the ſigns, ſeems increaſing in its paſſ- 
ing from the eaſtern digreſſion to the inferior conjunction, 


ind its motion is compounded of. the difference of the 
n of Wi planer's real velocity with the ſatellite's apparent velocity. 
, the Therefore in paſſing from the eaſtern excurſion to the infe · 
atel. rior conjunction, the ſatellite will appear to be ſtationary z 
= afterwards it will move retrograde with an acclerared yl 
te's Wl dry, if its nt one, - contrary to the order of the ſigne, 
| the . . — to, and „ exceed the 0G 
rom real velocity; which happens to Saturn's firſt, ſecond, and 
di. third ſatellites, and to Jupiter's firſt: And it will appear 
© its neither ſtationary nor retrograde, but its velocity will ſeem 
ers only to diminiſh, if its apparent velocity contrary to the 
| order of the ſigns, cannot become equal to the planet's 
1 of Wi real one according to the order of the ſigns; which hap-- 
tel. WY pens to the moon, to the ſecond, third, and fourth of 
18S BN jupiter, and to the fourth and fifth of Saturn, 
the WW 657. 5* In the inferior conjunction C, the direction 
- by Wi CB of the fatellite's real velocity againſt the order of the 
ſion 


hens, being direct to the view, its difference with the 
planet's velocity, will be at its greateſt, The ſatellite 
therefore in its inferior conjunction, retrogrades with a 


f its greater velocity than at any other time, or moves in the 
be. order of the ſigns with its leaſt velocity. 
the 652, 69, In the paſſage from the inferior conjunction 
\ is BY tothe weſtern excurſion in G, the direction of the ſatellites 
ba real and retrograde velocities becomes more oblique to the 


obſerver*s eye, and conſequently ſeems to decreaſe: There- 
"It Bi fore the difference between the facellite's apparent velocity, 
en and the planet's real velocity, appears to be continually in- 
© Wl creaſing ; now if the ſatellite appeared retrograde in the 
ber conjunction, its velocity would ſeem to diminiſh 
TS more and more, then become ſtationary, and afterwards 
7%. direct; but if it did not appear retrograde in its lower 
tn conjunction, its apparent velocity according to the order 
of the figns would be continually increaſing. | 
1 653. 7*. It is evident, that the ſatellite's apparent 
*" Wl locity in the weſtern digreſſion G, is equal to the pla- 
. act's real velocity only, as in the eaſtern digreſſion D. 
\ſt | 8 3 654. 
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11 fo pang from the weſtern digreſſion to the 
£$ ſuperior conjunction, the direction of the fatellite's real 
velocity is according to the order of the ſigns, and be. 
comes leſs oblique to the obſerver's eye ; therefore its ve. 
locity is increaſed by that of the planet, and this compound 
eelerity ſeems increaſing till it arrives at its ſuperior con- 
junction in O. © 1 TL > * 
65635. Hence it is plain, 1*, why the ſatellite's velocity 
is leſs in the inferior conjunction where retrograde, than 
in the ſuperior conjunction where it is direct; the one be- 
ing the difference between the velocities of the ſatellite 
and planet, and the other their ſum. 2% Why a ſatellite 
8 longer in going from its weſtern digreſſion to the caſt- 
ern, than from the eaſtern to the weſtern ; this happens 
becauſe the part DCG included between the rays SD, SG, 
is not half of the ſatellite's orbit; otherwiſe thoſe radii 
__ , ©" muſt have been parallel, and conſequently the fatellite's 
. orbit at an infinite diſtance from the ſun, Therefore it 
follows, that the leſs a ſatellite's orbit is, and the more 
_ - "diſtant from the ſun, the time of its paſſage thro? the up- 
per ſemi circle will be the nearer equal to that of its paſ- 
ſage thro* the lower ſemi-circle, and vice verſa. 

656. To find a ſatellite's true velocity, and its f. 
tion to that of the planet, the relation of the radii of the 
f Tatellite's and planet's orbits, together with the relation of 
the times of their revolutions, muſt be determined by the 
-fatellite's digreſſions: For it is evident, that the greater 
the radius of the orbit in which the body revolves, and 
the ſhorter the. time of its revolution, the greater is its ve. 
locity. Therefore he real velocities of the planets are ina 
compound ratio, direfily as the radii of their orbits,” and r. 

ci procally as their periodic time. 
637. To find the proportion of the radius of a fatellite's 
orbit to that of its planet, compute how many of the plz 
net's ſemi-diameters are contained in the radius of the 
planet's orbit, and divide that number by the quantity of 
the ſatellite*s digrefſion. Exam. As Jupiter's ſemi-diame- 
ter (174)is 18” 4; therefore in aright-angled triangle whol: 
leaſt leg is 1, and its leaſt angle 18 K, find the other 
leg, which will be 11113 «he radius therefore of Jup: 
| f de 
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to the urs, orbit contains 1115 1 of its ſemi-diameters: And 

11151 divided by 57, which is the digreſſion of Jupiter's 
firſt ſatellite, gives 1964 ; conſequently the radius of Ju- 
viter's-orbir is: to that of its firſt facellite's orbit, as 1964. 


o 1. er * | n 2 | 174 
658. Alſo the proportions of the fatellite*s revolutions 
to the revolutions of their planets, are found by diyid- 
ing the time of the planet's revolution by that of its ſa - 
tellite. And in this manner was the following Table con- 
| ++ Proportion of the radius Proportion of the time Proportion of each ſa 
of a planet's orbit to of a planet's revolution _ tellite's real velocity 

* the radius of the orbit to that of each ſatel- to that of the planet. 


59. » 238 to 1 135 fol 2 0 135 to 238 


obs. ani ciſt. A81964 to. 1 As 2449 to'T .' As-2449 to 1964 
7 165 . 1230 to 1. 1220 to 1. 1220 to 1235 


3. 778 to 1. 606 to 1 . . 600 to 778 
4. . 443toT... 260 to 1... . 260 to 443 


The Moon As 275 to 1. . . 12 t0 f " ſo 123 to'275 


659. By this table ir is ſeen, that Saturn's three firſt ſa- 
tellites and Jupiter's firſt, have greater velocities than their 
planets ; therefore they muſt be retrograde in the inferior 
conjunction, and in the others be always direct. The ve- 
locity of Jupiter's ſecond ſatellite being almoſt equal to 
that of its planet, it muſt appear ſtationary in its inferior 
aaa è TEST E 
5560. n motion as ſeen from the ſun, being 
* compounded of its own proper motion, and of that of 1 
* | Planet, two forts of g muſt ſobediftinguihed in 
them; the one periodical, which is the time the ſatellite takes 
e in deſcribing 360 ſeen from its plahet's centre; the other 
; Hnodical, and is the time the ſatellite takes in returning to 
ol the ſame phaſe in reſpect of the fun. The ſynodical revo- 
lution therefore evidently exceeds the periodical revolution, 
by the time the ſatellite takes to run over an arc of its or- 
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' reelllites probably deſcribe their orbits by virtue of a conſtant 


A their ordits proportional to the times; and this they per. 


. PEEP 


bit, ſimilar to that deſcribed Gs 
. | 


time of 


8 PnENOM. V. The times 8 inferior 
 conjunctions of the ſatellites of Jupiter and Saturn being con. 
| axed, their intervals are very nearly equal to their ſemi. 
revolution But in the moon theſe intervals are Jomerines 
longer by five or fix hours, ſometimes porter. 
This phenomenon joined to the firſt, wherein the ſatel. 
lite's excurſions are apparently equal, ſhews that their 
motions are nearly uniform, and their orbits" are circular 
With the planet in the centre; but the moon's motion is 
| ſubje& to ſome more e 9 which ſhall be An 4 
TA hereafter examined. 5 
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662. Sinde the Tatellites uniformly gcferibh Sbit ap- 
parently circular wich their planet at the centre, they are 
robably moved by a force of the ſame nature with that 
' which moves their planets round the fun : that is, the ſa- 


Fa force, and of an accelerating force tending to 
planet's centre: If io, they muſt follow Keplir's two 
rules, namely, 1*. The ſatellites muſt deſcribe areas of 


bs their motion being uniform. 2®, Their diſtances 
| 5 the Hyg op s centre muſt be as the cube roots of the 
qu the times of their revolutions about the planet; 
3 — in this proportion their digreſſions are found to be, 4 
obſerved in Phenomenon I. Therefore the ſatellites revobue 
about thtir planet in com ſeguenre of a central force tending | to 
12 n and if * ORE | 
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663. Te in reſpeR tothe: ah 6p | 
the fame as the ſun is to the earth, and conſe- 
quently the moon in its motion is regulated by the fame . 
laws nearly, as the earth is in to the ſun ; never- 
theleſs ſuch variable inequalities have been at all times ob- 
ſerved therein, that moſt aſtronomers have thought it 
impoſſible to ſubject them to a conſtant law. But dir 
Ihac Newton having demonſtrated that the true elements 
of the theory of the moon, depend upon the combination 
of the Teciproca] gravinies_of the ſun, the earth, and the 
moon; fince that time only, tables have been conſtructed 
whereby the moon's motions may be computed with ſome 
accuracy. To avoid prolixity, no more particulars of 
this theory will be here ex hibited, than are ſufficient to 
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66. Te Arent appearances of the moon $ diſk 657 
during the courſe of a lunation are called the is ce 

2 Moon's Phaſes. It is well known that on the day of the il tivel 

' moon's conjunction with the ſun, called the New Moon, volu 

Its diſk is not ſeen in the heavens ; but on the following com 
days it appears like a creſcent whoſe convexity is always is (1 
towards the fun; the concavity daily filling up till the 6 

: moon is in oppoſition with the ſyn, when it is called Fu] nati 
$ Moon ; and then its diſk is apparently circular. After. poll 
- wards the weſtern part of the moon becoming inviſible, obſe 

its eaſtern part takes the form of a creſcent whoſe breadth figu 
_diminiſhes till the next new moon, when it again becomes lipti 
totally inviſible : After which it ſucceſſively puts on the pert 


ſame appearances... 


, the 
665. Theſe phenomena are eaſily abcounted fo as: a 
The moon: is a globe neither luminous nor diap anous: dia 


The light it ſnines with is only what it receives from the furl 
ſun; in the ſame manner as the ſun enlightens the earth, 1 
No according to the rules Krün, and the nature of alw 
N r it is certain = -- pes 
666. I. That the fun enlightens only e half of th ell 
moon's ſurface; ſo that one of its neee is an | 


* and the other always dark. ſur 
667. Therefore the — hemiſphere i is termi- the 
5 nated by a great circle whoſe: plane is always perpendicular Inc 
to a right line drawn from the ſun to the moon. * ph 
ane ae call that circle E. rec 
668. IIe. About half only, of the ſurface of a gle can eat 

25 ſeen at one time. | 


669. Therefore 1* Ol all the great circles drawn or 
the — of a globe, only that one terminating the vi. 
<fible hemiſphere: can be — intire (or which is the ſame, 
that circle whoſe plane is perpendicular to a radius drawn 
from the ey oth gehe centre); hal air of xk 
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| the others is neceſſarily ſeen. Let the cirele terminating 
the moon's hemiſphere which is vilible to the carth, be 
called 

670. Then, 2. The ſituation of the plane of the drde 
V, is always coriſtant in reſpect to the WO and never 
can appear otherwiſe than circular. 

671. III. By the phenomena of the moon's phaſes, it 
is certain that the enlightned hemiſphere makes, — 95 
tively to the hemiſphere ſeen from the earth, an intire re- 
volution in each lunation, revolving on a line which is 
common interſection of the circular planes E and V pou 
is (Trig. 7.) neceſſarily the diameter of a globe. 

672. Therefore 4*. The plane of the circle E termi- 
nating the enlightned hemiſphere, paſſcs through every 
poſſible poſit ition in reſpect to the radius drawn from the 
obſerver s eye to the moon's centre; conſequently: the 

re of that circle is ſometimes circular, ſometimes el- 
liptical, and ſometimes rectiline, according as its plane i is 
cy," to thatradius, inclined to, * 
the radius 

673. Then 25. By the revolution of the circle E on a 


diameter of the circle V, the enlightned part of the moon's | 


ſurface ſeen from the earth, is always included between 
two ſemi- circles; namely, half of the circle V, which is 
always ſeen as a femb-eircle1 ; and half of the circle E, ap- 
ing ſometimes as a ſemi circle, ſometimes as a ſemi- 
ellipſis; and ſometimes as a right line. 
674. Now when the moon is in conjunction with the 


ſun, and directly ſituated between the earth and the ſub, | | 


the circle E, terminating the enlightned hemiſphere, co- 
incides with the circle V, terminating the. viſible hemif- 
phere; but as this enlightned hemiſphere is expoſed di- 
wo the ſun, no part of it can be ſeen from che 
r 

67g. As the moon er advances in its revolution, 
the enlightned hemiſphere alſo- advances on the vilible he- 
miſphere ; and the ſemi · circles E and V make at their inter- 
Aection two acute ſpheric angles. Therefore. ſome time 
after the new moon, there is ſeen a little of the enhightned 
eee half of the circle V 


+44 


and Hy 


"0 e | 
and half the circle E. The half E which 20 firſt is ak 
moſt circular, appears to be limited by the eurve of an el. 
lipfis, whoſe convexity is on the concave ſide of the ſemi. 
circle V. This cauſes the moon to appear cuſped: The 
points which are the vertexes of the — angles, are 
alſo the extremities of the moon's diameters whereon the 
circle E turns. l 

676. The circle E ſtill wn on che viſible he. 
miſphere, and making the ſpheric angles at the cuſps bigger 
and bigger, the inclination of its plane to a radius drawn 
to the moon from the earth, conſequently increaſes ; the 
elliptic appearance of half the circle E continually decreaſes 
in breadth, till the moon has made one fourth of its reyo- 


- . lation, Shoe” the plane of the ſemi-circle E is become 


dicular to the plane of the ſemi-circle V; and con- 
ſequently is directed along the radius drawn from the 
earth to the moon; this ſemi- ellipſis then is diminiſhed 
to a right line, and the figure of the enlightned part of 
the moon is ſemi- circular, and terminated by its diameter. 
This phaſe is called the firft quarter of the moon, 
677. The ſemi circle E continuing to advance on the 
vilible hemiſphere, and at its intetſections with the ſemi- 
circle V making ſpheric angles ſtill more obtuſe; the 
ſemi. elliptic appearance of the femi-circle E, turns its 
convexity oppoſite to the weſtern half of the circle V; 
and the enlightned part becoming broader, «conſequently 
approaches more. to the figure of a circle, When the 
moon is in oppoſition with the ſun, its enlightned part 
becomes circular; the plane of the circle E being then 
perpendicular to a radius drawn from the earth to the 
moon, is entirely ſeen, and coincides with the circle V. 
This phaſe is called ful! Moon. The circle E has then 

made half its revolution as well as the moon. 

65678. While the circle E performs the other half revo- 
lution, the moon again has the ſame appearances, The 
ſemi: circle E, which, with the eaſtern half of the circle 
V, includes the apparent enſiglitned part, becomes ellip- 
tical; at firſt tis nearly circular, then decreaſes in breadth 
until at laſt it ſeems only a right line; which happens at- 


ter three * of the revolution: ; and this — 
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tte laft quarter of the moon. Afterwards the ſemi-ellipſis a- 
gzin increaſes in breadth, turning its convexity towards 
the concavity of the ſemi-circle V; and then diſa 


by coinciding with the circle V in the ſubſequent new - 


m—_ Arier U. 


Eumeration of | the principal Elements of the Theory of the 
Moon's Motions, deduced from .— Ae, 


PEfore the explanation of rhe phyſical theory of the 
moon is entred upon, it will be neceſſary to premiſe 

ſuch facts as are acknowledged by all aſtronomers ; 

being deduced from obſervations independent of all phy- 


ſſcal reaſoning. 


679. I. The moon makes a whole revolution in reſpect 
k the ſtars, fifa of 8 43" 12”. hw oh 

In reſpect e firſt point in V, in 27 25 43˙8˙3 
this is called its periodic revolution. 

To the ſun, in 29 n 35 called its Synodic revo- 
lution, 
To its aſcending node, in 278 
To its apogee in 270 13˙ 18 14 ld ins noma 


revolution. 


680. II. The moon's apogee makes an intire revola- 
tion in reſpect to the firſt point of im 8 A 309 days 
8˙ 20%. 

681. III. The moon's node is retrograde, and makes 


revolution in reſpect to bre br TO 


224 days 5". 

682. IV. The diicon's ub. 8 regular in the 
lyzygies, that is, in the new and full moons; elſewhere 
it has very variable inequalities, particularly in the gque- 
dratures, and in thoſe points of the moon's orbit in the 
midway, between the ſyzygies and the rs called 


| the Mon? 5 Vw 
W 653. 
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-| 683. The ff quadrAure is that which the moon come 
to in going from its conjunction to its oppolition : And 
in going from its oppoſition to its conjunction the moon 

fs thro its ſecond quadrature. Its firſt octant is that 
— the conjunction and firſt quadrature ; ſecon/ 
.  octant, that between its firſt quadrature and oppoſition; 
third: octant, that between the oppoſition and ſecond qua. 
drature ; and the four/b octant falls between the ſecond 
oadrature and the conjunction. *. 
684. V. The inclination of the moon's orbit to the plane 
of the ecliptic is ſometimes 5* O, ſometimes 5* 18. 
68g. VI. The moon's diſtance from the earth, de. 
Pure, from its parallax, is, when greateſt, 647 of the 
earth's ſemi · diameters; and when leaſt 554. Therefore 
the mean diſtance is 604. of the earth's ſemidiameters, 
Now according to the meaſures which have been made 
by aſtronomers, the earth's ſemidiameter is very near 
19611500 feet; conſequently the moon's mean diſtance 
from the earth is about 1180612300 feet. 
6856. VII. The moon is at leaſt 275 times nearer the 
earth than the ſun is. For the ſun s parallax, or the ſemi- 
diameter of the earth ſeen from the ſun, is at moſt 12 
(425) ; conſequently the ſun's diſtance from the earth is 
above 16500 terreſtrial ſemidiameters. 
687. VIII. The moon is at leaſt go times leſs than the 
earth; for according to obſervations, the moon's true di- 
5 ameter to that of the earth is as 3 to 115 conſequenty 
8 . ſolidities are as 27 to 1384 3 or as 1.to $44. 9, 
688. IX. The moon revolves about its axis in 277 5 
* 12, that is, during each of its revolutions in reſpect 
of the ſtars: Which is known by the moon always'pre- 
ſenting the ſame face to the earth. For it is plain, that one 
object moving about another A, with the ſame fide always 
turned towards A; revolves mne its -own axis while it 

- makes a revolution about A: This "ey be eaſily conceived 

by a little reflexion. 

689. X. The:moon's ſpots appear to have at each fe. 
volution, a kind of ſmall ſeparate motion in reſpect of its 

centre. They ſeeming firſt to approach it both in long 
* and latitude, and then to return to their 45 
2 e. 


" KSTRONOMY. ma» 
tate. Thi is called" tbe are, Lua bega thi | 
noon uſes its hole bod. 


J% * 


| 
| 

| 

| 


ARTICLE II. 


of the Nature of the Moon's ventral Nous in reſpect 1 to the 
the Earth : And, by Analogy, of the Nature of the Pla- 
- ne's central Force in reſpect to the Sun. 


690. AS (662) the moon anc, the other benden 
nets in regard of their primary ones, fo 
Kepler's two laws, in the ſame manner as the ry 4 | 
nets regard the ſan z. it is evident, that the cauſes which 
produce the motions of the planets. about the ſun, muſt 
be the ſame, at leaſt analogous to thoſe cauſing the mo- 
tions- of the ſatellites about their primary planets, Now 
of all the ſatellites the moon is moſt known to us; there- 
fore the phyſical cauſe of the moon's motion in reſpect to 
the earth, may ſerve to eſtabliſh-by analogy the phylical 


cauſe of each planet's motion in reſpect of that whereto 1 ts | 


central force is conſtantly directed. 

691. This premiſed, it is eaſy to demonſtrate that the | 
gravity found in bodies near the earth's ſurface, and which 
directs them towards its centre with an accelerated velocity, 
is preciſely the central force, which joined to an uniform 
impulſive force, cauſcs the moon to revolve 1 in an einde. 
with the earth in one of its foci, 

692. For in the hypotheſis of the candies of theſe 
two forces, whereby the moon deſcribes a circle or an el 
lpſis about the earth, the central force (163) muſt-decreaſe 
in proportion to the ſquare of the moon's diſtance from 
the earth's centre, to which that force tends ; now tis 
evident, -that the diſtance of the earth's centre to its ſur- 
lace, being to that of its diſtance from the moon's centre, 
as 1 to 604, the central force acting upon the moon in its 
orbit, is to chat whereby it would be * if it _—_ 
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= --- nothing but | its gravity 
1 Square of its diſtance from the: earth's centre. 
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the carth's as 1 to 603X604. conſequently the 
diſtance which in a very ſhort time the moon, by its cen. 
tral force, departs from its rectiline path, and approaches 
the earth's centre, is 3624 times leſs than if the moon had 
been diſtant bur one ſemidiameter from the carth's centre 


Now the moon by its gravity would approach the cart}, 


centre 54.360 feet in the firſt minute of time, in falling 
freely ; which is deduced. from the formula e=f:; (61) 
where /=15,1 French feet (=16,0858 feet Engliſh) 
rnb: Therefore if the moon's central force in its orbit l 
the ſame as gravitydiminiſhed in proportion to the ſquare 
| of its diſtance, the quantity which the moon departs from 
*  » the tangent of its orbit i in een bee 
_— A 15 feet, 5 
| « nr 
over by the moon in its orbit in a minute of time, Which 
as deduced from its periodic revolution is 32“ 66 2; ( 
the carth's place ; draw the radii CL, N, and the tan 
gent LM terminated by the radius CN. The 
line MN exprefles the quantity which the moon by itscentra 
ſorce has been drawn towards the earth C. Now that 
line & evidently the exceſs of the bypothenuſe CM above 
CL, which is 118061 300 Paris feet z or hich is the 
| Jame,: the exceſs of the radius CM aboye CL; the coſine af 
32 66. But by the tables of fines, the coſime of 32 
56 1 5999999987246; when radius is LO00000000000; 
difference is 42754 : Then as z200000D000000, is to 
21480612300 310-18 12754, to 15,0575292742 Paris 
feet, nearly as it ought to be, if the. moon's central force 
diminiſhed: in proportion to the 


Some circumſtances have been omiteed-in-chis calculs 
tion which ſome what affect the reſult, neee 
r r . 5 . 
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the Moon's Motion in its Synodjc 


694. . had no other central force but that 
which directs it every inſtarit towards the earth's 
centre, it would then follow exactly the ſame laws in its 
inequalities as the planets do towards the ſun; that is, it 
would regularly deſcribe an ellipſis having the earth in one 
of its foci ; and the areas included between the rays from 
the centre of force would be proportional to the times. But 


_ 


al obſervations concurring to prove that the moon's _ine- 


Os # vary not only in the different degrees of its ano- | 
maly, but alſe in its different poſitions to the ſun ; it has 
therefore been concluded, that the moon is alſo urged 
by a central force tending to the ſun, varying in an inverſe 
tio of the ſquares of its diſtances from the ſun. - This 
concluſion is the more reaſonable, as the moon not being 
farther diſtant than the earth from the ſub, it muſt there» 
fore gravitate towards the ſun as well as the earth. Be- 
des tis a principle in phyſics, that the gravities of bodies 
are always as their maſs or quantity of matter. -Therefore 
the different inequalities in the motion of the moon are pro- 
auced by the different mod;fications its central forte io the fun 
cauſes in its central force 10 the earth ; as will be ſbewn 
In what follows. 8 
694. Not to engage in too many difficultics at once, 
kt che moon be ſuppoſed to deſcribe uniformly a- circle a- 
bout the earth placed in its centre, and the earth at the 
lame time to be deſcribing uniformly a circle round the 
ſun placed alſo in the centre. 
Suppoſe the moon in any point L of its orbit CROQ - 
( Fig. 94. 95). Irs motion follows the order of the ligns, 
in the direction LRQ Let IT be the earth's place in the 
centre of the tnoon's orbit; $ the ſun ; OCS the line of 
the ſyzygies; C the ow of con ſunction (Hg. 94.) or of 
oppoſition (Fig. 95. - R the point of the Sr fol- 
9 lowing 
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lowing the moon's paſſage thro* C. rawing TS, 
LS, to repreſent the diſtances of the earth and moan 
from the ſun; it is plain, that the moon being in L, its gra- 
vitation towards the ſun, muſt be greater as in Fig. 94, and 
leſs as in Fg. 98, than that of the earth to the fun, in the 
proportion of ST © to SL.. Therefore it follows in both 
theſe caſes, that the moon's central force towards the earth 


78 diminiſhed, This is evident in the firſt caſe (Fig. 94), 
and will alſo be ſo in the ſecond (Fig. 95), if it be con- 


fidered, that the exceſs of the earth's gravitation to the ſun 
above that of the moon to the ſun; diminiſhes as much 
the moon's gravitation towards the earth. - 
596. To determine how, and in what proportion this 
- diminution is made; ina right line LS, take LD to TS, 
as the moon's gravity to the ſun, is to the earth's gravity 
to the ſun, or as S to L.; and on the right lineLD 
as a diagonal, conſtruct the parallelogram LGDF making 
the ſides LG, DF parallel, and equal to ST. Now ts 
plain that the moon's gravitation towards the ſun repreſent- 


ed by LD; may be divided into two others, the one ex- 


pPreſſed by LG, which being equal and parallel to ST, 
acts in the ſame direction, and with the fame force, as th: 
earth's gravitation towards the ſun; and conſequently can- 
not cauſe any inequality in the moon's motion round the 
earth: The other, expreſſed by LF, repreſents the quan- 

. tity whereby the moon by its gravity (Hg. 94.)-tends tc 
Wards the ſun, more than the earth does by its gravity; 


or (Fig. 95.) the quantity whereby the exceſs of the ten- 


dency of the earth to the ſun, diminiſhes the gravity of the 
moon to the earth, Now the earth being 275 times far 
ther diſtant from the fun than from the moon, the right 
_ line SD is very ſmall in proportion to ST, and conſequent) 
DF may be conſidered as coinciding with its parallel ST, 
and alſo the point F with the point A; fo that witho! 
any conſiderable error, LA may be taken for the diffe 
rence between the gravitations of the earth and moon t 
the ſun, and may expreſs the force producing the inequa 


lities of the moon's motion. Therefore call this line, de 


 perturbate force. 


696, 
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is a diagonal conſtruct the right-angled parallelogram 


LEAB; fo that the force LA is divided into two others, 
the one LE, which being in the direction of the ray TL, 


tends (in both caſes) to make the moon recede from the 


earth; and conſequently expreſſes the quan'ity whereby 


the perturbate force diminiſhes the moon's gravity towards 
the earth: The other LB being perpendicular to the ra- 


dus TL, is a tangent to the moon's orbit ; and acting 


in the direction LB tends to diminiſh the moon's ve- 
locity while moving in the oppoſite direction LR. There 
tre caſes, where the point E being between T and L, 
the force LE increaſes the moon's gravitation towards the 
earth ; and other caſes, where the direction of the force 
LB is in that of the moon's motion, and contributes to 
accelerate its velocity. . 
Tis now neceſſary to determine the 
ines LA, LE, LB, repreſenting; theſe. forces, in order to 
judge of the manner in which they affect the moon's mo- 
tion. . % 305 $641 8 
697. LeMMa, The nearer to equality two quantities are, tht 
more exact the following proportion will be: As tbe difference 
of their ſquares, is to twice the difference of their roots ;, ſo 
is the ſquare of the one, to iis root. | 3 
Dem. Let. a, and a+b be the two quantities. The 
proportion is then, as 24b4-bb : 20 ꝛ: a: 43 or as 2a6Þ 
bb: 20 2: , ,: a+b, Now in the firſt caſe, 
were the product of the extremes is 2aab+ab5,; and that 


of the means is 2azh ; it is plain, that the ſmaller the part 


, is of a, the nearer a, and a4 are to equality; alſo 
the leſs will be the ſquare of 36; whereby ab becomes 
very ſmall in compariſon of 2494 z conſequently the pro- 


duct of the extremes will then be nearly equal to that of 


the means. ICT NOS 1 
The ſecond. caſe may be ſhewn in the fame manner: 
But it may be obſerved, that the differenee of the leaſt 
ſquare is ſomewhat greater, and that of the greateſt ſquare 
lmewhat leſs, than twice the difference of their root. 
698. "This premiſed.” I, Becauſe DE : ST STF: L 
(635); and HL, che difference between the right lines 
CH WEE 


ions of the - 
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ST SL, being very ſmall whencompared with them (for OR 
is the arc of a circle at whoſe centre is the ſun) ; therefore 


the difference between DL and ST is (60 7) HL; con. 


ſequently DS, the difference between DH and ST, i; 
=3HL. Now ſince the right lines LG, FD, ST, are 
equal, and DF coincides with SA; then DS=TA ; 

therefore TA=3HL : But HL is nearly the fine of the 


moon's diſtance, from its next quadrature, or the coſine of 


its diſtance to the line of the ſyzygies; therefore the moon's 
periurbate force is akways the third fide of a right-lined tri. 
angle, one fide whereof is the radius of the moon”s orbit, and 
the other fide is the triple of the * of the moon s diſtance 1 
the neareſt ſyzygy. 
e 139 to 1; chen LI H; and 
drawing IK perpendicular to LT (produced if neceſſary) 
the right-angled triangles ILK, ATE, are ſimilar, be 
cauſe of the parallels AE, KI ; "therefore AT: LI: AR 
or LB: IK: Now AT: 112 3 HL,: 2H L:: 3: 2. 
' Therefore LB: IK :: 3: 2, and LBS ZIK. But IK is 
the ſine of the angle ITK, double the angle (ILK=) 
CTL, the moon's diſtance from the line of — lyzygics, 
_ Therefore the force LB accelerating or retarding the moon's 
motion in its orbit, is always as 4 of the fine of twice ibe 
moon's diſtance from the line of the ſyzypies. - 

700. III. In the ſimilar ranges ILK, ATE ; (AT 
Ugo 3: 2 (: TE: LK) 5: TL+LE : TL+TK : 

: Therefore 3Tik3TK=2TL+2LE ; and taking away 

2TL from cach fide, remains TL+ 3TK=2LE. There 
fore LE=2TL+2TK (if the point E was to fall between 
L and IT, then LE=3T L—zTK). Now TK is the 
coſine of the angle KI., or twice the moon's diſtance 
from the line of th the ſyzygies. Therefore the force LE di. 
miniſbing, or increaſing, the moon's, central force or gravily 
reſpetirvely to the earth, is as the ſum, or as 4he difference, 
of half the radius, and of 3 + of the coſine of twice the moon's 
. from the la of the Hegi. 


5 * | rin 
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| A 11 wi 
The Combination f the phy/ical canſes which * * regw- 
wy of the Moon s motion, 


er. PH E moon's indqualities being found,” in the 
foregoing article, to proceed from the. combi- 
nation of three forces: It remains now to diſcover the 


effefts z and to find the terms or points, where theſe : 


forces are greateſt, leaſt, or nothing. 
If a triangle TLA be conſtructed for each point of. the 
ac CR, fo that TA be always = 3LH - - 


oz. I. The perturbate force LA is greateſt, abun 


the right line TA is greateſt, becauſe of the conſtant fide 


TL: That is, when LH is equal to the radius TL, 


and conſequently where the angle RTL is right; or, 
when the point L falls in C. Therefore the perturbate 


2 LA is greateſt in the ſpaygies : And i is then expreſſed by 
2TL,. 


703. For the contrary reaſon, LA is leaſt when TA 
or LH become nothing; or when the point L falls in-the 


point R. Therefore the perturbate force LA is leaft in 


ibe quadratures, and is then expreſſed by LT. : 
704. II. As the angle TLA may 3 from 180 to O', 
the line AE perpendicular to TL muſt fall beyond L re- 


ſpectively to I, when the angle TLA is obtuſe; on the 


point L. when the angle is right z and between T and L., 
when the angle TLA is acute, In the firſt caſe, LE ex- 
preſſes the diminution of the moon's gravity relpectively 
to the earth, becauſe it repreſents a force whoſe direction 


s comrary to the point T. In the ſecond caſe this dimi- 


nution. is nothing; and in the third, LE repreſents a force 
increaſing the moon's gravity to the earth, its direction 
then tending towards the point T. 


705. HI. The force LB is nothing, when the fine of 
twice its diſtance to the ſyzygy is nothing; for then the 


Z of this ſine are alſo nothing, whith happens in tbe 
E 2. 


„ 9 


E ; b 
N : : 
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706. The force LB is greateſt when the moon is in in 
octants. For the greateſt {ine is that of goꝰ, and oo mu 
be twice the moon's diſtance from the 1 to the point 
Where the force LB is greateſt, The diſtance is there. 
fore 45? „%%% Op DA, 
It is alſo ſeen that when the force LB is greateſt, it is 
707. IV. The force LE is greateſt, when the cofine of 
the diſtance from the ſyzygy is greateſt, which happens 
iu the ſyzygy ; in this caſe LE caincides with LA; and 
_ conſequently, then LE=2TL. | 1 
708. The force LE is nothing, when the angle TLA 
3s right, or when the terms of its expreſſion deſtroy each 
| ether; which happens when +TL=ZTK ; or when TL 
==3TK, or when 4$TL=TK ; that is, when the coſine 
of twice the moon's diſtance from the ſyzygy is equal to 
one third of the radius: Now the third of the radius 
1000000, is 333333, Which is the coſine of 1099 28, 
its half is 34 44 3 therefore the force LE is nothing when 
the moon is 54* 44 diſtant from the ſyzygy. ' gr. 
Fog. If the expreſſion of the force LE is required in the 
. quadrature, then the diſtance from the line of the ſyzygies 
being 99?, the coſine of its double 190, or o“, is equal 
to the radius TL; therefore LE=3TL—3TL=—TL,; 
this ſhews that in the quadrature the direction of the force 
LEis in RT; and the moon's gravity towards the earth 
is increaſed by a quantity that may be repreſented by TL 
or RT. | 1 > n 
710. V. By the equality of the decreaſe of gravity in 
the comunttion and oppoſition, and by the equality 
of its increaſe in the quadratures, and alſo by the con- 


ſtruction of particular figures; it is plainly ſeen,” that ll 


the inequalities happening to the moon's motion, in its paſſage 
from one hey to its next quadrature, are gradually re- 
ſtored in the moon's paſſage from this quadrature to the next 
Þzygy ; afterwards the like inequalities begin again in the ſam! 
order from this ſyzygy to the next quadrature; and are again 
reſtored in the paſſage 49 the following {zygy, and ſo on: 


As rierr 


71: 
bit, E. 
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= ante. of tbe effects in the comb; ination 71 a | 
it is _ "preceding forces. 
10 of A Bfrafing 8 the eccentricities of the orbits of the: 
peny moon and earth; and ſuppoſing theſe two bodies were 
and originally deſigned to run uniformly, the one thro'a great 

N circular orbit about the ſun, the other thro' a. leſſer orbit 

LA wund the earth, in a plane nearly coincident with that of 
ach the ecliptic, the following Pe to will naturally ariſe, _ . 
TL ' 511. TRZORAEM I. When the moon is in the fyzygies, its 
ſine berturbate force diminiſhes its central force, reſpectively 40 
| to the earth ; and increaſes it when in the quadratures : But 
liug e diminution in the Jrggies. is double. the Rei 2/25 in 
28, e quadratures. © 4 
hen 12. Turok. II. There are four: points in the moon i or- 


bit, each about 34 44 from either fide the ſyzygies, where 
the gravitation of the moon to the ſun, makes no alleration in. 
its central force in reſpect to the earth.” | __ 

713. Tnzon. III. The variation of the moon” s contra! 
force reſpectively to the earth, tends to flatten its orbit tos, 
ce vards the fyzygies, and 10 lengthen it towards, the quadra- 
rth tures 3 (80) ſo+ that the moon's orbit, at firſt circular, is 
L nw beconie oval or elliptic, its greater axis being in the line 

of the uadratures, ths leſſer axis in that of 1 the Gia. and 
in e earth in its centre. SA 
Ity 714. THOR. IV. The ebe of the moon muſt decreaſe 
n- WW from the /zygies to the quatiratures, and accelerate from the 
all WY 4uadratures to the fzygies. For the ſemi-axes of curves 
ge being perpendicular to the tangents drawn thro* their ex- 
e- tremities; and the velocity in curves being (36) in the in- 
x: MW verſe ratio of the rays from the centre of forces drawn 
ne perpendicular to the tangents .at the point where the - 
in W body is found z therefore the moon's motion in the 

lyzygies to that in the quadratures, muſt be accelerated 

in proportion as the leſſer ſemi- Ling 8 its * is leis 
* bona the greater ſemi-axis. 9 a 5} 


MS: 716. 


5 715. Tagen. V. The quantity whereby the mobn'g ve- 

, Iovtity is diminiſhed in going from the ſyzygy to the quadra- 
ture, or accelerated in going from the quadrature to the || 
(produced by the force LB) muſt increaſe from the HY 10 


CES 


: 


= 4 3 F - | * ke / 
Sh EI IN IAT Ss of: | 


> 


te next oflant, and decreaſe in the ſame proportion from that 
dan to the following quadrature , it is always in the ratio 
of the fine of twice the moon's diſtance from the ſyzygy. This 
inequality is called the moon's variation. 


are leſ5 in 
oFants, © . x; 4 RAT 5 
For in the ſyzygies and quadratures, the perturbate 


716. Tnzox. VI. In the 


a ſzygies and  quadratures, a 
ray fromthe moon to the earth will deſeribe areas in proper. 
ion to tbe times ; in every other point of the orbit; the area; 
proportion io the times, as the moon is wearer its 


force LA is in the direction of the rays from the moon to 


the earth; conſequently the central force compounded of 


the perturbate force and the -moon's gravity, tends to the 


earth's centre. In every other point, the force LA is the 
more oblique to the radius TL, as the moon is nearer 
the octant; therefore the central force compounded of 
this force and the moon's gravity, is 
ther diſtant from T the earth's centre. 


717. Remark. The moon's orbit has hitherto been ſuppoſed 
_ gcircle, although it is an ellipſis in one of whoſe foci the earth 
is placed; nevertheleſs the inequalities juſt explained may be con- 
ceived to have the effect of cauſing the ellipſis to be more convex in 
the quadratures, and more rectilinear in the ſyzygies z theſe ine- 

_ qualities. muſt therefore contribute to make the moon recede from 
the earth in the quadratures, and approach to it in the ſyzygics: 
Beſides the moon's ellipſis is not very excentric. And ſince the 

- Moon's central force diminiſhes in the ſyzygies and increaſes in 
the quadratutes, it is evident that it muſt ſometimes be too great, 
and ſometimes too little, to be inverſely as the ' ſquare of the 
- moon's diſtance from the earth, which however is neceſſary (163) 


proportionally tar- 


| if the moon's orbit" is an ellipſis with the earth in one of its foci, 


1718. This difference in the diſtances, the eccentricities of 

the orbits of the earth and moon, together with the inclination 

of the plane of the moon's orbit to that of the ecliptic, are the 

_  Fauſe of five very. conſiderable periodical inequalities in the 

moo n's motion; namely, | ; 

180, An inequality in the time of 
fiye periodic revolutions. 


= 


* 


— 
* 


ſeyeral of the moon's ſucceſ- 


\ 


2? 
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2 Of the motion of the line of the ayſides. + f 
3e. Of a continual alteration in the eccentricity of the moors | 
bi . 
775 Of the retrogradation of the moon's nodes. fees | | 


ge, Of the alteration in the inclination of the orbit. «of 
Theſe ſhalt be particularized in the following theorems. | 5 


719. Turo. VII. The times of the moon's . revo- 
jutions are longer when the 6arth is in ts  peribelion,” than 
oben in its apbelion. 

Dru. The nearer the earth is to the ſun, the greater 
is the earth's and moon's gravity to the ſun: There: 
fore the greater is the diminution of the moon's gra- . 
vy to the earth in the ſyzygies : And although the 
increaſe in the quadratures is alſo greater, yet as the dimi- 
nution is nearly double the augmentation (7.14) ; tis plain 
the moon gravitates leſs to the earth in perihelion than in 
aphelion; and conſequently is farther diſtant from the 
earth in the firſt caſe 4 in the ſecond: Hence it follows 
that all other circumſtances being equal, the moon's or- 
hit is greater when the earth is in perihelion, than when 
in aphelion, Now (167) the times of the periodic revo- 
lutions being as the ſquare roots of the cubes of the orbit's - 
greater axes, are coniequently longer when the orbits are 
greatelt : Therefore the time of the moon's periodic re- 
volution is longer when the earth is in its perihelion than 
when io its aphelion. 

720, By a patity of reaſon, the time of the moon's 
revolution reſpectively to its | apogee and node, muſt alſo . 
de longer when the earth is in periheſion, than when! in 123 
aphelion. | 

721. TREOR. VIII. When the moon is in the hreygies, 
the line of its ap/ides advances direttly,. or according to the . * 

order of the ſigns; but moves retrograde when ihe moon is in 
the quadratures : It advances with greateſt velocity when 
s of concurring with the line of the ſyzjgies ; and retrogradts with 
ion greateſt velocity when conturring with the line of the quadra- 


the tures : The ſum of the quantities it gains in ſeveral Tevolu- 

4 tions, exceeding the quantities it retrogrades during thoſt revo- 

as, lutons, cauſes an intire revolution of the line of the apfides, 
\ n to the order of the Jigs, in about nine years, 


25. > , $ -- ; | Dau. 


* ' 
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Dex. 1. Since the alternate increaſe and decreaſe of 
the moon's gravity reſpectively to the earth is the cauſe 

that the central force is ſometimes too great,  and-ſome. Wl advan 

times too ſmall, to be inverſely as the ſquares of the rays locity 
from the centre of forces (717) ; it follows (175) that the 72. 
moon's orbit cannot be ſuppoſed an ellipſis with the earth in the In 
one of its foci, unleſs the line of the apſides be alſo ſuppoſed of the 

moveable : Now in this caſe the motion of that line is in the 
' direct in the ſyzygies, where the central force is leaſt, and free 
retrograde in the quadratures, where the central force is IR. 

eee | A ee | 
9725 25. The diminution of the central force in the Bo 
 ſyzygies, being not only double the augmentation in the 

1 but extending alſo to 54 44 on either ſide — 

he ſyzygies, (708) while the augmentation extends only y 


5* 16 on either ſide the quadratures ; it is evident that 12 
the direct motion muſt exceed the retrograde, and there- diſtar 


fore the apogee adyances ſenſibly according to the order of I gurb 


the ſigns. 1 1 e e ene of th 
723. 35%, The moon's orbit being an ellipſis, and the * 
earth in one of its foci, the diſtances TL are not every 3 
Where equal; they are leſs towards the petigee, and greater N 
towards the apogee : Therefore the perturbate force LA, 2 15 
which in the ſyzygies is always =2TL (702), is propor- Jocit 

|  -tionally greater, as the moon in ſyzygy is nearer its a- 71 
pogee; and on the contrary, proportionally leſs when gary 


nearer its perigee. Let the moon's apogeon diſtance be f 
=D, and 1 perigeon diſtance , When the line of Jp 
the apſides concurs with that of the ſyzygies, the pertur- D 
bate force LA is greateſt, and =2D in the apogeon ſy- EN 
_Zygy ; but leaft, and d in the perigeon ſyzygy. Now 1 
Was it not for the perturbate force, the central force of 
the moon in apogee would be to its central force in perigee, 


| 
as dd to DD; But becauſe of the perturbate force, theſe 15 
central forces are to one another, as dd 2D to DD—24, oh 


this proportion differs moſt from dd to DD, the inverſe the! 
ratio of the ſquare of the diſtances, in proportion as D is Ez 
greater than d. Now D is the greateſt diſtance, and d the. 
the leaſt; Therefore when the line of the apſides concurs 
WW 


* 


— 
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differ moſt from the inverſe ratio of the ſquare of the di- 
ances : And then the perturbate force has moſt effect, 
advancing the line of the aplides wit the greateft ve- 
loc 

70 But in the ſame ſippoſition of the coincidence of 
the line of the ſyzygies with that of the apſides; the points 
of the moon's mean diſtances from the earth, are nearly 
in the line of the quadratures QR; and the moon's central 


farce in R is to its cencral farce in Q as TQETR i is to 
TR+TQ. _ 

This relation i is Il different from the inverſe ratio of the 
ſquare of the diſtance, in proportion as TQ differs lefs 
from TR: Now theſe two quantities are equal, ſince the 
points Q and R are near the moon's mean diſtances ;_ 
therefore when the line of the àpſides concurs with that of 
the ſyzygies, the inverſe ratio of the ſquares of the moon's 
diſtances from the earth in the quadratures, is the leaſt di- 
ſturbed by the perturbate force LA. Conſequently. the line 
of v1 0 2 then retrogrades with its leaſt velocity. 

In a like manner, it is eaſily demonſtrated, that 
Rea. % line of the apſides concurs. with that of the qua- 
dratures, it advances with leaſt velocity when the moon 
is in the ſyzygies ; and retrogrades with the greatelt ve- 
locity when the moon is in the quadratures, 

726. TAxOR. IX. The eccentricity of the moon's or bit 
varying every inſtant,” it is greateſt when the lire of the ap- 
des coincides with that of the ſyzygies, and leaſt when the 
line of the apfides concurs with that of the guadratures. 

Dzm. If the moon's central force in the ſyzygics was 
not diminiſhed. by the perturbate force LA ; or if in di- 
miniſhing, it did not alter in relation to the diſtance ; this 
central force would decreaſe in the paſſage from the | 
gee tq the apogee, in the ſame manner and by the. pr 
degrees, that it increaſed in the paſſage from the apogee 
to the perigee ; conſequently the moon would depart from 
the earth's centre as much in the firſt caſe, . as it ap- 
proached thereto in the ſecond; and the eccentricity of 
the-moon's orbit would be conſtant. But if the diminu- 
tion of the moon s central force, cauſed by the perturbate 
force LA, is greater when that central force decreaſes i _ 


2 
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the paſſage from the perigee to the apogee, and leſs when 
the central force increaſes from the apogee to the perigee; 
ſo that the inverſe ratio of the ſquares of the diſtances is 
more obſtructed when the central force decreaſes, than 
when it increaſes ; it follows tliat the moon muſt depart 
roportionally farther from the earth's centre in the paſ. 
2323 the perigee to the apogee, and approach nearet 
do it in paſſing from the apogee to the perigee, There- 
fore the apogeon diſtance becomes proportionally greater, 
and the perigeon diſtance leſs ; conſequently the eccen- 
ericity muſt be increaſed, - Now as this inverſe ratio is the 
moſt diſturbed (723) when the line of the apſides concurs 
with that of the ſyzygies; it is evident that the eccentri- 
city mult then be greateſt : On the contrary, when the 
line of the apſides concurs with that of the quadratures, 
the increaſe of the central force being nearly the ſame in 
the moon's paſſage from the perigee to the apogee, as in 
that from'the apogee to the perigee, the inverſe ratio of 
the ſquares of the diſtances will then be the leaſt diſturbed, 
and conſequently the excentricity of the moon's orbit will 
be leaſt augmented. Nee ae att 
727. TreoR. X. When the moon is in the atures, 
be nodes f its orbit are always ſtationary ; but commonly 


retrograde when the moon is in the ſyzygies : In the interval 


from one quadrature to another, they move the moſt retro- 

grade when the line of the nodes concurs with that of the 

|  Quadratures ;, and leaſt, when it concurs with that of the 
ſHaygies. a | | 8 | 

#28. Turok. XI. In every revolution of the moon, the 


angle of inclination of its orbit to the plane of the ecliptic, 
- encreaſes in ihe interval from a ſyzygy to the next quadra- 


ture, and decreaſes in the interval from the quadrature t1 
the following ſyzygy It is greateſt in the quadrature when 
tb line of the nodes concurs with that of the ſyzygies, and 
traſt in the Hey, when the line of the nodes concurs with 
that of the quadratures. . 8 

Dem, of Theor. X and XI, If the 


| | plane of the moon's 
 -*orbit was not inclined to that of the ecliptic, the parallelo- 

© -grams LGDF, LEAB (Fig. 94 and 95) in which the dil 
ferent central forces acting on the moon are vided, 


— 


5 


"i STRON 0 M * 307 
il in the plane of the ecliptic, and conſequently 
would have no power to draw the moon out of that plane: 
Bat the inclination of the moon's orbit being about 5*, 
thoſe parallelograms cannot be in the plane of the eclipric 
but 4 the moon L is in one of its nodes; therefore 
the different central forces urging the moon cannot alter 
the ſituation of its orbit. If the moon in L has latitude, 
no line of the parallelogram LG DP is, ſtrictly ſpeaking, £7 
in the plane of the ecliptic : But DF being ſuppoſed to 
coincide with ST, the triangle TLA muſt be conſidered 
25 having its fide TA inthe plane of the ecliptic, and the 
other lines TL, LA inclined to this plane, From the 
point A ( Fig. 99) draw AV perpendicular to the plane of 
the moon's orbit, prolonged if neceſſary, that V may be 
in that plane; and conſtruct the parallelogram LMAV 
on the diagonal LA, which will thereby be divided into 
the forces LM=AV perpendicular to the plane of the 
moon's orbit, and L coinciding with the plane, And 
becauſe LM is inconſiderable in reſpe& to LV, and the 
angle VLA very ſmall on account of the lictle-inclination 
of the moon's orbit; therefore LV may be taken as = 
LA. Now the effects of the force LA having been 
ſhewn in the preceding theorems z it remains only · to con- 
fider thoſe of the force LM, and its relation to the in- 
creaſe or decreaſe of the moon's central force, 

729. To find the relation of the force LM or AV to 


TL, expreſſing the increale of the central force in the qua- 


drature; let TP be the line of the nodes; from the point 

V draw. VF perpendicular to TP, and join PA; then 
the angle VPA is equal to the inclination of the plane of 
the moon's orbit to the plane of the ecliptic. Hence TR 


or TL: TA ::R : 3 fne LTR (698); and TA; AP :: 


R: ine ATP; alſo 1 AV or LM :: R.: fine APV. 
Now multiplying theſe three proportions term by term, 
and p the firſt ratio by TAXAP, gives TL: LM 

3 ſine LTRx fine ATPx fine APV: That is, tbe 
2 of the central I force in the quadratures, is to the force, 
alling upon the moon's plane | ; gs the cube of radius, is to the 
triple fine of the moon's diſtance from the quadrature, mul- 


ou by the me of the node's di * from the 5, and 


1 
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__ * Jooner than it would otherwiſe have done. Therefore it 


Nie Erruints of ; 4 
* "by the fine of ile inclination of the moon's orbit. It follows 
therefore; 12. that this force is nothing in three caſes, vis. 
| when the moon is in quadrature, when the line of the 
nodes concurs with that of the ſyzygies, and when the 
moon has no latitude; for in either caſe, one of the fines 
being nothing, the product is alſo nothing. 2% The 
force is greateſt, when the moon being in the ſyzygie 
zs alſo in its limits; for then the three fines are greateſt; 
3*. This force is generally greater in proportion as the 
moon is nearer the ſyzygy, and has a greater latitude. 
730. The effect of the force LM makes the moon tend 
continually towards the plane of the ecliptic, at which the 
forces TL, AL terminate; conſequently the force LM 
not only tends to diminiſh: the inclination of the moon's 
orbit to the plane of the ecliptic, but likewiſe to make 
the moon arrive at, and croſs the plane of the ecliptic 


follows, that according as the force LM augments, di- 
miniſhes, or becomes nothing, fo the inclination of the 
moon's orbit diminiſhes, increaſes, or becomes greateſt; 
- allo the node towards which the moon moves, will ap. 
FProach more, lefs, or not at all. 3 
3175731. For 49. Let the moon be in L paſſing from the == 
conjunction to the firſt quadrarure in R *tis plain from | 
the moon's tendency towards M, and from its tendency 
towards N in conſequence of its own proper motion ac- 
_ © cording to the order of the ſigns, that it muſt follow a - 
mean path L in the diagonal of a parallelogram com- 
prehended under the two right lines expreſſing the rela- | 
tion and direction of thoſe tendencies: Its drbir muſt 735 
therefore take the poſition Lu, ſo that N will approach » 
_ contrary. to the order of the ſigns, and the inclination of ey 
this orbit, or the ſphefic angle LD will increaſe (Trig. 30): 


x "gle | 1 junE 
The ſame happens (7 to) in paſſing from the oppoſition to Hus 
the ſecond quadrature. Therefore in general, in the paſ⸗ os 


age from a ſyzyzy to the following quadrature, the moon's 60 
node moves retrograde, and the inclination of the orbit in- (99, 


creaſes, Cs 7 * 2 
732. 2?, Let the moon be in ! paſſing from the ſecond P 


quadrature to the conjunction; and let im be the — | 
| 0 


1 
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of the force which urges the moon towards the plane of 
the ecliptic ; it plainly appears, that becauſe of the direc- 
ion , or the proper motion according to the order of 
the ſigns, the moon mult move in the mean direction Q 
and its orbit DC take the ſituation d/Q ; whereby (Trig. > 
zo.) the angle of inclination lam becomes leſs than the angle 
Dm, and the node moves from D to d, contrary to the 
order of the ſigns. Therefore the moon's node moves retro- 
grade, and the inclination of the orbit decreaſes, in the paſſage 
from a quadrature to the following ſyzygy. Wars 
' 733. In general, the moon's node never moves according 
to the order of the ſigns, and is ſtationary only when the moon 
is in quadrature, or when without latitude ; in all other caſes 
it moves retrograde with a velocity increaſed in proportion to 
the, moon's proximily to the HY, and as is latitude is 8 
eater. . | . | 9 5 
1 734. The inclination of the moon's orbit evidently changes 
four times.in every revolution, twice increaſing and twice 
diminiſhing 3 it is greateſt when 1he line of the nodes concurs 
with that of the quadratyres, and leaſt when the line of the 
nodes coincides with that of the ſyzygies. „ 


18 — — 
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AR TITLE VII. 
- Remarks on the preceding Theory, 


735. L. TEE moon's perturbate force, and conſequently | | © 
© "all its inequalities, are ſomewhat greater to» 

wards the conjungtions than towards the oppeſitions. For 

the moon's diſtance from the ſun being leſs in the con · 


4 junctions than in the oppoſitions, the difference of the 
2 ſquares of theſe diſtances is, reſpeCtively to the leaſt ſquare, 
5 N N more than twice the difference of the roots 
* (997). i | 2 8 

N 72 II. All the relations of the forces ſhewn in the 
4 WW preceding articles, are true only in proportion as their 
n eommon term of compriſon is exactly known. 8 
f ＋Gö D me 
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te relation of a greater or leſs increaſe of the moon 
avity in the quadratures, may be accurately known 
direct obſervation : For (709) this augment is x; 
RT, the moon's diſtance from the earth; and ſuppoſing 
the earth to deſcribe a circle about the ſun, it follows, that 
if RT che moon's diſtance from the earth be ſuppoſes 
conſtant, (Fig. 94, 95,) and TS the diſtance of the earth 
the ſun increaſing, then the augment of the moon'; 
gravitation decreaſes as the cube of the earth*s diſtance from 
the ſun. For 1*. This augmentation decreaſes in proportion 
as RT, expreſſing it, leſſens reſpectively to ST : T herefore 
if the variation of the earth's diſtance from the ſun cauſed 
no alteration in the earth*s' or moon's gravitation to the 
ſun, the increaſe of the moon's gravity in the quadrature, 
would be expreſſed by RT divided by ST. 2. It alſo de- 
creaſes in the ratio of the ſquare of ST; becauſe the earth 
in receding from the ſun, makes the moon when in its 
adratures, equally recede, they being then at the ſame di. 
nce from the ſun; and conſequently the gravitation of 
the moon towards the ſun, diminiſhes equally with that 
of the earth; that is, in the ratio of the ſquare of ST: 
Henre'it follows in general, that in the quadratures the in- 
creaſe of the moon's gravity to the earih, is always as RT 


the moon diſtance from the earth, divided by ST the cubt 
of the earth's diſtance from the fun; or (the diſtances being 
(31) inverſely as the apparent diameters,) as the cube of the 
ſun's diameter ſeen from the earth, divided by the moon's di. 
ameter ſeen alſo from the earth. The ratio of the increaſe, 
is therefore found by immediate obſervation. - 
737. III. What has been ſaid of the moon's inequal- 
ties, is alſo applicable to the ſatellites of Jupiter and Sa- 
turn. But becauſe of the great diſtance of theſe planets 
from the ſun, the inequalities of their ſatellites muſt be 
very ſmall, and in thoſe neareſt the planet, are ſcnſible 
only on account of their proximity. ; 

738. IV. This combination of the moon's gravitation 
towards the earth and the ſun, muſt evidently produce 
the ſame effects, whether the earth be ſuppoſed to defcrive 


an ellipſis about the · ſun fixed in one of its foci, or the ſun vicitie 


0 


ſt be 
{ible 


ation 
duce 
cribe 
e ſun 

to 


| e e e, en the earth See is n of 


ton is che ſame to one anather, and conſequently ta the 
— 


vicities: 
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its foci : For theſe effects depend upon the moon's 
poſition and diſtance to the earth and ſun; now whe- 
ther the earth or the ſun move, their reſpective litua- 


29. V. To ſettle the theory of the moon; and conſtruct 
als for calculating its true longitude and latitude 
as ſeen from the carth'; it was neceſſary. to determine by 
aſtronomical obſervations, the nineteen os * 


ems, 
1*. Thethoon's mean periodical time. 
2. The mean ical time of the moon $ apogee. 


3 The mean periodical time of the aſcending node. 
Th times have been determined nns 
HH 

4, An.epocha of the nioon's mean place. 
5*. An epocha of the mean place of the apogee: 
6. An epocha of the mean of the nodes. 
Theſe epocha's were, on noon of the 31ſt of De- 
tember 174.6, mean time; for the moon, o. 17. 38. 
30˙3 fot the apogee of 8* 12 49”; for the nodes 34' 27% 


* The greateſt zquatioi of the itiooii's mean place. 
4 That of the mean place of the moon's apogee. 
That of the mean place of the moon's gode. 

Theſe thiee equations ſerve to compenſate the inequa- 
ties of the perigdical revolutions, according as the earth 
ls in its perihelion or aphelion (719 and 720) 3 and are 
mn of th! ns te. The firſt; 
or the moon is 11 50" 3 for the. apogee 20 C; and for 
tlie node 9 30 
y 10. The greateſt equation of che moon $ apogee 3 which 4 

12*18'©, 

1225 The mean etcentricities of the ihoon's orbit: 
in 300g ſuch pacts, as the qpoon's;mean diſtance 

from the earth contains 0 

my 5 as 


9 
X #5, 


— 


35, 5 TT OY 
By theſe relations, the oxy. of the moon $ centre 8 def 


found in all caſes. © the 
13“. The moon $ mean variation in the oBtants, It is the 
3 510", urg 


14. The ion between the greateſt and leaſt va. mo 
ration. This is from 33 4 to 37 25 trar 
13˙.. The greateſt equation of the moon's node. Which ing 


is 129 ” 28 orbi 
16. The mean inclination of the moon s orbit. Which ” 
by png nf brat 

17% The proportion of the greateſt inclination to the Bl 8 
leaſt. Is as 5* 17 30 to 4* 69 30”. ticu] 


— The mean parallax of the moon. Thisis $7.5. F. 
. The ratio of the parallax to the moon's 
Which | is as 55 40 to 15” o” nearly, 

Beſide theſe elements which Sir Jaac Newton has * 
drawn from his theory, and partly from aſtronomical ob- 
ſervations, there are others which alſo give fmall equa- 
tions that have not been mentioned, both to avoid pro- of i 

|  Hriity, and alfo, becauſe they as well as ſome of the pre- 
_ ceding; have not yet been determined with 7 at. 


curacy. 
740. From what has been faid it appears, hat the ne- 
cellary computations for finding the moon's true place for 
a given inſtant of time, are very complex, and therefore 
are not here explained : But the reader 1 is referred to ſuch 
+ books as contain tables of the moon's motions, el 
23 and pe for the endes are to be 
| ; N 1 — | — - — —— — — ä — 


— — 


e 
e the Moon's Ulna 


ya PHE moon being liable went confiderabl: 
inequalities in each reyolution about the = 

© tho? its — 5 of rotation be uniform (229), thel 
motions conſequently: cannot always agree. Thus, if 
f — made 2 ks rotation, and has no 
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deſcribed a fourth part of a revolution in its orbit, becauſe 

the velocity has * diminiſhed both by its paſſage thro? 

the apogee, and the concurrence of the central forces which 

urge it; then the ſpots bordering on the eaſt ſide of the - 
moon muſt appear more advanced on its diſk, The con- 63 
trary would have happened if the moon's: velocity be- 

ing accelerated, had deſcribed more than a fourth of its 

orbit. 

Tis ſufficient to have ſhewn the caule of the moon's li- 
brations, without ſaying any more on this ſubject ; it be- 
ing eaſy to deduce from hence GE of all the * 
ticular phenomena. 27 | 


- bl = 
Mt. 2 111 en 4 F 2 
— . — — — —— 
— — — | 
= = 
* * 


12 Aren I: 
Of the inequalities in the Earth's motions, cauſed by the 
"En of the Moon. 

742. Tf th earth had no ſatellite, it would receive no 

other ſenſible impreſſion than that of its central 

force, or gravitation towards the ſun. But being always 

accompanied by the moon gravitating towards it; the 

earth's motion about the ſun muſt thereby be neceſſarily 
altered, and its velocity be accelerated by the moon's re- 

Gion, when that of the moon is retarded z and the con- 
CAR) ** However, theſe ine qualities in the earth's motion 
Ik 1 — at leaſt reſpectively to the ſun, whole. ap- 
parent motions are always equal and in oppoſite direc- 

tions to thoſe of the earth. The moon's- proximity is the 

true reaſon that theſe incqualicies are ſeen from the earth. 
For if the moon moved round the ſun in the ſame manner 

and at the ſame diſtance as about the earth, the inequali- 

ties ſeen from the earth, would then appear at leaſt 275 

WJ times leſs than they do at preſent (686) ' Now of the 

| wi woon's inequalities cauſed by — of its gravi- 
tation towards the ſun and the gun the greateſt, which 

et en tou 


1 


* 
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docs not exceed 2* 40; .,would then appear to be but 39, 
a very ſmall quantity, and difficult to be obſerved. More. 
over the inequalities which the moon cauſes in the 


7 


. 
5 


earth's motion, cannot be ſo conſiderable as thoſe in the 
moon's motion, ſince the earth is about go times greater 


than the moon; therefore the. inequalities [cauſed in the 


— 


earth's motions by the gravitation of the moon, muſt be al. 
moſt imperceptible in regard to the ſun, and conſequently 
the reciprocal gravitations of the earth and moon, no 


more affect the calculation of the earth's true place ſeen 


from the ſun, (or what is the ſame, the calcylation of the 
ſun's true place ſeen from the earth) than if the earth had 
een 

744. The moon's gravitation towards the earth, joined 
to the earth's ſpheroidal figure, produce nevertheleſs 
two very ſenſible phenomena; the one, the ebbing and 
flowing of the ſea, an effect foreign to pure aſtronomy ; 


the other contributes to vary the poſition of the 
planes of the equator and ecliptic ; that is, to make the 


interſection of theſe planes to retrograde; and thence 


proceeds the preceſſion of the equinoxes (472) ; and 


the variations in the inclination of theſe planes, that is, 


in the obliquity of the ecliptic z which ſhall be explained 
in few words, | 


745. Let it be firſt obſerved, that the moon's orbit be 
ing inclined about 5 * g' to gh epic, and its aſcending 


node making a revolution im about [nineteen years (687), 


through the ſigns of the ecliptic ; it follows, that the in- 


cination of this orbit is thereforecontinually changing with 
reſpect to the terreſtrial equat 
node falls in with the firſt point of Aries, which is the 2. 
ending node of the equator, then the inclination of the 
moon's orbit to the plane of the equator is 28, viz, the 


For when the moon's 


dum of 5 and 24%: But when the moon's aſcending 


** 
. 
— 3 


node coneurs With the firſt point in Libra, or the equator 5 
deſcending node, then the moon's orbit is inclined to the 


cguator only 182. So that the inclination of the moon's 


©" orbit to the plane of the echptic increaſes, in a little more 


than nine ycars, from 18 to 28% 3 and decreaſes in the 


fame manner during the otker nine years, 


746 


- 


fin and moon, would cauſe no Alteration in the po 
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* It may alſo be obſerved, that was the eaftſüt 


neous ſphere, its tendral force, towards the 


ſition 


45 F al 229): But as its figure (496) reſembles that 


its 112 axis 3 


generated by the 
ied Hor 9932 a {phere be con- 


ceived, and inſcribed in the f. 
be encompaſſed with the exct 


ter; which would be exceedin thin at the poles 
but its thickneſs wo 
appr chief the i 


7: 
ple 
adhering to the earth, 
ints a Hg dune the —1 of the e- 


two po 
or the two nodes, Are the equinoctial points of 


clptic 


quator. 


This 
021 matter 


tion of an ellipſis on 


roid, the ſphere would 
t the ſpheroidal mat- 
of the 
cee merenſe a8 it 


44 989 * 


premiſed, ler the eres of the 


Topps 8 0 


collected into a ring, 
ane of the equator; the 


Aries and Libra. Now jet the particles of matter com- 


poling the rin be ſup 
about the earth in t 


\ its ſarface, that is, in 235 
will be affe&tet by three central forces or 


564" 


ed fo many litele moons revolving 
ſame ſpace of time as the points of 


; then all theft moons 
gravities ; the 


firſt, which par be termed infinitely great in compariſon 


of the other 
8 80 The 


and the third their be 95 
hree,” th 


the weakelt of tlie 
from the earth than the moon. 


248." By combining the firſt of theſe erke with wth 
of the' others, in the fame manner as choſe of the moon 


have already been combined; tiollows,” 


is their gravitation towards the earth's 
Fr 18 their g ravitation to the real moon; 
towards the ſun, which is 
"un Deng” farther diſtant 


I. That the nodes of this ring muſt akways tend to move 


retrograde ; 


conſe 


equently the line where the planes of the 


equator and ecliptic int ie, muſt alſo tend to move retro- 
grade, This cauſes the preceſſion of the equinoxes. 
1/49: II. And becauſe — plane of the ecliptic, wherein 


a ct 


ſituated, always makes an angle of 234 
equator ; therefore the quantity of the preceſ- 


', with 


lion of the equinoxes, reſulting from the combination of 
the gravity of this ring on the earth, with that of its gra- 


X 3 


vitation 


30 5 . EA % 
vitation towards: the ſun, is apparently at Ls 


—_ carth's revolutions : Sir Tjaac Newton ound it to be 
t 


. Lil. But che inclination of the moon's orbit to the 
. plans of the. equator, being ſometimes 18 , ſometimes 


the retrogradation of the nodes of the ring, or 
2 preceſſion of the equinoxes, reſulting from. the com- 
bination of the ring's gravitation towards the earth and 
moon, muſt vary in quantity; being greateſt, when the 
angle of that inclination is greateſt; and the contrary; 
For LM (Fig. 99) repreſenting the force cauſing the re- 
trogradation of the moon's nodes, is greater, as the incl. 
nation of the planes DMN, DCN. are increaſed. 
751. Hence it follows, "that the preceſſion of the equi- 
Noxes, reſulting from theſe two cauſes, varies during a be. 
riod of about 19 years ; being greateſt (that is, about 57 
in a year), when the moon's Aſcending node enters the ſign 
Aries: And leaſt (namely about 43 yearly), . when the 
moon's aſcending node enters the un Libra. Laſtly, its 
mean variation is (about 50" a year) when the moon's nodes 
are in the ſolſtitial colure. | 
1752. IV. It plainly appears, that the inclination of this 
ring, and conſequently that of the plane of the equator to 
the plane of the ecliptic, mult be ſubject to periodical va- 
riations ; . Thoſe ing from the ſun's action, are too 
ſmall for obſervation : But the variations proceeding from 
the action of the moon, are ſufficiently: apparent; ſo that 
the obliquity of the ecliptic is obſerved 4 greater, when 
the moon's aſcending node is MASS * * when in 
ow "IE 25 je | 


anne, -- } F. 
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CHAP. II. 
To calculate the Eclipſes of the Satellites, as ſeen from the 
ur face of their primary Planet. 
153 PH E-calculation of the ecliples of the faelte | 
_ = ſhall not here be much inſiſted on, they being 
ſufficiently explained in the books containing aſtronomical 
tables, wherein the ee, and examples are exhibited 
nnot here 


together; which ca be conveniently done, as 
the precepts to be explained, would not ſuit all kinds of 


tables, having put them into various forms, they re- 
quire a different proceſs of calculation. What is here 
intended, is only to explain the principles neceſſary for 
conceiving the reaſon of ſuch operations, they being uſually 


delivered without demonſtration. 
hi tr ä. — — 
La AzTicitz I | 
Va- 1 | : 192 4 | 
4 To determine the Phaſes of Lunar and Solar Eclipſes. 
4 154 BY the foregoing explanation of the theory of e- 


| clipſes of the ſatellites in N“. 632, and the fo 

Y an eclipſe of the ſun begins and ends when the diſtance of 

the centres of the ſun and ſatellite appears equal to the ſum 

of their ſemi-diameters ; it therefore follows, bat the place 

and time of the ſatellite s true conjunion with the ſun being 

found by the tables? if the ſatellite's latitude is leſs than this 

ſum, there will infallibly be an eclipſe of the ſun ; for then 

p. . diſtance is the centres of te ſun and e ſeen from 
the primary planet, is by that latitude. | 

755. An ectiple of * cn or ſatellite, viewed from 

its planet, alſo begins and ends when its centre appears to 

be diſtant from chat point of the planec's ecliptic in og 

9 . X 4 — poſition 


tables: Becauſe the authors who have conſtructed ſuch 


755 The ExzMyNTS of © , 
ition to the ſun (and called the centre of the ſhadow), 
y the ſum of the ſemidiameters of the ſatellite, and 
that part of the ſhadow which it croſſes : And an eclipſe 
of a ſatellite, begins, or ceaſes to be total, when the di. 
Nance of the centres of the ſatellite and ſhadow, is equal to 
the exceſs of the ſhadow's'ſermidiameter above that of the 
ſatellite; for then the edge of the fatellite's diſk is con- 
ceived to be juſt within the edge of the ſhadow. The 
time a ſatellite takes to be totally within the ſhadow, 
zs called the time of immerſion; and the time taken to be 
quite emerged, is called the time of emerfiou. 

756. Hence, if from aſtronomical tables bs found the 
time and place of a fatellite*s oppoſition ; then, if ils latitude 
at the time f oppofition, is leſs than the fum of: the fhadow's 
ſemitiameter and that of the ſatellite, ſeen from the Planet, it 
ill certainly be eclipſed; and the eclipſe will he total, if the 


latitude is leſs than the 0 the ados emidiameter 
RO nn op N : 
part of the 


757. To finfl the ſemidiameter of that 
ſhadow paſſed over by the ſatellite; from the. fam of 
the horizontal parallaxes of the ſun and ſatellite, rela 


tively to the primary planet, ſubtract the ſun's ml 


ameter, ſeen from the planet. 
For, let SA (Hg. 0, be the ſemidiameter of the ſun 


8, ſeen from the f. T, under the angle. STA; alſo, 


Jet CI be an arc of the orbit of the ſatellite L, chat! is to 
| pals | thro* BEG the ſhadow of the planet T: I, is the ſha- 
dow*s centre, and the arc CL, (apparently a right line) is 
the ſhadow's ſemidiameter. The an © BAT is (399) 
equal to the horizontal parallax of the fun, and the angie 
BCT that of the Kreide. Alſo the angle CT D is equal 
= the ſum of theſe parallaxes ; from which the angle 
TD, or ATS, Pn to the ſun's gemidiameter ſeen 
from che planet, being taken, there remains the angle 
CTL, or the arc or for the ſemidiameter of that t part 
of the planet's ſhadaw traverſed by the fatellite. | 


758. W Pr: the point C be the border of thepla- 
2 s ſhadow, yet ſatellite" s 1 is very much weakned before 
it comes there; for-as'it gra advances from. the point Ho 


Wee i mens the tear HAM, What ee bee 


breadth 
ſometbi 
others 8 


differen 
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the of the ſun 8, b che interpaſition of the planet T 
1 the ſatellite s light continually diminiſhes until it 4 | 
to C, where it totally loſes ſight of the ſun and its light, The: 
ſpace HO being by theſe means much leſs enlightned by the ſung 
is called the Penumbra, The like happens in the ſpace KIL, in 
which-the ſatellite becomes more and more pita. 

759. RE MARE II. It ſometimes happens, that the moon, 
when at the full, paſſes ſo near the ſhadoy as to enter the Pe- 
numbra: Then only that part neareſt the ſhadow appears ob- 
ſcured z but it ſoon recovers its brightneſs. 

760, Remark III. The atmoſphere — the earth, 
eſpecially near its ſurface, is ſufficigntly denſe to — the 
breadth of the earth's ſhadow : Therefore tis neceſſary to add 
ſomething to the moon's horizontal rallax; ame add. 20 
others 52", and others 7 of the 16 8 1 Sc. according to the 
different opinions concerning the extent of the atmoſphere, 

761. Remark IV. Another effect of the atmoſphere is, ta 
refrat ſuch of the ſun's rays, as are tangents to the planet, which 
cauſes them to enter within the ſhadow towards L, thereby di- 
ainiſdiog the obſcuration. The effect chiefly ＋ mY * 
clipſes of the moon; during which, it is ſe 
and is even more viſible towards L the middle of 1 ec _— 
when near the borders of the ſhadow C, K. 

762. PROBLEM I. To determine graphicath, al Ibe cir- 
cum/tances of an eclipſe of a ſatellite. 

SaL.uTIon. From aſtronomical tables, calenlare the 
ſatellice's place reduced to the ecliptic, its latitude, 
horary motion, horizontal parallax, and ſemidiame- 
ter; then compute the ſun's place, its horary motion, 
horizontal parallax, and ſemidiameter ; each particu- 
lar, for any moment of time near that of the ſatellite's op: 
polition, Take for an example, the moon's eclipſe on 
the zoth of Hug 1746. Having found, by comput- 

847 1.74 
ing from Caſſini's tables, that the oppoſition will be about 
midnight; find by the foregoing — the moon's 
e for 210 30 true time, which will be 7“ 4 33 X, its 
itude 4 50 ſouth, horary motion 31, 285 -hori- 
zontal parallax 36 15", ſernidiameter 15 1 I: Alſo the 


fun's place in 7 18' 36m, its horary mation 2' 25”, ſe- 


midiameter 15 55”, and horizontal parallax 10: Whence 
the ſemidiameter of the earth's ſhadow (757) is 40 


29 ; of by adding 49! for the atmoſphere, a+ 


2 The ELEMENTS of | 
the inclination of the moon's orbit with its circle of lat. 


 tudeis 84 45 towards the eaſt : Which ſhews the moon 


tends towards its aſcending node, 

763. On a large ſheet of paper make the ſcale AB (Fig, 
97) o minutes of a degree; and let each minute b. 
at leaſt 3 of an inch; or the larger the better. Mark 
alt on the left, weſt on the right, north at top, and ſouth 
at bottom, Draw the indefinite right line OC repreſent. 
ing the ecliptic ; ; whereon take any point D for the moon's 
place at 11 30. Draw DL. perpendicular to CO, down- 
wards, becauſe the moon's latitude is ſouth ; and make 
r 50" taken from the ſcale; Then the point L 
repreſents the moon's true place at 11 30. At L make 
an angle DLP=84* 45, towards the eaſt, and the right 
line PL repreſents the moon's orbit. Here the arc of the 
moon's orbit is ſuppoſed rectilinear, both becauſe of its 
regular motions in the ſyzygies (682) and the little way 
it goes dur; e time of an eclipſe. Then from D to- 
wards the make DZ g 28", this is the "moon's 

motion relative to the ecliptic z draw ZF 
dicular to OC, the point F is the moon's place in its true 
orbit at 12 30. 

764. Take the moon's diſtance from the dae in op. 
poſition. to the ſun, that is, the difference between 718 
36", and 7“ 4 33, which is 14 3 " ſhewing how much 
the moon1s advanced, and is conſequently more weſt than 
the place oppoſite to the ſun, or the place of the centre of 
the carth's ſha dow. From the ſcale AB take theſe 14' 3 
marking them from D towards the eaſt in G, and the 
point G is the Place of the ſhadow's centre at 11* 30. 
Make GM=2' 25% this is the ſun's or ſhadow's horary 

motion, and the point M is the place of the ſhadows 
centre at 1 2* 300: Now the me ſeeing only the 
moon's relative motion from the earth, join MF, and thro' 
the point G draw GK parallel and equal to MF; z then 
the point K is (345) the moon's apparent place, reſpec- 


nvely to the ſhadow ſuppoſed immoveable 1 in G. Thro 


the point L draw N LKI, the moon's optic, or apparent 
| as into parts of 


orbit. Divide LK into minutes of time, as 


3 or 4 or 5 each, &c. Marking 11 {905g pain, 
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ind 12> 30“ at the point K. Continue this diviſion along 
the apparent orbit NI, and they will ſnew the apparent 
aces of the moon's centre at every inſtant, both preced- 
ing and following 110 30, the hour for which the calcu- 
lation is made. ; ; | 
765. From the point G and perpendicular to the appa- 
rent orbit, draw GE, which being the ſhorteſt diſtance to 
NI from G, where the ſhadow's centre is ſuppoſed im- 
moveable, determines the point E, the moon's apparent 
place at the inſtant when it was neareſt to the ſhadow's 
centre; and conſequently the inſtant of the middle of the 
eclipſe. The diviſions on the line NI ſhew E to anſwer 
to 12® 51 3 [thence it may be concluded that the middle of 
the eclipſe happens at 12> 7. 3 
766. To find the beginning and end; take 36 317, 
the ſum of the moon's and ſhadow's ſemidiameters, and 
from the point G as a centre, with the radius 56' 21", de- 
termine on the moon's apparent orbit the points N, I; 
which falling towards the diviſions 10 44 f and 13 295; 
it may be concluded, that the eclipſe will begin on the 
zoth of Auguſt, at 10h 444, and end on the z iſt at 
1 29 in the morning. | | 
767. Laſtly, to find the magnitude of the eclipſe ; from 
the ſcale take 15 14", equal to the moon's ſemidiameter, 
and from E as a centre, with this radius deſcribe the cir- 
ce VFH which repreſents the moon in the middle of the 
eclipſe ; divide the diameter VH in twelve equal parts, 
called digits : From the point G as a centre, with the ra- 


dius 41 18”, equal to the ſhadow's ſemidiameter, deſcribe / 


a ſemi-circle OXC, defining the border of the ſhadow 
then the line VX is that part of the moon's diameter inter- 
cepted in the ſhadow, and the number of diviſions on 
this line, which here is 63, expreſſes the magnitude of 
the eclipſe, and is evidently in the northern part of the 
moon's diſk, and of 6 digits 24/. or 2 | 


768. Remark I. Tis obſervable in the conſtruction of this 
figure, that in reducing the moon's true orbit LF, to its appa- 
rent orbit LE, the angle of inclination of the moon's orbit to its 
circle of latitude, is diminiſhed by a ſmall quantity KLF, de- 
pending dn the relation of the horary motions of the ſun and 
& wy noon 3 
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moon; cken e GLAS ne orbit, is alſo made 
leſs than the borary arc LF of the true orbit, by a quantity KF 
nearly equal to GM the ſun's -horary motion. herefore, to 
ſhorten the practiſe, this angle of reduQion KL, found in the 
modern aſtronomical tables, taken from 'the angle of inclination 
of the moon's orbit, gives at once the apparent orbit LI; on 
which take LK equal to the exceſs of the moon's horary motion 
above that of the ſun (which exceſs is called the compound ho- 
rary mation); and let ĩt be divided into time, as ſhewn. before. 
7069 Rem. II. Trigonometric calculation is eaſſly applied to 
this moſt ſimple conſtruction; but is not often neceſſary: 
For the calculation of an eclipſe is uſually made only to foretel 
its circumſtances ; ; and this prediction agrees with obſervation, in 
jon to the accuracy of the aſtronomical tables made uſe of: 
ow the beſt lunar tables extant, give the times of the phaſes of 
ure of the moon but to four or five minutes of time: T bere- 
when only the phaſes of à lunar eclipſe are required, the 
conſtruction of the figure is ſufficient. Tame is chiefly 
neceſſary when the reſult of the calculation from the N is to 
be ſtrictly known, or when ſuch tables are 882 corrected by the 
obſervations of eclipſe "he forms of theſe calculations are, 
for brevity, here omitted, but are to be found in moſt books 
Containing 82 rables; ; bog ſuch forms * 


xeduced tg tables, 


7570. ExamPLE 2d. Of a total eclipſe on the 25th of 
February 1747. The moon's oppobtion with the ſun is 
found for this day, at gh 14 40* true time in the morn- 
ing, in 60 17 12. The moon's latitude is 5 8“ ſquth, 
motion 34 300%, ſemidiameter 13 567, horizon- 
tal ax 58. 560, the true inclination of its orbit to the 
circle of latitude 84 43 weſt. The ſun's horary motion 
is 2 284, its ſemidiameter 264, conſequently the true {c- 
midiameter of the carth's is 43 42 the com- 
— 2 32“ 24, lache apparent: inclination 
A — before the ſcale AB (Fig. ioo); deſcribe the 
ecliptic OC, mark in G the moon's true place reduced to 
the ecliptic, and in L its true place reduced to its ori 
GL being drawn towards the ſouth (becauſe: the moon's 
Jatitude is : ſourh), and made equal to 5' 88 taken from the 
ſcale. Towards the eaſt make the an 12 e GEN 84" 19, 


ad the —_— TY: O01 
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2322. for the compound motion of the fun and moon; 
divide this into Ix of time, fo that Lianſwers to 5* 144, 
ind K to G 143. From the point G draw GE perpen- 
ticular to the ent orbit ; and the point E gives the 
middle of the eclipſe at 5* 134. On the ſcale take 39 
;8'= ſam ofthe — of the moon and ſhadow z 
ind from the point G, as a centre, mark on the apparent 
orbit to the wilt ind eaſt, the points N and I, which gives 
the beginning of the eclipſe at 3 22% and its end at 7b &. 
Take alſo from the fcale 27 46”, the difference of the 
moon's and ſhadow's ſemidiameters, and from the point 
G as a centre, mark on the apparent orbit the points Q. 
and P ; theſe give the moment of total immerſion at 4% 
222, and the beginning of emerſion at 6* 455, Then 
from the point E as a centre with a radius cect to the 
moon's ſemidiatneter 15 56-, deſcribe a circle repreſent- 
ing the moon in the middle of the eclipſe. Draw the 
diameter VH, which divide into twelve digits, continu- 
ing the diviſions in the diameter produced to X in the cir- 
cumference of the circle OX C, repreſenting the ſection 
of the earth's ſhadowggeſcribed from the centre G wih 
| a radius equal to 432, the ſhadow's ſemidiameter. 
10 WI The part VX expreſſes the magnitude of the wage, 
as which is about 20+ digits. 

- 771. ProBLEM II. To determine graphically the phaſes 
he of tn eclipſe of the fan, for e given plact an planet's f. 
face, as the earth, 
the ' To confttue the figure of a ſqlar eclipſe, the obſerver 
02 muſt be ſuppoſed placed in the fun, Mence he ſees the earth 
2 — on its axis, and all the places on the enlightned 
* — ellipſes; as was explained in Section IV. 
* Now if while e obferver is viewing one of ' theſe 
þ fuppoſe Paris, the moon ſhould paſs between his eye and 
© i the city, it ceaſes to be viſible, and at the ſatme time the in- 
o habitatits cannot 'ſee tHar'poinr of the ſun where the ob- 
% oſerver is placed. 
th herefore the ſolution of the problem conſiſts in 
dong on a plane, the track that a point on the 
K earth's ſurface, ſeen from the ſun, appears to defctide in 
1 I watches af the earth's: allen, und ag the mon's 
3 


track; 


ſtance to the path of Paris, and the moon's apparent or- 
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track ; in order to find, when and how the moan intet 
cepts that point from the ſun. 
Suppoſe it be required to determine the phaſes of an 
eclipſe of the ſun, which will happen on the 26th of Oe. the 
tober 1783. The moon's true conjunction with the ſyn midi 
is at 100 68“ true time in the morning, in 3. 11 21% il op! 
the ſun's declination being 12 355 ſouth, its horary mo. 
tion 2' 30”, and ſemidiameter 16' 11": The moon fem 
true latitude is 34 42" north, its horary motion 35 20“, heir e 
horizontal ſemidiameter 168“, and horizontal parallax 71 
59 42 the inclination of its apparent orbit 84* 21', and i 
the ſun and moon's compound horary motion 32 56", 
773. Having theſe elements, conſtruct the ſcale GA, 
(Fe 101), containing 60 minutes, whereof each is not 
leſs than 4 of an inch: With a radius equal to the moon's 
horizontal , taken on the ſcale, deſcribe the ſemi. 
circle OX C. This ſemicircle repreſents the northern he. 
miſphere of the earth ſeen from the ſun ; and its diameter 
OC, the ſection of that hemiſphere by the plane of the 
. ecliptic, From the centre G draw GL perpendicular to 
OC, making it equal to the moon's latitude 34 42. Male 
the angle GLQ=84* 21", to the weſt; divide I. Q the 
moon's apparent orbit, into time; making 10h 58 an- 
ſxer to the point L, and 11> 58' to the point K, diſtant 
from L 32' 56". With the ſun's. declination 12* 35; 
. fouth, determine (592) the earth's north pole P; which 
is behind the diſk, becauſe the ſun's declination is ſouth: 
Deſcribe (611) that portionof the ellipſis, which is the or- 
thographic projection of the diurnal arc of the parallel of 
Paris for that day; upon which the hours of the day 
muſt be marked upwards, becauſe the heigth of the pole 
- and the ſun's declination are of different denominations. 
774. Take a radius (from the ſcale) 32 197, the ſum 
of the ſun and moon's ſemidiameters ; and apply this d. 


bir, ſo that in each, the points of the compaſſes fall on 
diviſions, ſhewing the ſame inſtants of time: This trial, 
done to the eaſtward, gives the points R, Q, each 2 
85 385, for the beginning of the eclipſe ; and to the welt 

ward, gives the points E, F, each at 1 1h 10, * the fo 
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of the eclipſe. By this conſtruction it plainly appears, that 


at 8» 38 the city of Paris muſt be ſeen from the ſun in 
the point R, while the moon's centre is ſeen in Q: And 
zz the line QR expreſſes the ſum of the ſun and moon's 
ſemidiameters, in ſuch parts of which GC expreſſes the 
moop's horizontal parallax ; *tis evident, that this line 
repreſents the diſtance of the ſun and moon's centres ſeen 
from the earth, at the inſtant of the apparent contact of 
their edges. | | 

75. To find the middle and magnitude of the eclipſe ; 
tek two points as I, D, which in marking the ſame in- 


ſtants, may alſo be the neareſt poſſible. Theſe points are 


found towards 9 48. From the point I as a centre, with 
4 radius equal to the ſun's ſemidiameter 16' 11”, deſcribe 
acircle repreſenting the ſun ; through the point D, draw 
its diameter, which divide into twelve equal parts to mea- 
ſure-the digits eclipſed. From the point D as a centre, 
with a radius equal'to the moon's diameter, deſcribe an- 
other circle repreſenting the moon in the middle of the 
eclipſe ; the number of digits included in this circle, ſhews 
the magnitude of the eclipſe, and is here found to be 8 
digits +. be SI 
776. RAUAREK. In this eonſtruction it is ſuppoſed, that the 
ſun is almoſt at an infinite diſtance from the earth and moon; 
that the right lines by which the moon's diameter is proj on 
the plane of the figure are parallel, that the track of Paris ſeen 
from the ſun is an ellipſis, that the moon's diameter ſeen from 
the earth is conſtant, that its motion is rectilinear and uniform, 
Ec. Theſe ſuppoſitions do not exactly agree with what paſſes in 
the heavens, Therefore it is evident, that ſuppoſing the elements 
taken from the tables to be perfectly accurate, yet the phaſes of 
the eclipſes could only be deduced nearly. And although the 
errors ariſing from theſe ſuppofitions oftentimes compenſate one 
another, nevertheleſs it. may be reckoned that they introduce an 
uncertainty of two minutes in the times determined by graphi- 
cal operations, though done with the utmoſt care. N there 
fore needleſs to make uſe of trigonometric calculation to know 
the times with more accuracy, unleſs it were to correct the fore- 


going ſuppoſitions, which would be a tedious and laborious work ; 


and to undertake it for the ſake of foretelling eclipſes, would be 
ridiculous : But calculations are ſometimes neceſſary in uſing the 


obſervations made of eclipſes, either for correcting the * 


* as Sed wh 
ofthe tables, of in deflucing'ths difference of meridians with li 
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. : ARTICLE . | al 
| The uſe of Obſervations made on Solar and Lum Ecliei, fi nt 


377-(yBervations of ecliples are very uſeful, eſpecialy i cel 
| 'O when they are accurate. Roe they Beve to.27 are 
amine whether the elements of the theory of the ſun on tl 
and moon, contained in aſtronomical tables, are exact | 

or not; fo that they either confirm or correct them. But Wl and | 
uſe is to determine the geographic longi- Wl theſc 
2 ces where thoſe obſervations were made; and 
| to find the r a 3 which BY - meri 
| r geography. . 
Now as the eclipſes of the moon are uſed in a different ell 
GEE Wold ofthe fad, „ moo 


ſeparate articles. | rf 
Jud th graphic Ingitudes of hrt, ty. an, if ties 


778. As the phaſes or ue are univerſal (638). 
Therefore (601) it is evident, that if two different ob- 
- ſervers ſee the ſame phaſe at the fatne inſtant, their ſitu- 
ation muſt be on the fame terreſtrial meridian, And the 
of one of thoſe places being Known, tis certain 
the longitude of the other is the ſame, 
| Bur if the obſervers ſec the phaſe at different inſtants, 
are not ſituated on the ſame meridian ; 

x between the times being reduced 
E at 15% to an hour, muſt give the difference 
of their longitudes ; alſo, that the place where the phaſe 
was ſeen lateſt, is to the caſtwatd of the other, beeauſe it 
en paſſed the celeſtial 2 and 1 


ns; — LOI 770 


ASTRONOMY. 321 


779. Suppoſe the moon's eclipſe on the 2 5th of Feb. 


1147 began at Rome at 4* 3“ in the morning, and at Pa- 
ris at 35 225; the difference 41 reduced into degrees, 
ſhews Rome to be 10 19 to the caſt of Paris; therefore 
Paris being in 1931 longitude, Rome is in 30* &. 
780. Now = ſe this eclipſe began at Lima in Peru, 
on the 24th of 2 at oh g in the evening, the diffe- 
rence 5 17 ſhews that Lima is 79 15 welt of Paris; 
conſequently Lima is in 300 36 longitude. 
781. The phaſes of the beginning and ending of an 
eclipſe being rendred very uncertain by the penumbra, 
aſtronomers carefully obſerve the inſtant when the ſpots 
on the moon's ſurface enter the ſhadow, and go out ofit z 
which is eaſily done by the help of a map of the moon, 
and of a good teleſcope of four or five feet long: For by 
theſe means, the compariſons of the phaſes are increaſed, 
and the accuracy of the obſervations, and difference of the 


- meridians, are better aſcertained. 


782. The obſervations of the eclipſes of Jupiter's ſa- 
tellites (calculated on the ſame 3 as thoſe of the 
moon) are alſo applied to the ſame uſe. Theſe eclipſes 


are generally obſerved with teleſcopes of 12 or 15 feet long 


| atleaſt, and by comparing the inſtants of the ſame phaſes, 


the difference of meridians is alſo found. 


To determine the Longitudes of places by obſervations on 
ORR © "Solar Eclipſes. 

783. Eclipſes of the ſun not being univerſal, the dif- 
ference of meridians is not found by immediately compar- 
ing the times of obſerving the ſame-phaſe in two different 
places; but may be determined by graphical operations, 
a follows. | 

784. Suppoſe the eclipſe of the ſun on the 26th of Oc- 
laber 1753, ſhould begin at Paris at 80 417, and end at 
1 11'; And at Balagna in Italy, whoſe geographic lati- 
tude is 44 30, its beginning be obſerved at 9h 27“ and 


ts end at 11h 59“; find in the aſtronomical tables all 
the elements neceflary for calculating and - graphically 
determining the phaſes of this eglipſe. Conſtruct the 
hgure. as before ſhewn (77 1 adding thereto the pro- 


jection 


at Bologna, when *tis 8 51' at Paris; or, the inſtant when 


* 
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jection of the parallel of Bologna (ſee Fig. 102); then 
take, on the ſcale, the ſum of the ſemidiameters of the 
ſun and moon (deduced if poſſible from obſervations made 
during the eclipſe ; if not, taken from the tables); ſet 
one point of the compaſſes on the point of 8b 41 in the 
parallel of Paris, and to the weſt deſcribe an arc BH cut- 
ing the apparent orbit K Q:. And with the ſame radius, 


Pa 
or aft 
the C 
ſhews 
tables 


ſerting one point of the compaſſes at 11% x1' alſo in the pa- 786 
rallel of Paris, with the other, deſcribe toward the eaſt, ference 
an arc MN, cutting the ſame orbit K. 2s [2 8 
Nov according to obſeryation made at Paris, the e- 1. 
clipſe's. duration will be 2 30. Then take the interval N cured; 
25 30 from the diviſions made on the apparent orbit K Q; ridians 
and apply this diſtance ſo, that the points of the com- the acc 
paſſes falling on the arcs BH, MN, in the points T and of fixec 
S; the right line TS may be parallel to K : Then the I mo 
Une TS is the true poſition of the moon's apparent orbit 2 oo 
deduced from obſervations ;. call it the CorreFed Orbit. 1005 
On TS transfer the diviſions of the orbit QK, making WM {rvatic 


8" 41” anſwer to the point T; and 11 11 to the 
point Ss. 1 1 "x 

With a radius equal to the ſum of the ſemidiameters of 
the fun and moon, and putting one point of the compaſſes 
on the parallel of Bologna in Cat 9 27, let the other point 
fall on the weſtern part of the corrected orbit in D, which 
gives 8* 51: Whereby it appears, that the eclipſe begins 


the ' moon's centre comes to D, it is 9* 29 at Bologna, 
and 80 51 at Paris, Therefore according to this obſer- 
vation, Bologna is 36 of time more eaſt than Paris. 
With the ſame extent, and one point of the compaſs on 
E in the parallel of Bologna, move the other eaſtward 
and it falls in F marked 1122, from whence the diffe- 
rence of the meridians is found 37. The mean of theſe 
reſults being taken, Bologna is found to be 362, or 90 


72 to the caſt of Paris, therefore its longitude is 28. e ta 
58+. + Tv : "EA 

785. Reman I. The poſition and diviſions of the corrected hats in 
orbit FT, compared with thoſe of the orbit KQ taken from 
tables, give the errors of the tables both in longitude and i kt of 
FM | | % tude. 


tude, For the difference between the inſtants marked on the 
points where GL interſects theſe two orbits, ſhews by how 
much the tables give the conjunction of the ſun and moon before 
or after the true inſtant: In this example, the tables precede 
the conjunction 2 of time; and the interval of theſe orbits, 
ſhews the errors of the tables in latitude ; in this 'example the 
tables give the latitude of the moon too great, by about 7. 
786, REMARK II. Although by graphical operations the dif- 
ference of meridians muſt not be expected to be found nearer than 
o2' of time, yet as the knowledge of geographic longitudes is of 
very great conſequence, tis therefore of confiderable uſe to com- 
pare together as many obſervations of ſolar eclipſes as can be pro- 
cured; becauſe by taking a mean of all the differences of the me- 
ndians deduced from them, the true one will be found with all 
the accuracy neceſſary, But as obſervations of the occultations 
of fixed ſtars by the moon are eaſier made, and ſerve to the ſame 
purpoſe more advantageouſly than ſolar eclipſes ; therefore the 
following Article is introduced, containing the method of deter- 
mining graphically the circumſtances of ſuch occultations, and 
ofdeducing the difference of meridians by comparing different ob- 
ſervations together. This conſtruction is ſo like that for calcu- 
ating ſolar eclipſes, that an example given in few words will 
ſuffice ; without deſcribing the operations uſed to determine the 
difference of meridians, they being intirely like thoſe already 


ARTICLE III. 


15 determine grapbically, the Occultations of the fred Stars 
F Sy the Moon, ry e 


7. IT frequently happens that ſome of the ſtars are 
I intercepted from the view of a terreſtrial ob- 
ſerver by the interpoſition of the moon. Theſe eclipſes of 
the ſtars are ſubject to the effect of a parallax like thoſe of 
the ſun, and are not univerſal, For the Europeans ſee 
tie moon eclipſe only ſuch ſtars whoſe northern latitude is 
bme minutes leſs, or ſouthern ſome minutes greater than 
the moon's latitude of the ſame denomination : The ef- 
kc of the parallax (407) being to depreſs the moon's ap- 
4 Ss 9 parent 


32 be ELEMENTS S 
ent place towards the horizon z and conſequently to 
diminiſn the northern and increaſe the ſouthern latitude. 
788. When ſuch an occultation is ſuſpected; calcy- 
late, by the beſt aſtronomical tables, the moment and 
place of the moon's conjunction wich the ſtar; the ſtar's 
latitude, declination, and the inſtant of its paſſing the me. 
ridian that day.; alſo, the moon's latitude, the horary mo. 


tion both in longnude and latitude, its ſemidiameter and Fre 
© horizontal parallax. 7 ind aj 
789. ExamPLe. Required to determine the occul. Will orbit, 


tation of the ſtar Aldebaran, or # in 8, which happened 
the 2d of Auguſt 1736. According to the tables computed 
on Sir Iſaac Newton's. Elements, the moon's conjunction 
with this ſtar happened at Paris at 4 55 in the morn- 
ing, true time, in 6% 6 10˙ , Aldebaran's latitude being 

then 3 2915 ſouth, and its northern declination 15 


56 T3 it paſſed the meridian at 7 30307 morning. The Lad 
moon's latitude alſo was 4* 44' 21” ſouth its horary mo-Wl / 14? 
tion in longitude, 32 42”, and in latitude decreaſing 1 has pa 
its horizontal ſemidiameter 15 40”, and the horizontal pa- fix mit 
rallax 37 12. | ' | 
790. Conſtruct the ſcale AG (Fig. 103), and deſcribe, | 
with a radius equal to the horizontal parallax 37 12", n 


ſemi-circle OXC, repreſenting the earth's northern he- 
miſphere ſeen from the ſtar 2 This ſtar being regarded as 
the ſun, and its paſſing the meridian as the time ol 
noon ; alſo its declination is to be ufed in the ſame man- 
ner as that of the ſun in eclipſes. Now (592) deter- 
mine on this hemiſphere the poſition of the north pole P, 
which is on the enlightned ſurface, the declination being 
north: Then deſcribe the elliptic projection of that part 
of the parallel of Paris which is viſible to the ſtar, and 
. anſwering to the declination of 15* 56'%. Mark the ho- 
rary dimenſions on the lower part of the ellipſis, the de-I ſeveral 
clination being north (6x1). Write 7* 30% on the fit thod f 
_ diviſion cut by the line GP, repreſenting the meridian, words, 
_ the preceding hours on the diviſions towards the 
A ee e 
Draw GL p icular to OC, and equal to 44 54 
taken from r the difference between tie 
| moon? 


PR b 4 
- * 
> 


ASTRONOMY. 327 , 
moon's latitude 4* 44 21 and that of the ſtar 3 297 15%. 
Towards the eaſt, from G to B, ſet off the moon's horary 
motion 32 52" : Draw BD perpendicular to OC, and e- 
qual to 43 4.5", the difference between the latitudes of the 
moon and ftar at 5* 555, which is one hour after the con- 
junction. Through the point's D, L, draw the moon's - 
orbit DLQ, which divide into parts of time, making the 
point L anſwer to 4" 555, and the point D to 5" 55's. 
From the ſcale take the moon's ſemidiameter 15 40', 
and apply this diſtance to the ellipſis and the moon's 
orbit, towards the weſt, ſo that the points of the com- 
y fall on the points R, Q, marked with the 
fame inſtants; theſe are found at 341; and this is the 
moment of the occultation, or the immerſion of the ſtar 
behind the moon's diſk. Towards the caſt, ſcek two 
ather points E, F, having the ſame conditions; theſe are 
found at 4* 47, which is the moment of emerſion. - _ 
Laſtly, meaſuring on the ſcale the diſtance of the points. 
41 on both orbits, tis found, chat the moon's centre 
has paſſed northward of the ſtar, at the diſtance of about 


ARTICLE IV. 


fo confiru? graphically, a general figure of the phaſes of 6 


ſolar eclipſe. 


791. AS nothing can be move ganas than to\ſee de- 
lineated on a geographic chart, the different 

phaſes of an eclipſe of the tun, ſuch as they appear to the 
de. ſeveral countries repreſented on that chart; an eaſy me» 
fr mod for performing it ſhall be here laid down in few 
lian, I words, without its demonſtration; thoſe who have rightly 
tte comprehended what has been ſaid in the fourth ſection, 

| ind in the three foregoing articles, will readily find the 
54 Wl Pranciples on which this conſtruction is founded. Let the 

| | | ＋ 3 | echpſc 
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eclipſe on the 26th of Oober 1753, be taken as an ex- 

| Wo All the neceſſary elements for conſtructing the 

orthographic projection of this eclipſe being calculated, 
reduce the true time of the conjunction to the firſt me- 
ridian of the chart made uſe of, ſuppoſe to. that of the 
iſland of Ferro, Now the conjunction happening at Paris 
at 10" 58, it muſt happen under the firſt meridian at 9. 

2 Or at 2" 21 before noon, which reduced to parts 
of the equator, make 35* 22%. - _ 

793. In a circleOXC(Fig.104,) deſcribed with a radius 
of about 12 inches, and equal to the moon's horizonAl pa- 
rallax 39 42" taken on the ſcale AB, draw KL the appa- 
rent orbit of «he moon's centre, as in the foregoing ar- 

ticles ; but inſtead of dividing the part LK (equal to the 
fun and moon's compound horary motion) into parts of 
an hour, divide it into 15 degrees, making the point L 
anſwer to 35* 22+ and the point K to 20% 22 T. Con- 
tinue this diviſion throughout the orbit. 
794. From the centre G, draw GE perpendicular to 
this orbit meeting it in I; in GE take ID, IE, equal to 
gz 19”, the ſum of the ſun and moon's ſemidiameters. 
vide the ſun's diameter 32' 22” into as many equal 
parts, as there are digits to be marked on the figure: In 
this example they are divided into parts of 3 digits each, 
and conſequently make four intervals; therefore divide 
32 22” by 4, and there ariſes 8 5] then take this quan- 
tity from the ſcale, and beginning from D and E, mark 
towards I, points diſtant from each other 81; through 
which, and parallel to the apparent orbit KL, draw as 
many lines as the circle OX C will contain. Write on 
each line the phaſe it gives, and divide each in the ſame 
manner as the orbit KL, (though, to avoid confuſion in 
. Jo ſmall a figure, the diviſions are marked only on one.) 
795. If in taking theſe intervals, the compaſſes fall on 
the point I, as in this example, the eclipſe will be central 
without duration: If the laſt point of theſe intervals fall 
ſhort of I, leaving a ſmall ſpace on each ſide, the eclipſe 
will be total with duration ; the interval between the two 
parallels neareſt I, ſhews all the places where the eclipſe 
52 : | | 18 


is total. 
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And if the laſt points go beyond I, the e- 
dipſe will be annular to thoſe countries comprehended 
between the parallels neareſt to l. 

796. On the circle OX C, which in orthographic pro- 


jections always repreſents the fix o clock hour circle de- 


ſcribe the — . — GX; and beginning at the point X. 
divide the arcs XO, XC, into degrees of the pole's heigth ; 
marking go at the point X. Then deſcribe the _— 
projections of the diurnal arcs of the terreſtrial 

To prevent confuſion, they are here deſcribed only ar che 
diſtance of every 10 degrees, which are alſo marked on 
the meridian GX: To deſcribe more ellipſes than will 
fall between the 2 night lines paſſing through D and 
E, would be uſeleſs, Through the horary points found 
by deſcribing theſe ellipſes, draw curves, which are alſo 


ellipſes, repreſenting the horary circles, or terreſtrial me- - 
ridians, diſtant 1 5 degrees, whereof GX is the firſt. On + 


the diviſions of the projection of the equator, write on 


each fide of GX 15, 30, 45, Sc. degrees, and over them 
the hours of the forenoon and afternoon, 

797. This "i being made; conſtruct rablesſhew- 
ing the longitudes and latitudes of all the places where the 
eclipſe will be central; the places where only ꝗ digits are 


where the margins of the ſun and moon only touch. To 


conſtruct ſuch tables, ſuppoſe the firſt, tis evident the e- 


clipſe will be central to all the places under KL the orbit 
of the moon's centre. Now this orbit firſt meets the cir- 


cle of 8* in the morning, or the 6oth eaſtern meridian, 
about the midway between the projections of the terreſtrial 


parallels of 40 and 30 degrees; the interſection of this 
meridian with the orbit, is in the diviſion marked 58x ; 
therefore the eclipſe will be central at 8* under the pa- 
rallel of 45*, ina place 14 more weſtward than the both 
meridian, or in a place whoſe eaſtern longitude is 358%. 


Alſo the diviſion marked 564 in the ſame orbit, meets the 


9th circle, or the 4;theaftern meridian, near its interſection 
with the projection of the parallel of 40? ; therefore the 
eclipſe will be central at g*, under the parallel of 407, and 


en + eaſtward of the firſt meridian, that is, m 


Y 4- « 


, eclipſed ; thoſe alſo of ſix digits, Sc. likewiſe the places 
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: 9 
a place whoſe longitude is 114. 1 
are found the places where the A: ple n the ume mann 


All theſe points bei curves 
ng Fu determined 
wo Fig. 105, are eaſily deſcribed on a Mer — 


reſtrial globe. 


EI To find th 


* * 


by. - 
= 


— 


* 


py 
—— 


— cher 


riſing 


ins Or 


95 6. 3 digits, Sc. And even f h 
the ſun and moon on ouch e where the margin; W conſtr 
Bre tables. 1 A Thewn in the fol. BY middl 
. what 
7 — T—¼⁊ of the 
| General oy — — ce Pls” irude 
| 3 nigh gits digits G 
13 Long. "Lo Long. Lat. Long A ee . 
7716 zi 0 ee 
8 [358%:45*N|3598 35 r 15 
9 112 40 122 30 1 Is 175 | 11 91 
„ 4 5 r 
11 327 2941 [32 19% 5 eee 16 
noon 415 24. 40 15 301 15 | 305 27 0. 6 
Fer a e at | 374 10 
"3'| 67417 {| 653 $ 64: 118 F . 25 
478 18 76 82 75 by +} ö 631 16 
5 90 20 $82 * 7 16 
b 2 = af by 2 "He oinſ 864 714 | 86 15 
n * E 2 1100T b) i190 1: 
{a W Plates | 
| | 5 LD 6 digits * gits ä 
r 7. > RE 
| 9 8 52 6> 679 * * 
| 5 ok | wel 47 | 20.61 * 
. 
N x 51 14 3. 491 1 , 
| 3| 694 2644 1 
Slog 2 3 * + | 


the eclipſe was central at ſun ſet is in 215 
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riſing or ſetting of the ſun z compute the ſemi- diurnal 
arcs of the parallels traced in this projection: Thus, to 
conſtruct a table of the places where the eclipſe was in its 
middle at the riſing and ſetting of the ſun; conſider at 
what degree each line of the — euts the circumference 
of the circle OX C on the eaſt and weft, this gives the la-' 
titade ; and by comparing the degree of the diviſions of 
thoſe lines, with the ſemi - diurnal are of the b is 
found the longitude. _ 

EXAMPLE. The point 39˙ of the moon's orbit, in- 
terſects weſtward the circumference OX C at the diviſion 
50 Now the ſemi-diurnal are of the parallel of 50 is 
747: The place therefore where at ſun riſing the eclipſe 
was central, is in 30“ latitude, and is 134 to the weſt}, 
of the iſland of Ferro, The eaſtern part of ho circum- | 
ference OXC is interſected in 21* latitude by the diviſion 
n LK marked with 15* : Now the ſemi-diurnal arc of 
the parallel of 21 *, is 85: : Therefore the place where 

1— and 
= NR And thus was the re n con- 


Middle ot the Eclipte 


„ 


Phaſes ; | "at t tun 1 rite at at fun ſer 
8 Long. 1 Er Longir. _ Laure, 

Marginal Contact} 337 F 17% Nortb| 102*4 12% South 
3 Digits South | 3294, 25. 101 4 5 
10 Digits 348. $38 © {nor 3 North 
en 
Central 344 1 30 100 21 / 
1 349 6 1100 31 K 

igits 3 co 
4225 e 


By this table the curve may be traced terminating all 
thoſe that ſhew the greateſt phaſes. 2 
WE To find the places where the eclipſe begins and 
both at the riſing and ſetting of the fun : From the 

tale AB take the ſum of the ſun and moons diameters 
3219"; and ſetting one point of the compaſſes ſucceſs 
lively-on the points where the circle OX C is interſected 
* the projections: of the * and _ the other 


point 


Wo —— 
3 ſemi 


Sk will 
the 


| weſtern. part 


Nl in 7 


-diurnal arc of the 
the places may be found. 


320. - 1 ELEMENTS TY 
point.to the eaſt and weſt on the orbit KL.; then by com 
the degree in the orbit KL, where this point ll 
parallel, the longitude 
Thus, to know where the 
begin and end, at ſun riſing or ſetting, under 


parallel of 49*. Set one point of the compaſſes on 
the point where the ellpſis of the parallel of 40“ cuts the 

of the circle OX C, and the other point fall; 
8 weſtward, and 47* eaſtward. Now the 
arc in the parallel of 40“ is 79* : therefore 


= echte begins at ſun riſing in a place 3 


Stunde of 35 


and'y 


i 
* 


was the * table conſtructed. 
nie 3 
Under the Begin. End.] Begin. End. 
Parallel of Long. Long: Long. Long. 
Jos North 128 346* | 07*%S 77* 
J 24 334 [tos 88 
40 1359 329 fi 90 
= 067 1s. —: 
$30 4353 328 Is. 
42 346 332 li; 35 
17% 3383 33844 
10 - — 1134 86 
1124 894 
10 Soutbſ 108 961 
25 1 too 


weſtward of 
the iſland of Ferro, and conſequently muſt be in the lon: 
and ends at ſun riſe in a place 320 weſt 
of the fame 2 and or in the longitude of 3289. 

placing one foot of the compaſſes on the point of inter. 
n of the ſame ellipſis with the eaſtern part of the cit. 

de Ox C, the other foot falls on KL in the points 9 
5*. Therefore at ſun riſe, under the parallel of 
40, the eclipſe begins in a place whoſe longitude 1 is 887, 
and ends in a —— whoſe longitude is 114 * tho 


ot: 1122 


9866 


4 g 


Al theſe points 10 marked on a chart or globe, ail 
give a curve returning to itſelf, and interſecting in that 
rs but for an inſtant at noon 


point where the fun ap 
* a 


of 77" 255 the . 


ASTRONOMY. 


point I falls on the orbit KL. 
800. The points where the eclipſe appears of any num- 
ber of digits. at ſun riſing or ſetting, may in like manner 
be 1 but the curves deſcribed through theſe 
points do not agree with obſervations, becauſe of the ho- 
rizontal refraction, which cannot be allowed for. . 
_ Theſe curves, which differ in figure according to the 
different caſes they fall under, may be deſcribed 5 


ae 10 * the Polnts near to one N 


1 


- CONCLUSION... 
- RefleSions on the phyſical Alten of Aftronony. 


$01, T* E condilecels requiſite in theſe leſſons, would 
not admit of particularizing all the facts neceſ- 


ſary to prove the conformity between the preceding the- 


ories and all the aſtronomical obſervations made during 
more than 2000 years: Alſo to demonſtrate the truth of 
theſe theories, was leſs intended, than to illuftrate them, 
and this in a manner ſo. plain, but yet ſufficiently exten 
ſive, that whatever is at preſent the object of aſtronomy, 
might be clearly comprehended. 

802.. On this account likewiſe, the different ſyſtems of 
the world,” known by the names of the Ptolemaic, Hebonic, 
Kc. have been omitted; z they being ſubjects, which in 
this age, more properly belong to an hiſtory of the va- 
rious opinions of men: Neither was it thought proper to 


introduce in this work, the phyſical hypotheſes invented 


by different philoſophers to explain mechanically the ce- 


leſtial motions: Becauſe theſe motions are deducible from 


che ſimple combination of two forces; the one central, 
and varying inverſely as the ſquare of the diſtance from 


the point whereto the body tends ; and the other, a con- 
ſtant impulſive force, impreſſed on the body at the be- 


ginning of its motion. That ſuch forces really exiſt, is 


beyond contradiftion ; * being N * a number 


[21 * 


8 | 


| 33% - 
the ſun's declination; and in 7 longitude, here che | 
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of evident inductions: So that was any general Atem of 
yſics to be founded, the combination of forces would 
be the firſt conſequence ariſing from the principle to be 
eftabliſhed : Therefore in this ſyſtern, the general law 
which directs it, is apparent or at leaſt a law to which 
it is perfectly analogous. 
Sog. From all che phenomena of the motions of bodies, 
it is evident, that cach body, or rather each molecula of 
matter, is the centre of an infinitely extended ſphere, and 
that every particle of matter within the limits thereof, is 
urged towards the central body by a conſtant and uniform 
force acting in the direction of the radii paſſing thro* ſuch 
particles: Alſo that the tendency of each particle towards 
the centre is conſtantly in the inverſe ratio of the ſquare of 
the diſtance. _- 

804. This ſphere (called the /pbere of activity of the 
central force) may be conceived as compoſed of an infinite 
number of radi ; and any particle within the reach of this 

| activity, is carried towards the centre with a force pro- 
zonal to the number, or to the denſity, of the radii 
which intercept it. Now the denſity of theſe rays is in- 
verſely as the ſquare of the diſtance from the centre; for 
the ſphere may alſo be conceived as compoſed of an inf. 
nite number of concave ſhells or ſurfaces incloſed one 
within the other; and each ſhell to conſiſt of the ſame 
number of points, ſince they alike intercept the ſame num- 
ber of radi ; conſequently the greater the ſhell, the wider 
are its component points, therefore the denſity of each 
ſhell is inverſely as its ſurface: Now ſpherical ſurfaces are 
co one another as the ſquares of their radii ; therefore the 
of each ſhell is inverſely as the ſquare of its di- 
ſtance from the centre : Con * a particle of matter 
within che ſphere of activity of a body, is urged towards 
this body, with a force which is in an inverſe ratio of the 
ſquate of the diſtance of this particle from the prone to- 
wards which it is directed. 
Sog. It being apparent, that this law is general for 
every molecula of created matter ; then any two moleculz 
are reciprocally acted on within their ſphere of activity; 
and if their maſſes *. * tendency to unite is 
2 : $ recipro- 
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reciprocally equal: But if a body is conſtituted of two, 
three, four, c. molecule, each equal in maſs to another 
diſtant body, the reciprocal' tendency between the - latter 
body and each molecula of the former, is ſtill equal; hut 
2s the firſt body is compounded of ſeveral molecule, the 
tendency of the ſecond towards it, is double, triple, qua- 
druple, Sc. of what the firſt has towards the ſecond. _ 

506. Hence it follows, that from the fundamental prin- 
ciple, upon which a ſyſtem of phyſical aſtronomy is to be efta- 
bliſhed, muſt be deduced a general law, ſuch, that the force 
whereby two molecule of any matter tend to unile, is ever in 
4 ratio direfily as their-naſs, and inverſely as the ſquare of 
tbeir diſtance ;, in ſuch manner, that the tendency is modi- 
fied as many ways, as there are bodies, and as their re- 
ſpective poſitions vary. | 3% 

807, Aſtronomers have been obliged to admit this as 
a fundamental law, becauſe the computations deduced 
from it have ſuch a ſurprizing conformity to all the ce- 
leſtial phenomena: For *tis by this law, that bodies fall 
with accelerated velocities in directions perpendicular to 
the ſurface of the earth; that the moon revolves about 
the earth (691) ; that, by combining the different varia- 
tions, cauſes the mutual gravitation between the ſun, the 
earth, and the moon, according to their various poſitions:; 
alſo, by which all the inequalities in the moon's motion 
may not only be calculated, but the true points deter- 
mined where theſe inequalities are greateſt, or where they 
vaniſh ; Not one of the hypotheſes of all the preceding 
aſtronomers, were ſufficient to ſubject the lunar mo- 
tions to certain rules. Alſo by this law, the planets Ju- 
piter and Saturn, which are very large bodies in compa- 
riſon to the others, are ſubject to inequalities analogous to 
thoſe of the moon, according to their different poſitivns 
in regard to themſelves and the fun, Beſides this law not 
only furniſhes the means to make accurate computations of 
the planetary motions; but the true theory of the motions 
of comets was by it allo diſcovered; which was hitherto un- 
knowp to aſtronorhers # In "ſhort, aſtronomy wants no 
farther perfection, but obſervations more accurate than 
thoſe leit the ancients; for to ſuch obſervations, the 
258 rules 
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rules deduced from this general law, might with greater 
certainty be applied; whereby the true aſtronomical ele. 
ments of the theory of each celeſtial body might in the 
end be deduced. What is here ſaid, relates only to aſtro. M ©. 

nomy ; but this law is equally applicable to almoſt every I 
phyſical ſubject. — 1 e 
808. As this law apparently prevails among all the ce- 
Jeſtial bodies, they mult be in a perpetual agitation to be 
conformable to it. The fun muſt every inſtant change 
its place, in order to preſerve an equilibrium in the reci. 
procal gravitations between himſelf and the ſeveral planet 
W which in eccentric orbits revolve about him. But its im. 
8 menſe magnitude renders the motion inſenſible to ter. 
Bo: -reſtrial obſer vers. N 
809. There neceſſarily belongs to a phyſical ſyſtem, a 
Propoſition which is alſo derived from the conformity be- 
teen this la, and the celeſtial phenomena: Which is, 
that the celeſtial bodies meet with no ſenſible reſiſtance from the 
medium in whith they mov. 1 
810. The difficulty in aſſigning to this law, a principle 

i truly phy ſical, or even to reconcile it with the idea which 

_— * naturally dictates that all motion is performed by impul- 
ion, has deen the cauſe why philoſophers have been di. 

-vided in their ſentiments on this ſubject: Some of them 
abſolutely reject it, as incompatible with repulſion; whik 
others, who call it attraction, admit it as a law originally 

eſtabliſhed by the Divine Being at his creating of matter. 

But until the true phyſical cauſe ſhall be found, or the 

true law be diſcovered, to which this is ſo perfectly a- 

nalogous; the moſt prudent part is to reap whatever ad- 

Vvantages can be derived by admitting this law as: an in- 

duction, drawn, without any contradiction, from every 

dcdeſleſtial phenomenon. 8 N 5 
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The numbers denote the Articles. 


des of the moon is fome- 
times « direct, and ſome- 
times —— 721 


| Art. (7 . Art. 
| Aue of the fixed ſtars Ho to find the poſition of 
| . 2 — line of the aphdes of 
- How to compute it 7 planets 109,155, 482 
fimicantars — Ares diurnal and nocturnal 266 
{ititudes of the ſtars 222, 607 To compute them 292 
Meridional - 269 1 to reduce them to 
To compute it 280, 609 0 
To compute any altitude — of latitude. 4 
| 291, 613 Aſcenſion, right, of the ſtars 302 
{titude of the pole 262 To compute it 307, 311 
To compute it 291 Its uſes 332, Cc. 
How to obſerve it 278 How toobſerve it 3327, Cc. 
Alitudes correſponding 325 _ Atmoſphere cauſes reſraction 427 
mplitude ortive and occafive Cauſes the twilight 440 
284 Magnifies the of 
To calculate it 292 the earth 759 
134 Attration 710 
2 Azimuths © 283 
To compute the true ano- ' Their properties 285, &c. 
maly in an ellipſis 144 To compute them. 291 
th a 212 es 252 
hbbelion "a Comets 16 
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Projections in general, 
„ ON 0 UNS. «ho 

Computations thence- ariſing. 
2 And in particular, oe 


The calculation from projections peculiar to eclipſes of the Jun, 
And to occultations of the fixed ſtars by the moon. 


T is well known, that obſervations of ſolar eclipſes, and 

of-the occultations of the planets and ſtars by the moon, 
are uſeful towards the perfection of aſtronomy, geogra- 
phy and navigation. The accuracy with which the be- 
ginning and end of an eclipſe of the ſun, and the inſtan- 
taneous immerſion and emerſion of the ſtars, can be ob- 
ſerved, have induced many aſtronomers to give the pre- 
ference to theſe obſervations, before thoſe of eclipſes of 
the moon, or even thoſe of the ſatellites of Jupiter, for 
finding the longitudes of places: Notwithſtanding which, 
they are obliged to allow, that the length of the compu- 
tation, together with the uncertainty of ſome elements 
which are neceſſarily uſed, render this method leſs com- 
modious than that of the ſatellites of Jupiter; which do 
not require either calculation or reduction; neither is it 
neceſſary that ſuch obſervations be made nearly in the 
ſame circumſtances ; that is, with teleſcopes nearly of the 
ſame length and goodneſs, and at times when the air is 
equally ſerene. 8 ä | 

Aſtronomers who inſtead of ſuch tedious calculations, 
ſubſtitute graphical operations to a projection of the cir- 
cles of the ſphere, allow, that although the utmoſt care 
be taken in theſe operations, and the figure be projected 
on a very large radius, 41 ſcarce poſſible to be accu- 
a 4 rate 


e eres 


rate to half a minute of time: For beſide the uncertain 
elements in the theory of the moon, which is however 
the foundation of this projection, it is evident, that in a 
long ſeries of graphical operations there will commonly 
happen caſes where it is almoſt impoſſible to be accurate: 
For the point where lines, very little inclined to each 
other, interſect, is not readily aſſigned; no more than 
the very ſmall parts of other lines which are to be divided: 
Hence it follows, that to arrive at that preciſeneſs in ob- 


22 which can be done, to a ſecond of time, be- 


cones uſeleſs; ſince the neceſſary reductions can be made 
bur to half a minute. 5 
As computation is molt to be depended on, and may 
be Cone at leiſure ; therefore a greater accuracy may be 
introduced, than that of the obſervations themſelves ; be- 
ſides in the preſent ſtate of the aftronomical tables of the 
fun and moon, nothing more is wanted to determine the 
longitudes of places accurately from obſervations of the 
moon, than to.know the conſtant, proportion between the 
diameter of the moon and its parallax for all the other 
elements, ſuch as the horary motions of the fun and moon, 
the obliquity of the ecliptic, the inclination of the moon's 
orbit, and the heigth of the pole at the place of obſerva- 
tion, are well known, or may be had ſo nearly, that the 
computation cannot be in the leaſt affected. Therefore it is 
evident, that it is of the utmoſt importance to determine 
the proportion of the moon's parallax to its diameter; 
not only by the niceſt obſervations, but by the moſt di- 
rect method; for on this diſcovery depends the theory of 


the moon, and the knowledge of the longitudes both by 


ſea and land. | 

Now ſuppoſe this proportion was once ſettled, and re- 
ceived by aſtronomers; the next points neceſſary to be 
examined are, what kind of calculation, and projection 
ſhould be uſed, for the neceſſary deductions = cor- 
reſpondent-obſervations of ſolar eclipſes, or occultations 
of the fixed ſtars? and alſo, the moſt geometrical and 
direct method to perform ſuch calculation and projection ? 
And theſe are propoſed to be examined in this memoir : 
Which M. Caille the more willingly undertook, becauſe 
' : | | 3 
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that an eye placed on a point of the ſurface of a 
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it had not been treated of by others neither had he found 
above two or three authors who had given rules and cal- 
culations even for ſolar eclipſes: Beſides, he having fre- 
quently practiſed every method propoſed on this ſubject, 
and thought them all too difficult, the readineſs and 
knowledge which he had acquired in ſuch operations, in- 
clined him to think, that there muſt be ways, ſhorter, 
and leſs liable to different combinations, which commonly 
entangle the calculation ſo much, 'that the operator would 
often find a. difficulty in clearing it off, was he unac- 
quainted dich the theory. : 

This memoir is divided into two parts, The firſt con- 
tains a general method to compute from every conceiv- 
able projection of the ſphere; wherein are alſo particu- 
larly exhibited the rules which concern ſolar eclipſes, and 
occultations of the fixed ſtars by the moon. In ſecond 
ls ſhewn, beſide the computations from the projection, 

1*, How to determine geometrically, the phaſes of 


ſuch * by projection, and independant of pro- 


20. * to correct the errors in aſtronomical ables, 
by calculations drawn from obſervations. 

3%, How to find the difference of the meridians of two 
Neun, where the ſame eclipſe has been obſerved. 


. ANT L 


The doftine of ſpheric projections has been * a ets 
time ſo well known to aſtronomers, that perhaps, it was 
the only part brought to perfection before the revival of 
the ſciences; and at a time when all the knowledge of ma- 
thematicians was confined to the underſtanding of Euclid, 
Theodofius, Diophantus, Archimedes, and Apollonius. Nei- 
ther is there any thing to be added to what has been wrote 
by Gnide-Ubaldus, Clavius, Aguillonius, Tacquet, &c. un- 
"leſs it be a general method comprehending all the pro- 


jections whereof they have treated. 


In aſtronomical affairs,. there are uſed two kinds of 
projections, the one called Stereographic, which ſu 


% 
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& - Of PROJECTIONS 
ſees all the other parts of this ſurface delineated on the 
plane of a great circle in whoſe pole the eye is placed; 
and the other called Ortbographit, ſuppoſes the eye, at an 
infinite diſtance from a ſphere, ſees every point on the con. 
vex ſurface of this ſphere, transferred to the plane of one 
of its great circles perpendicular to that axis which paſſes 
throꝭ the eye. Now it is evident that a general method 
to conſtruct, and compute the parts of ſuch projections, 
depend on a general ſolution of this problem: The poſition 
of the eye, a viſible point and a plane being given; to determine 
en this plane the appearance of the given puint ; and this is 
the general caſe of perſpectivre. „ 
Since the poſition of a point in abſolute ſpace cannot be 
determined otherwiſe than by its diſtance from three planes 
differently ſituated with reſpect to one another; therefore 
in the ſolution of this problem, the three planes com- 
monly conſidered in perſpective, will be uſed. The firſt 
(fee Pl. 10. fg. 1.) is the plane of projeftion or picture NM, on 
which the appearance of the given points are to be repre- 
ſented; and muſt be at a certain diſtance from the eye O. 
The ſecond is an indefinite plane AD, paſſing thro? the 
eye O, and interſecting the plane of projection at right 
angles, in the right line FG. To aſſiſt the imagination, 
Ab may be conceived as a level plane, ſerving as a term 
to compare the elevation or depreſſion of objects, rela- 
tively to the eye; and therefore it is called che horizontal 
Plane; and the line FG is called the horizontal line. The 
third; is an indefinite plane HL, which alfo paſſes thro' 
the eye, and is perpendicular to the two other planes; 
and muſt therefore be conceived as vertical, ſince AD was 
taken as horizontal; therefore the plane HL ſerves to 
diſtinguiſh what is on the right, and what on the left of 
the eye: This is called the vertical plane, and EC its in- 
terſection with the plane of projection, is called the verti- 
tal line. The vertical and horizontal planes interſect in 
the line OK, of which Ok, intercepted between the eye 
and the picture, is called in perſpective the principal ray, 
and meaſures the diſtance of the eye from the picture: 
: Now the three planes NM, AD, HL, being given in po- 
. fitiop, the vertical and horizontal lines are given alen 
r a | 19 
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n of the picture. Therefore if O, the 
of the eye in the interſection of the horizontal and 
vertical planes, be known, that is, if Of is given in mag- 
nitude, and if any point P be determined by irs known 
diſtances from the three preceding planes, then its 
ſentation p on the plane of projection NM is eaſily found. 


For drawing the lines PQ, PT, perpendicular to the ver- 


tical and horizontal planes, theſe lines expreſs the di- 
ſtances of P from the planes; alſo drawing OO, PO, TO; 
then the figure OK OPT will be a pyramid, the plane of 
whoſe bale KPI is perpendicular to the vertical plane, 
and conſequently is parallel to pt, the ſection of this 

mid by the plane of projection NM ; the right line 
Ke expreſſes the diſtance between the plane of the baſe 
and the plane of projection, and conſequently is the di- 
ſtance of P from the picture. Now becauſe the pyramids 
OK OPT, Otpt, are ſimilar, therefore OK or Ot . K 
:QK or PT:: Ot: 9& or pt:: 8 * 
whence ariſes cheſe two general rules. 


J. As the ſum of the diftances of the eye ned the object 
from the plane of projection, 
Is to tbe diſtance ae the eye and ibis plane; 
So is the diſtance of the object from the horizontal . 


Jo the diſtance of its repreſentation i in the e from 
I be borizontdl line. 


u. As the ſum of the diftances if ae ge and the object 
from the plane of projection, 
1s to the diſtance between the eye and this plane ; 
So is the diftance of the object from the vertical plane, 
To the diftance of its repreſentation in the picture from 
the OD line. 


When the object i is between the eye and. the plane of 


projection (thus if ꝓ be ſuppoſed the given object, and 


KQPT be the —— of projection), then it is evident that 
— — point p will be in P, and that the 

I portions ſubſiſt, only ſubſtituting in the firſt term 
Bn analogy the word difference for the word ſum. 2 


248 "Of PROJECTIONS HY 
- Fhis being premiſed, the projection of the ſphere is na 
— 2 the two common hypotheſes ; for they 
may be conſtructed, and their parts de of th even tho 
the eye be placed within 1 it, inns 
will be here examined. 2 


Of prjecions on the plane of th mu. 


. 1 8 the plane of the equator, the 

eye is naturally ſuppoſed ſomewhere in the direction of the 
axis, although this is not abſojutely neceſſary, for any 
other poſition would V render * „ 2 little 
more complex. 

The diſtance of the eye from the plane of projection is 
arbitrary; but for aſtronomical computatians, it will be 
moſt convenient to eſtimate er r en ra- 
dius to a table of ſines. 

Now the eye being ſuppoſed in the axis of the equator, 
it is evident, that the plane of one of the colures may be- 
come the horizontal plane, and the other the vertical; 
ſince the planes of the colures are perpendicular to one an- 
other and to the equator. 

Let the ſolſtitial colure be ſuppoſed the horizontal plane; 
then to project any point of the ſphere, deſcribe a circle 
to repreſent the equator, and draw two diameters at right 
angles, the one ſerves for the horizontal line and repre- 
ſents the ſolſtitial colure, and the other is the vertical line, 
and expreſſes the equinoctial colure. 

Then find the diſtance of the given point from the plane 
of projection, and from the — and uertical planes; 
that is, in the preſent caſe, find the diſtance of the given 
point from the planes of the „ the ſolſtitial and e- a, 
quinoctial colures. Now if from any pajat taken on the fror 
ſurface of a ſphere, be drawn lines perpendicutar to each the 
of theſe planes, it is evident, 15. That which falls on the O 

is equal to the ſine of the declination of the given the 

point: 2%. That which falls on the plane of the equinoc- the 

3 is the ſine of an arc of a parallel to the equa- vert 

tor, comprehended betureen the given point and the near- d 

ſt equinox ef which che degree are known by — 4 the 
- right 
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right aſcenſion of the given point : 3. That which falls 
on the borizontal plane, is the cofine of the ſame are. 
For let EST (P. 10. fig: 2.) be the plane of the equator, P 
its pole, PC the ſemi-axis, C the centre of the ſphere, PCE 
the plane of the pquinoRtial colure, PCS the plane of the 
ſolſtitral colure, 'Q any given point. Thro* Q deſcribe a 
circle of declination POB, whoſe plane is PQBC ; alſo 
parallel to the equaror, deſeribe IQH, whoſe plane is 
OIQHO: No it is evident, that if the point Q be 
drawn three lines, one perpendicular to each plane, 
then QL perpendicular to the plane of the equator is the 


ſine of the declination of the arc QB; and QG perpen- 


dicular to the equinoctial colure is the fine of the arc QI 
meaſuring IPO the angle at the pole, equal to the right 
aſcenſion of the point Q; alſo the perpendicular Q is 
the fine of the arc QH, or the coſine of the arc QI : The 
lines QG, Q, are in the plane of the ſmall circle IQH, 
and are fines to a radius different from that of the ſphere, 
to which they muſt be reduced by an analogy well known. 
By the ſame figure it appears, that had the equinoctial 
colure been taken for the horizontal plane; and the ſol- 
ſtitial dolure for the vertical, then Q the fine of the right 
aſcenſion of the given point Q, would be its diſtance from 
the horizontal plane, and its coſine QK the diſtance from 
the vertical plane: Therefore in general, for all kinds of 
projections on the plane of the equator, twill be 

As radius, | 

Is to the fine of the declination of a given point; 

So is the fine, and the coſine, of its right aſcenſion 


To two other fines. 
| Whereof the firſt is the diſtance of the given point 
from the vertical plane, and the other its diſtance from 
the horizontal, if the ſolſtitial colure be taken as the ho- 
rizontal plane; but if taken as the vertical, the firſt of 
the two ſines will be the diſtance of the given point from 
the pep plane, and the ſecond its diſtance from the 
vertical, | 7 
Now theſe two analogies only ſerve to demonſtrate 
the following. eee LIC eh 
, * There- 


280 Of PROJECTIONS 


Therefore let r= radius of the circle vf projection, and I 
| tharf the table of ins $44 Wc” 
| "EEE N the eye from the plane of pro. 


Fu any — whoſe value is found by di 1. 


rag viding the real diſtance from the plane of pro. WM 
| ion by the radius of the table of fines. By 

Srl rs aſcenſion of the point; . 
= coſine of that right aſcenſion; 0 

x= ſine of the — of Nen So 

S coſine of that declination, | To 
Then = diane ofthe given pin from the ori * 
tal plane If 

2 = diſtance thereaf from the vertical, then, 


And & diſtance from the plane of 3 * As 
Theſe values ariſe from the preceding analogies, when act 

| the ſolſtitial colure is ſu 1ppoſed the horizontal plane. 
No if the equator is between the given point and the 2 


eye, there will ariſe by the rules of Pn , S0 

7 2 it To 
I. Ax: i *: : 1 | 1 

which gives this 8 | And, 


As the ſum of the diftance of the Sw the plane of pre T0 
jection and of the ſine of the declination of the given 
Point, 
Is to the product of the coſine of the declination by the” co- 
efficient of the radius; 
So is the coſine of the right aſcenſioft of the given point, 
To the fine of the diſtance of ibe given point from rhe bori- 
+ Zontal line of the projection.  . 
To aſſign this point in the projection, it math 5 ob- 
ſerved in general, that all ſtars whoſe right aſcenſion is MW phic 
between go and 270 degrees, ſhould be placed in the in- 
ferior ſemi-circle, if Aries, from whence the reckoning A. 
begins (which may be placed at either extremity-of the di- 1s 
ameter repreſenting the vertical line,) i is marked in the So 
ſuperior point ; and every other point . be placed in Te 
ny cad ſemi- circle. | | S+ 
| I * Il 
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O- . 
a. 4s the ſum of the diftance of the tye from the plane of pro- 
ro- mne declination * 
3 Js 10 the product of the cofme of the declination by the c. 4 
| efficient of the radius; 
So is the ſine of the right aſcenſion, 
To the fine of the diſtance 0 of the given point from the ver- 
= ical line 7 the projection. 5 
If the eye is at the pole, as in Ptolomy's Lan ion, 
then f=1,. and the two analogies become, 4:4 
As the ſum of the radius and the fine of the um of 
en the given point, or as the co-verſed * of _— deching- \ 
tion | 


he Ts to the coſine of the declination ; 
So is the coſine of the right aſcenſion, 


To = diſtance of the perſpective point from the horizontal 


And, So is the foe of thy right aſcenſion, 
2 "Wa the INE of the per ſpective point from the vertical 


en 


co· 8 infinite diſtance, then r, 
and the expreſſions ., 22 become , E ſo 
ri- chat the two preceding „ 

which the diſtances of the given point from the horizontal 
b. and vertical planes were found: Therefore in orthogra- 
is WW phic projections it will be | 


in- 
ng As radius | 
di- I to the cofine of the: declination of a given paint; 


he So is the cofine of the right aſcenſion 


in To 4 diſtance of the perſpective point from the borizental 
nm; - 


1 uy a i And 
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And, So is the fine of the right aſcenſion _ . © 
| * . diſtance of the e, 1 8 from the ver tica 


1 the e point was between FY eye and the equator, 
the fame analogies would ſerve, by changing in the firſt 
term, the word ſum into that of difference, But in the 
orthographic „it matters not whether the ob. 
j]ject be between the eye and the picture, or the Pur be. 

tween the eye 122 the object. 


| Of ironing on the plane of whe f 0! chuck hour circle 
In proje&ions on the ane of the fix of clock hour cir 


de (which may ſerve for celeſtial charts, and whereon 


. geographers conſtruct maps of the world, or genera 
"charts, ſuch as one of the four parts of che world). thee. 
quator ſerves for the e and the meridian for 
the vertical plane. The diſtance from the horizontal 
plane i is equal to the ſine of the declination of the ſtar ; 
and its diſtances from the plane of * and vertical 


Plane are found by theſe analogies. 


As radius 1 

To the coſine of the 8 

- is the ſine of the diſtance — the meridian (whereof 
the degrees are reckoned by an arc of the equatcr 
contained between the meridian-and the Te ſhey- 
ing the right aſcenſion of the Rar), | 

Jo the diſtance from the vertical plane; | 

And, So is the coſine of tbe diftance from the meridian 
To * the plane of projection. 


5 Therefore let t= fine of the diſtance from the me. 
| ridian, 
nt to its coline, 
And retaining the ſame ſubſtitutions as in the preceding 
os there will ariſe: theſe two 82 8 


2 « £ 
: v * 9 
3 5 8 Din. 
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and En 2 5 


1. As the fum of the product of radius by the PW dance 
from the plane of projection, and of the product 0 42 
coſine of the ſtar's declination 2 2 reine of 
ſtance from the meridian, 

1s to the product of radius by the oe Y 
plane of proj ſfertion; 
$0 is the fine of the declination 
To = diftance of the e perſpective point fron the borizontal, 
Ne. 


fl. Ai hy fad of ths reduc of radius by the. eye's 4 
fance from the plane of projertion, and of the product 
of the cofine” of the ftar*s declination by the . of its. 
d;tantt om tht meridian, 


I. to the proditet of the cle of the declination by the di- 


Pance of ht che from the plant of projection ; 
$0'#s the fink of the diſtance from the meridian 
To the diftance of the given perſpective point from the ver- 


tical line; 


If the 90 1 at dn infinite diſtancey the two ere 


rr 2. 2 
a and - Fm become æ and Therefore the di- 
tance from the horizontal line is cud to the fine of the 


declination ; and the diſtance from the vertical line is 
known by this analogy. 


As raditis' 
7 ile cf of ib declination, 

$0 is the f e the Agave fron the nc 
To the' diſtant? from the vertical line. 


In general charts of the earth, the firſt meridian is tha 
plane of projection; the plane of the goth theridian eaſt 
and weſt, is the vertical plane, and the plane of the e- 
de is the horizontal 2 In ſuch caſes, the word 


#4 


Aa 8 latitude 


fac ju the 


* 


r De 


| Tattude inſtead of declination, and thoſe of longitude ſrom 
_ the firſt meridian inſtead of diſtance from the * ſhould 
be.uſed in the preceding analogies, 

The diſtance. of the eye from the dane of projebtion, 
may, be ſyppoſed to conſiſt of 1732 ſuch parts as the radius 
of the tables contains 1000, according to the method of M. 
A Hire, publiſhed in the Memoirs of the Academy of 
Sciences, for the year 1700; or of 1595 parts, according 
to the calculation of M. Parent, whereby the inequalitits 
ih 1 intervals of che meridians 1 be the 8 20 
fi 


Of other tinks of projections, particularly thoſe which are 
| ok Ry te or eclipſes of the * and ſtars. 


5 eneyt that” the tw 3 in 1 are 
eably applicable to every conceivable projection. For ſop- 
poſe the horizon be taken for the horizontal plane, the 
meridian for the vertical plane, and the prime. vertical for 
the plane of projection; then the ſine of a ſtar's altitude 
_ would be its diſtance from the horizontal plane; and-mak- 


| Ing = fine of the heigth of the pole, then will 227% —_— 


and At be the diſtances from the plane of ProjeRtion 


and the vertical plane. 
In the onthographic oat theſe diſtances become 


— and = =, 


It would - aſeleſ to enter into the particulars of other 
projections, except what relates to the calculations of e- 
clipſes of the ſun and moon, which here follow. Now the 
tuation that moſt naturally x, pre eſents itſelf, is to ſuppoſe 

the eye in the centre of the ſun, and the plane of the e- 
cliptic taken as the horizontal plane ; then the plane of a 
circle of latitude paſſing thro* that point of the ecliptic 
where the true conjunction of the ſun and moon happens, 
18. the vertical plane; and the plane of projection, * 
| n to that of the en touching its cir- 


cumſference 


% % 
. 
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Alſo, 
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the true 
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rumference in the fame point, which call the point of 


conjunction. | 
In this projection, the diſtance of the moon from the 
horizontal plane, is meaſured by the fine of its latitude ; 
the diſtance from the vertical plane, by the fine of the dif- 
ference of longitude between the centre of the moon and 
the point of conjunction; and the diſtance from the plane 
of projection, by the coſine of this difference of longitude. 
To be accurate, tlie ſaid fine and coſine ſhould be di- 
miniſhed in proportion as radius to the coſine of the moon's 
latitude : But in ſolar eclipſes as this latitude ſeldom et- 
ceeds a degree, ſuch reduction may be neglected without 
error; alſo, the latitude of the moon may be taken for 
its ſine, and the difference of longitude for its fine, be- 
cauſe of the ſmallneſs of theſe arcs. 
Draw two right lines petpendicular to each other, the 
one repreſenting the horizontal line or the projection of 
the ecliptic, the other the vertical line or tlie circle of la- 
tjtude paſſing chro the point of conjunction: Then de- 
termine as many poſitions ot the centre of the moon as 
may be thought neceſſary, by ſaying 


A the difference between the diſtances of the ſun and non 
from the earth, 
1s to the diſtante of the ſun from the earth ; 
or which amounts to the ſame, __ 
As the difference of the parallaxes of the ſun and moon, 
I to the parallax of the moon | | 
So is the moon's motion in longitude, between the inſtants of 
its conjunction and that defigned to be plated on the 
5 lane, | 4 ' 
To the diſtance from the vertical line: 
And, So ts the moon's latitude, . : 
To its diſtance from the horizontal line, 


Alſo, to find as many points as deſired, of the path of 
any place on the ſurface of the earth, as of the Royal 
Obſervatory at Paris: Compute for each given inſtant 
the true altitude of the ſun above the horizon of the place, 


with the angle at the ſun formed by the vertical circle, and 


* 
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that of deelination; and having calculated, or taken from 
aſtronomical tables, the angle formed at the ſun's centre 
by the circles of declination and latitude, the poſition, or 
angle, between the vertical circle and circle of latitude 


"As the ſquare of radius, . 

I to. the product of the moon's horizonlal parallax. by the 
coſine of the ſun's altitude; 

Jois the coſine of the angle between the vertical circle and 

circle of latitude, gut e P6H 

L diſtance of the point ſought from the horizontal 

. | 

An ſo is the fine of the ſame angle, . 

. To the diſtance of the paint ſought from the plane of the 

dircle of altitude paſſing thro" the. ſun's centre at the in- 
ſtant for which the computatjonis made. 


This would be the diſtance of the point ſought from the 
vertical line, if the earth had no annual motion in the e- 
clipric ; but becauſe of this motion, abſtracting from the 
diurnal motion, every point of the earth's ſurface has ad- 
vanced according to the order of the ſigns, parallel to the 


plane of the ecliptic : Thereſore the diſtance found by 


the laſt analogy, added to the fun's motion correſponding 


| to the interval between the inſtant ot conjunction and the 
given inſtant, if this inftant precedes the conjunction, or 


ſubtracted if it follows, will give the true diſtance of the 
point ſought from the vertical line. [ 

To demonſtrate the truth of this calculation, it muſt 
be remembred, that the diſtance of Paris from the hori- 
rontal plane ſhould be meaſured by the ſine of the di- 
ſtance from the zenith of Paris to the plane of the eclip- 
tic; and its diſtance from the vertical plane, by the fine 
of the diſtance of the ſame zenith from the circle of lati- 
tude paſſing thro” the centre of the earth or thro? that of 
the fun. Then let HOPR (Pl. 10. fig. 3.) be the mer dian, 
O the zenith of the obſervatory, P the pole of the world, 


V the pole of the ecliptic EC, S the fun, ST the heigth 


] 
of the fon above the horizon HR, SO the — 
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of its altitude, PSO the angle between the vertical and 
circle of declination, PSV the angle between the circles 
of declination and latitude; alſo the angle PSO meaſures 
the poſition of SO che vertical of Paris to SV the circle 
of latitude, From the ꝓoint O draw the arcs OD, OG, 
perpendicular to SV, EC, and their lines meaſure the di- 
{tance of the zenith of Paris from the vertical plane VS 
and from the horizontal plane EC: But as the meridian 
HOR repreſents a great circle of the terreſtrial ſphere, or 
of the difk of the earth viewed from the ſan ; therefore 
the radius is to the ſines of the atcs, as the moon's pa- 
rallax is to the quantity expreſſing theſe diſtances on the 
ſcale of projection. f 

The diſtance of Paris from the plane of projeXen is 
not taken into the calculation, for as it cannot excexd a 
ſemidiameter of the earth, it will be but e of the 
principal radius, and conſequently may be rejected. 

When as many points are marked on the plane of pro- 
jection as are thought neceſſary for tracing the centte of 
the moon and the zenith of Paris, the phaſes of the e- 
clipſe are determined by calculation, as will be 9 in 
the ſecond part of this Memoir, or by the common gra- 

For the occultgtions of fixed ftars.. 


To calculate from the projection of the occultations of 
fixed ſtars by the moon, is ſomewhat different from that 
of ſolar eclipſes; becauſe the eye being placed in the tar, 
the principal radius becomes infinite, and the projection 
abſolutely orthographic. | | 1 

For the horizontal plane, take the plane of a great cir- 
te paſſing thro* that point of a parallel to the ecliptic , 
where the ſtar is, and where the conjunction of the moon 
and ſtar is found by calculation from aſtronomical tables. 

The vertical plane is then, as in ſolar eclipſes, the plane 
of a circle of latitude paſſing thro' the ſtar ; and the plane 
of projection is a ſection of the terreſtrial globe by a plane 
dra vn perpendicular to a radius paſſing. from the ſtar to 
the centre of the carth, | RN 
5 | Aa 3 „ 
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Now deem the ſtars parallel of latitude is ſenſibly dl. 
Forehe from the great circle paſſing thro the ſtar, Deich 
gradually approaches the ecliptic, while the parallel is al- 
ways a diſtant; therefore the latitudes of the moon 
do not regard this great circle in the ſame manner as they 
regard the parallel; but the difterence i is fo ſmall that it 
may be difregarded ; however for the fake of thoſe who 
would not reject it, the following table is inſerted. 


- D Star s Lace in A” 

and minutes. 1 — 2 3 +4. 5 6 

k | D. M. | [Seconds|Seconds Seconds Seconds|Seconds Seconds| 
| 010 '| 0,0] 0,0 0,01 0,1 051 0,1 
J 0 20 , 10%, 210, 20, 30,4 

o 30 [o, 10,30, 410,5 0,7 | 0,8: 

0 40 O, 20,510, 7 101, 21,4 

10 50 , 40,8 1,11, 1,9 2,4 

þ 27 oo: o, 31,1 1,6 2,22, 3,3 

i 0,7 L222 3—— 4 2 E | 


- : : 


| 1 moon 's diſtance from the venta ine, fag 


As radius, | 90 
Jo the cofinie of the moon's Uu 82 
80 pi, the difference between the 5 of ad moon and 


F 9 its diſtance rem the vertical line, 


| And to find i its diſtance "a the horizoncal line s from 
the ftar's latitude ſubtract the ſmall correction found in 


the table, in proportion to the quantity of this latitude 


and the moon's diſtance from the ay mme 
W ſay, 


As radius, 

To 57* 1 7 4 
(| $045 tbe © 3 the fines of the moon's latitude, 
and the corrected Lene 7 the far. (if 1 . 


4 


. 


ay, 


* 299 
-" are of che Cans cake fun ef the 
ſines) 
To the moon di Rance from the borizomtal line. 


Ie is evident, tha the pen weste che usern is pts 
jected, ſhould be on the eaſt or weſt ſide of the vertical 
line, according as the moon is to the eaſtward or welt- 
ward of the ftar : Alſo that it ſhould be placed above or 


below the horizontal line, according as the difference of 


che latitudes ſhew the moon to be mere north vr not 
ſouth. | 

To find in the projection, che path of the zenith of ay" | 
place; compute the true time of the ſtar's paſſing the me- 


ridian, the true heigth of the horizon of the place, the 


angle between the vertical circle and the ſtar's circle of 


declination, (called the angle of poſition) and the angle at the 


ſtar between its circles“ of latitude and declination; from 
whence is known the angle at the ſtar between the verti- 
cal and the circle of latitude, and alſo, the diſtances. of 
the zenith from the vertical and horizontal lines, as in 4 
lar eclipſes. 

Neither this kind of projection, nor any odier; nde FY 
rectly applied to calculations of the occultations of plarets 
by the moon; for the planet being in motion, a fixed point | 


cannot be found wherein to place the eye: However this in- 


convenience obtains only in Mars, Venus, and Mercury, 


whoſe motions are molt ſenſtble. And although the appa- 


rent diſtance of any planet from the moon may be very ac- 
curately determined by ſpheric trigonometry, and conſe- 


quently the phaſes of their occultations, independant of pro- 


jection; yet from a computation chere does not ariſe the 


fame advantages as from a projection, whereby to diſcover 
and correct the errors in aſtronomical tables from the ob- 


ſervations of theſe oecultations, as will appear in the ſequel 
of this Memoir. 
It is not neceſſary to ſnew all the advantages that this 


projection has over the common orthographic projection : 


only in general it may be obſerved, that in this, the ope- 
rator is not neceſſitated to reject any thing, nor to ſuppoſe 
any thing but what is convenient to delineate the repre- 
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tation \ of what he ſees from a faxed point. In the com- 
mon orthographic projection, it is ſuppoſed, 15. That the 
earth is immoveable during the eclipſe, that the ſun's de- 
clination and the angle between the circles of declination 
2 latitude are'conitant : On this ſuppoſition it is, that 
— of 8 place on the projection is an ellipſis whoſe 


tp Ge diſtances of the ſun and moon, are 
making the ſemidiameter of the projection 
equal: co ————— It will be 
ſhewn creafter, that only a part of the lines drawn in the 
projection ſhould be diminiſhed in proportion to the di- 
ſtances of the moon from the earth and ſun; And altho! 
the errors ariſing from all theſe ſuppoſitions amount only 
to a few ſeconds, yet as it is almoſt impoſſible to allow for 
them, and that the computations founded on theſe ſup- 
poſitions do not correſpond to the accuracy of obſervations 
Therefore there is no doubt but what is here propoſed wil 
have the preference, conſidering that it tends towards the 
. of geography, which is an affair of conſiderable 
portance, Beſides, theſe ſuppoſitions do not ſhorten 
oomputation, when they are deſigned to be accurate, 
only facilitate the graphical operations, for which the 
projections were only intended, Therefore when nothing 
more is wanted than to perform graphical operations, 
it will be moſt convenient to uſe the common orthogra- 
gjection : But when calculations are required to 


hical pr 
1 accurately the reſult from the elements of the tables, 


or from the compariſon of ſeveral obſervations of the ſame 
henomenon, then it will be moſt convenient to proceed 
* Manner emo i in what follows. 


nſtant ratio. 2% That 2 


— 


8 2520 ; it was 10 digits 30“; and ended at 10 40 
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PART I. 
Of the calculations mceſſary 10 determine, by aftronomical 


tables, the phaſes of ſolar eclipſts, the occultations of ftays 


by the moon, and alſo to find the errors of tables, and the 
difference between the meridians here obſervations have 


Dre 


ARTICLE I. 
To compute ſolar eclipſes by aftronomical tables. 


gINCE examples are more inſtructive than long pre- 


cepts, therefore all the phaſes of an eclipſe of the fun 
on the 1 ath of May 1706, will be here calculated as they 
ought to be: This eclipſe is choſen, becauſe its phaſes - | 
have been determined graphically in the precepts to M. 
Caffini's aſtronomical tables, and M. Ia Hire has calculated 
them from projections. e 

Although the method here purſued may appear tedious, 
yet it will be ſhewn that it is not poſſible otherwiſe to ar- 
rive at the deſired perfection; becauſe of the complicatect 


twofold motion of the earth, and of thoſe of the moon af- 


fected by its parallax : The moſt important computations 
in the following articles, luckily happen to be very ſhort 
and ſimple : Thoſe propaſed by M. Caille are not abfo- 
lutely neceſſary but when the reſult of calculations from 
aſtronomical tables are to be flrictly aſcertained. 
According to the obſervations of M. Caſſini exhibited 


in the Memoirs of the Academy for the year i es, the 


eclipſe began on the 12th of May in the morning at about 
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a ' & PROJECTIONS 4 
a7”: Therefore i its duration was 2 15 27": Divide this wh. 
time into ſix equal parts, and each is 22' 34025 which for | 
the eaſe of compuration may be ſuppoſed 24.00, and 2 
alſo, becauſe the tables give the phaſes of this eclipſez || + 
little too ſoon ; ſuppoſe the beginning at 8 20 O.; 7400 2 
44 o ſax times, and there ariſes the ſeven inſtancs fol | K 
ing, 8*20', 8* 44, 9 8, 9* 32, 9 56, 10" 20, 105 44, 3 
bor each of which calculate the ſun's true , its dec; 
nation, angle at the ſun's centre between the circles of de. 
clination and latitude; alſo the true place of the moon, and . 
its latitude and parallax : It is not neceſſary to calculate but 

one place of the ſun, the others being found by its 

motion; and three ces of the moon with its latitude 

and parallax, viz. for the firſt, the middle and laſt in 
ſtants ; the intermediate ones are eaſily ſupplied by te 
differences between the reſults of the three calculations. 
And thus was the following table conſtructed on the ele. 


=. . _ 
{ True | Sun's | Sun's * — Moon's Moon's Nba 
time longitude Declin. N[pec. & Latit. longitude latit. NI Pla 
== 1 — — 


S0 8 212 35 8 2 50156 30 20 9 49 30 5561 ½ 
18 421 3 33318 3 5 |15 16 121 20 24 42 {32 16461 26? * 
9 81 21.4 31 118 3 20 15 15 53] 20 39 344/33 38 6126 1 
9 32] 21 5 29 18 335 15 15 35 l 134 591067 25% ea 
19 561 21 6 27 18 3 8015 15 167 21 9 183136 21 fel th 
21 7 25118 4 5 lis 14 58] 2r 24 9 3/ 42 fel 46h tw 


10 44 21 8 23118 4 21 [ts "4401.57 39 0139 IEEE 


—_ — 


{Soom whence *tis eaſy to conclude, that according to W 
the tables the true conjunction happens at 6* 51 4 in the | 
morning, true time, in 2176 15 8, 


Then fay. 4 the difference betzween * parallaxes of 
the fun and moon, 


. 


80 


— 


* 8 "4 W_—_ 4 T7 "a 1863 
wi 85 are the di crences in Wann : 


j uncti on, f 
27 o the moon's _—_ from the » vertical line of the _ 
jectionn 


A, 5 ths in tte moon, 2 
2 o ils diſtances from the orizontal line, 


And this was the 2 8 ing ES — 

| . | * dj = N 
* > [ci 
Of Jongit. [From verr. lineFrom hor.lined | 
456 26 w 339592 W | 1860,0 


4 33 [2499.7 | 1948 | *© 
26 40% 1604, 8 2023,4 Þ 
11 48 709,9 2105,1 
3 37 E 184, E | 2186,9 
[10 20/19 541 0%, 2268,60 


. - ho 44/32 45 119709,2, 2 34913 

„ . 

1 or 27 | TY 

I 26% 4» 

Then caleulate che t true alt de of the ſun's centre for 
1 259 '- each of theſe inſtants, and alſo its angle of poſition ;_ take 
1 2 tte difference between theſe angles and thoſe included be- 


Ell , tween the circles of declination and latitude,' becauſe both 
| angles are to the weſt (or take their ſum, if one be to the 
welt and the other to the eaſt of the circle of declination), 
and the angle between the vertical and circle of latitude 
PI be found. Then ſay, 


RE 
. As the j of radius, | | 

To the product of the moon's parallax by the cofine of each 

allilude of the ſin, 

of Soi is the ſine of the angle between the vertical and circle 

| of latitude, 

To thy diſtance of the zenith of the 3 of Pats 
95 5 


- &f PROFECTIONS. 
| -fromthe plane of the circle of latitude paſſing thru the 
centre of the earth. | 


- To this ae add the ſun's motion \ between * in- 
\ ſtant computed for, and the time of conjunction, if the 
former precedes the latter; or ſubtract, if the conjunction 
edes the inſtant c ted for; and there will ariſe 
the diſtance of the zenith of Paris from the vertical line of 
the projection at each inſtant of the table. Alſo, 


As the fqu jare of radius | 

7 of the moon's borizontal parallax by the 
tofine of the ſun's altitude; 

So fs the coſine of ibe angle betuuen the vertical and circe 
of latitude, 

To the diſtance of the zenith of Paris from the horizon 


Ane. 


And hence the following table was formed. 


N r rr rer 
| True | Sun's | Anglesof | Seven from planeſ” From the 7 from he 
time | altitudes. — and cir. lat. | re. lat. vert, line | hor, ts 


morn 8 4 8 9 8 1 
85 20/36 18 40 an 59 55 26 43 25 133674 1556,4 W 265452 
18 44149 4 50040 29 2125 12 501201, 1363, $2551,9 

9 3 77 42 45/38 23 33123 . 7 40/1046, 51150, 5 9 6 
9 32417 91035 37 36 20 22 0 872,2 918,2 15 


3 


50 20 30132 75 10ſt6 49 55 681,0 669, [2251,o 
10 20/53 11 25127 39 7% 24 10] 474,3 404, [21569] 
10 445 5 37 22 18 [Z 3 20] 25, 127,6 20647 


— 


If che ſun's altitudes, and angles of poſition be com- 
Puted to within 10 or 15 of the truth, they will be ſut- 
* ficiently exact. 
Take the difference between the diſtances of Paris and 
the moon from the horizontal and vertical lies, if theſe 
diſtances are of the ſame kind; or their ſums, if of contrary 


kinds; Let the difference, ot ſum, of theſe diſtances = 
c 


the vertical line be one leg, the difference, or ſun, of theſe 


3 True | the diftances of © 


was equal to a given quantity. 


SE IO 
: N 


» GIII oy 


diſtances. from the horizontal line, be the other leg af a 


rectangled triangle, wherein compute the hypothenuſe, 
hich gives the diſtance from the zenith of Paris to the 


tentre of the moon's penumbra on the plane of pro- 


jon ; and make the following table. 


LY > 


or m of 
Paris and the moon of Paris fr 


1 
br 
mor n | 1 
820 1838,8 794.2 2003, 0 
: 8 44] 136,0 610,1 | 1289.4 
19 81 454,3 | 426,8 623,3 
..9 32 2093 144,5 2543 
9 56] 853,0 641 5534 
ro 20] 1481,8- | 131,x | 1486,0 
110 44 2097,8 | 324,6 | 2122,8 


Now the beginning, the middle, the end, or the inſtant: 
of any Phaſe, alſo the quantity of the eclipſe at its middle, 
or at any given inſtant, may be known by the method. of 
interpolation ; by finding at what inſtant the diſtance be- 
tween the centre of the penumbra and the zenith of Paris 


— 
FE 


This projection ſhews how to delineate on a plane, as 
ſeen from the ſun, every circumſtance in the motion of a 

int on the earth's ſurface, as the obſervatory of Paris for 
which theſe computations are made, abſtracting from the 


| ſphericity of the earth; and ſince what has happened on its 


ſurface, has been conceived as though on a plane, there- 
fore the magnitude of the ſemidiameter of the moon's 
penumbra muſt be found, by computing the ſpace-that the 
fum of the diameters of the ſun and moon would occupy 


on that plane; as by the following analogy. 


A the difference between. the parallaxes of the- ſun and 
moon, | h 


3 Of PROJECTIONS 
i the-mioon's parallax, r. K Henan 


| $0 65 the fum of the ſemidiameters of te fo fn rm th 


EY "moon, and of the moon ſeen from the earth, 
- To the ſpace which they n dorm of projection... 


2 it appears, that it ia not neceſſary to amin 


the ſum of the ſemidiameters of the ſun and moon, by ſo 


much as the moon appears augmented by its elevation a. 
bove the horizon, * as been the practice of Meſſ. Caſiai 


and la Hire; fince here the phenomena are not conſidered 


as ſeen on a ſpherical ſurface, but on a plane: Indeed the 
ſemidiameter of the moon ſhould be dimini ſhed by 12 of” 


155 becauſe in ſolar eclipſes, the ſemidiameter of the 
moon is always obſerved to be leſs by about this quantity; 
which 1s ne ae out of the ſyzygies in the ſatne degree 

of 3 Whereby this correction returns nearly to 


This Weed. ſubtract 15 from 32 31” the ſum of the 
ſemidiameters of the ſun and moon, a d by che preceding 

find the ſemidiameter of the penumbra which will 
be 194170; let 4=713 ,6{=20083'—1289",4), b=1379,"7 
(=2003—62 3,'3), the differences between the firſt and 
ſecond, and Grandin alleen in the lf table and 


the formula xx+ 4— — will give the relation of every 


time to its —— diſtance. Now from 2003“ the 
diſtance to 8 200 O,, ſubtract 1941” the ſemidiameter-of 


the penumbra, remains 62”, Then let xx+ br, | 
whoſe lefler root gives x==0,084. Now i in \proporien as 


1,000 is to 24 0 ſo is this value 0,084 to 21“; therefore 
the beginning was at 8* 22” 1" according to the tables. 
Jo find the end, let a=636",8, 2212674 the diffey 
rence between the laſt diſtance 2122",8 correſponding to 
10b 44, and the two preceding diſtances ; 3 and 181.,8 18 


the difference between 2122",8 and 1942" "-the ſemidiame- 


reis! 8 whoſe 
leaſt root is x=0,2845 3 and as ot . 24 O“: : 0, 2845 


ter of the penumbra; then ** . 70 
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5 Genewat. 5 
16.49 Nn from 105 44 of leaves 10 7. 
5 end of the eclipſe according to the tables. '\ | 

To find the middle, let a=601",1, 522232 1, the dif. 
ferences between 855 "4 the diſtance anſwering to gb 56 
of and the two preceding diſtances : „ 


& maximis & minimis, the formula a+ nt x will be 


changed into x= 2, whence x=1,1 hor 52(ac- 


b=za 

cording to the of 24 O0 for 1,000), which ſub- 
trated from q 56' o”, the time of the greateſt diſtance, 
leaves 9h 29187 for the time of the middle of the eclipſe. 

Subſtitute the value of xt, 1196 in the formula, and 
it will be reduced to 608",04; which is the greateſt diffe- 
rence between 885 , 4 and the diſtance from Paris to the 
centre of the penumbra; then 8 55",4—608%04=245", 36 
for the diſtance of Paris from the centre of the penumbra 
959 8”: Therefore take 247", 36 from 1941" the ſemi- 
diameter of the penumbra,. remains 1693 164, which pro- 
portioned to the diameter of the fun 1906" for 12 digits, 
75 10 digits 40 minutes. 


Hence the following reſults 3. | 5 


Beginning ofthe ecliple . at ; 22 1 | 
Jö 84-29 8 * 


End Vat 10 37 11 
Magnitude 10 digits 40 minutes, | 
According to the graphical operations of M. Caffni, ſhewn 
in the precepts to his tables, < Difference 
Beginning „ MY 22 ol 0 i 
Middle 3 IP 
b ; o 38 of 049 _ 
Magnitude, 10 dig. 48 wk 8- of adigit 


Hence it appears, that this computation is the moſt 
geometrical and direct that can be when a projection is to 
be made; and it will be ſnewn in what follows that the 
method of projection is the only one woe which the longi- 


tudes 
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tudes of places may be found without being affected by th 
errors of the tables, if the parallax of the moon be excepted; 


With regard to the formula 9 . om 2 


and what follows: Now it is evidedr abi that as this formulg 
gives the law according to which the obſervatory and the 
centre of the penumbra mutually approich one another, 
the computation is much more to he depended on, than 
if the apparent horary motion of the moon to the ſun was 
ſought, in order to deduce the of the eclipſe ac 


cording to the method of the ancients, and that of M 
la Hire; ſince theſe methods this horary motigu 
tb-be en which is very far being true. | 


To calculate ſeven poſitions of the paths of the moor 
and the zenith of the obſervatory, does not ariſe from the 
nature of the projection, but only from the deſire of being 
extremely accurate; for it is evident, that hitherto the 
projection is only uſed to find the diſtance of Paris from 

the centre of the moon's penumbra: But this diſtance 
may be trigonometrically calculated many ways indepen- 
. dant of the projection. Thus for example; compute 
the true altitudes of the moon, and its angle of poſition 
and hence deduce the -parallax Tan to the ap- 
parent heigth; then ſay, 4 


As radius, ö 
J the caſinè of the aut of T4 
So is the Parallax in altitude, 

To theparallax in declination ; 


NE 
© 


By means of which the PR cer of 4 
moon is known: 


Then, Asthe coſine of the moon's Aae 
To the-parallas of the moout's altitude ; 

So is the fine of the moon's angle of poſit tion, 
Tous e in right aſcenſion : 


Add this parallax to the moon's right aſcenſion, if it 


* not 2 paſſed the meridian, or ſubtract, if it has 


4 paſſed, 
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A and the apparent right aſcenſion of the moon * 
kno 


369 


in GINA A 15 
wn. Nom the right aſcenſion and declination 
the ſun, and the apparent right aſcenſion and declination 


of the moon being known, it is eaſy to calculate the ap- 
nt diſtance of their centres; but it may ſtill be found 


,tryer, if to the bt aſcenſion and declination of the ſun be 


ied its co ing parallax ; and which is to the pa- 
lax correſponding to the right aſcenſion and declination 
& the moon, as 10", the horizontal parallax of the ſun 
are to the horizontal parallax of the moon. 


Or thus. te the altitudes and azimuths of the 
ſun and moon, reduce them to a apparent heigths, by ſub- 
tracting their parallaxes of altitu Take the difference 
of the azimuths and reduce it to an arc of nn 
thus, 

As radius, 


To the coftne of the altitude of the wit elevated of thi 


two ftars ; | 
60 is the di ference of their azimbths, * 
To ihe difference in un arc of a great circle. 


Then the hypothenuſe of a right: angled plane triangle 


whereof this reduced difference is one leg, and the diffe- 


rence of the altitudes, the Other legs vill be the apparent 
diſtance of the centres. 
Or elſe, the method of the ancients by parallaxes of 


longitude and latitude may be uſed; but experience has 


ſhewn, that there is not any one method. preferable to an- 
other in point of brevity, for every one requires 10 or 12 
analogies to find the diſtance of the centres of the ſun and 
moon at a given inſtant, deduced from their places given 
by aſtronomical tables *. 


* 3 e * 4 * 


It ſhould be obſerved, that having calculated by trigono- 
metry the diſtance of the centres of the ſun and moon, correct 
the-ſemidiamieter of the penumbra; as ſhewn by M. I Hire, in 


order to have the phaſes of the eclipſe exact; becauſe this calcu- 


lation gives the apparent arc of the diſtance of the centres, ſuch 

as ſeen from the. ſurface of the earth : Whereas the calculation 

ſram projections only gives the diſtance between the projected 

point of the zenith of Paris and the centre of the moon. at 
Bb 


BY caq- NY 
— = Of PROJECTIONS 
-- Aſtronomers have thought, or ſu 
Aaſfcient to know preciſely three GE] of theſe diſtances, 
and that as their variations were nearly uniform during the 
interval of time to which they anſwered, all the circum- 


ſtances of theſe eclipſes might be deduced with ſufficient | 


exactneſs from them. But the following computation 
will not only ſhew that theſe ſuppoſitions are not conſonant 
to truth, but that by introducing, according to the method 
of interpolations, the law of the variations of four of 
"theſe diſtances, all the phaſes of the eclipſe may be accu- 
rately deduced. 

Thus, take the diſtances between the obſervatory and 


the centre of the penumbra, correſponding to the fou 


following inſtants. 
| ; (itances from| = 
True times ſthe centre off Differences 
the penumbra 
1 " 8 1 

8 20 © 2003,0 
9 380 623,3 13797855 
9 56 0 855.4 | 1149,6=b 
10 44 © 2122,8.- 119,8 


. 1 the three Ants between the firſt and the 
others and making them Py to a, „„ 


h 1 See caſe V. p. 62. 
301 Tf 2377-760 | 


The formula for the interpolation of theſe three diffe- 
rences, is p- Arx; whole fluxion when a maxinun 


or minimum will be zy. - 24% rr o; whence ariſes ' 
* 


this equation „ Tx ; whoſe root x x 
1 35 7 * 


7 44q—3/7=1,314: Now unity being here equal to 
the interval of 48" 0”, the value of 1,314 is 1345 
Which being added to 8" 20 & gives 9 23.4 for the _ 


ppoſed, that it was 
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2 
4 


1 6. middle of the eclipſe, differing from b 2 8 the 
reſult of the preceding calculation, by 6' 4” nearly. By 
10 ſubſtituting the value of x=1,314 in the formula * 


qx*+7x, it becomes „equal o 1453 72 35% then the diffe- 
2 between 2003" and 14337, 2 is 3497, 8 for the leaſt 


diſtance of the centres, whereby the magnitude of the 


eclipſe will be 8 digits 45 minutes, inſtead of 10 digits 
9 minutes as was before found. 
Now the differences between the beginning and end 


ſhould not be ſo great, theſe terms being of moſt im- 


portance, becauſe the centres of the ſun and moon ap- 
proach or recede more uniformly near theſe two inſtants 
than towards the middle. To find theſe two phaſes ; 
take 194.1" the radius of the penumbra, from -2003". the 
diſtance anſwering to 8® 20' of, remains 62“: Letpx*%— 

qx*+rx==62", The two leaſt roots of this equation are 


* O, 261 and x=2,8837 ; that is, —1 1505 and x= 
218,25“: Theſe values added to 8 200“ gives 5b 21 
15 for the beginning of the eclipſe, and 10h 38“ 25 for 


the end; differing from the firſt calculations by 46" and 
247 · Therefore it is no wonder that there ſhould be a 


difference of a minute of time between theſe com 


tions and thoſe which M. la Hire made with all the ex- 
actneſs that his method would permit, notwithſtanding 
the ſame poſitions and motions of the ſun and moon are 
here uſed, | 

The following table was conſtrued by M. la Caille, L 
from the elements calculated by M. 1a _ ö 


True] Sun's Moon's [Latit. L 

time | longitude | longitude *| North [Parallax] 

h - © 7 4 

8 20/21 2 538120 6 36 U s 160 31 | 

8 441 3 51 |20 21 28 141 2 304 

9 821 4 49 20 36 19 33 21 (60 30 | 
9 32121 5-47 20 51 10 [34 423|bo 297] © 
| 9 56/21 6 45 21 6 1 36 4 60 29 
10 20021 7 43 21 20 51 37 25 60 283 

10 44121 8 41. 21 35 40 138 46 60 28 | 


Bb 2 "So The 


angle between the vertical and circle of latitude will be 
here uſed as in the former computation, and there wil 
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Of PROJECTIONS: 
The conjunction was in the morning at 9* 57 rote 


time, in 21*6' 48" of Taurus: And ſuppoſing the ſur 


agreeable 


parallax to be 10”, the following table is made 
to the preceding computations, 
; : 8 4 
Te 2 — Diſtances of the moon 
png e moon, and theſ from vert. from hor, 
dme feat efcaanatee line | line | 
b d "Py 
8 20 I 0 12 W 3622,0 1843,1 
8 44 45 20 27274 | 192448 | 
9 8 39 29 1834, 1 | 2006,4 
9 321 15 38 940,5 | 2088,2 | 
9 56 0 47 47,1 210, 2 
110 20 14 3E | 845,3 2251,22 
10 44 | 28 52 | 1736,8 | 2332,6 


And becauſe the elements to project the path of the ob- 
ſervatory of Paris, either according to M. Ia Hire or M. 


 Caffini, are ſo nearly alike, that by either hy | 
would not be a difference of 20” in the ſun's true altitude 


potheſis there 


tor any hour, therefore the ſame altitudes, and the ſame 


ariſe 

: - 8 — un 
| Diſtances of Paris — * — 3 Diſt, of Pari| 

| Tree from plane] from the | from the ee from the 

time gef circle off vertical | horizon vente | from the, = 
| | latitude Une line line line | 

a 4 4 * 1 „ | 0 
18 201315, 8 15 50, 8 w[2613,4] 2071, 2] 770, 3 220,6 

8 441183, 41360, 2513,20 1367, | 588,4 | 1488,2 
19 91030, 61149, 6 2413, 1] 684,5 406,7 1 7967 

9 321 859, o 920, 0 2314,00 20,5 | 225,8 226, 

9 56] 670, 7] 673,7 2216,80 626, 6 46,8 | 62844 
to 20] 467,1] 412,1 2124, 1 1257,4 | 127,1 | 12638 
('2 441 251,71 138,7 [2033,4] 1875,5 | 299,2 | 18992 


Now to compare the foregoing calculations with thoſe 
of M. Ia Hire, ſuppoſe with him that the ſemidiameter of 


the penumbra at the beginning of the eclipſe was 19 35; 


3 


1 48 


* | 
n Gr IAA. 3738 
and at the end was 1931”, . Then by the formula x- 
= there will be found, | ö N 
| M. Ja Caille| M. ls Hire | Difference 
. 0 4 
The beginning 8 29 4| 8 27 11 I 53 
The middle 0.34 4 0:35.98 % 2 2 
The end 10 45 12] 10 45 37 | 0 25 
The duration 2 16 8| 2 18 26 2 18 
The magn. 10 dig. 46 min. io dig. 48 min.] 2“ of a dig. 


*— r i. ä 


* - * - * - 4 * 
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ARTICLE II. 


95 correct the elements of tables, by comparing calculations 


with obſervations. 


FF the compitations by tables perfectly agree with ob- 
ſervations, it is eaſy to determine the true difference of 


meridians, by comparing an obſervation made in a place 


whoſe latitude only is known, with the operation from 
tables fitted to a certain meridian : But as this never hap- 


pens, and there is no likelyhood of coming at a perfect 


of the moon; therefore tis necoſſary to have two 
obſervations of the ſame phenomenon, whereof one muſt 


be at the place to which the tables are fitted, whereby the 


elements may be corrected, and rendered conformable to 
the real ſtate of the heavens z ſo that they may afterwards 
be compared to another obſervation made in a place whoſe 
longitude is required, _ 

It is ſuppoſed, 1*. That the theory of the ſun is ſuffi- 
ciently eſtabliſhed to give the exact poſition of any place 
on the earth's ſurface relatively to the horizontal and ver- 
tical planes of projection; ſo that if the parallaxes of the 
fun and moon were well known, then the diſtances of this 
place from the horizontal and vertical lines could be ac- 
curately determined. | | 

2%. That the horary motion of the moon, the inclina- 
tion of its orbit, and the diameter taken from tables, a- 

| Bb 3 gree 
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gree with obſervations during the time of an eclipſe; as { lion, 
ĩt is ſuppoſed that the errors of the tables conſiſt onlyin {| the « 
giving the longitude and latitude of the moon ſome mi- that 
nutes different from the truth. in th 


This premiſed, take the obſervations of the ſame ſo- and 
lar eclipſe made in two different places ; for example, that go” 
of the zd of May 1715, which was ſeen both at Paris II 
and London (for the obſervations of the eclipſe of 12 May | ory 
1706 are not compleat, neither do they agree among ol th 
themſelves). e 

According to the obſervations of M. Ia Hire, contained 
in the Memoirs of the Academy for the year 1715, this | 52 
eclipſe began in the morning at 8 121217, and ended at and 
100 28' 52" ; the diameter of the ſun, was obſerved to be I 

31' 45": M. Deliſie gives the beginning at 8* 12 15", and the 
the end at 10 28500. 12: 4. ves: | - ve 

Dr. Halley and the Chevalier de Lowville obſerved this para 
eclipſe at Greſham-college * (in London) whoſe latitude ac- P al 
cording to M. Flamſteed is 51* 31 40"; (ſee Wallis | pet 
Works, vol. 3. p. 707) and found the beginning at 8'6 | KB 
13”, the total obſcuration at 9“ 9 13", the appearanee'ot | the 
the light at 9* 12' 35" and the end at 10 20 197, 3 4 
I. For the obſerved times of beginning and ending at ther 
Paris, compute the ſun's true place, the declination, and 139 


the angle between the circles of longitude and latitude ; 1 
alſo the moon's true place, both in its orbit and in the ecip- 54 
tic, parallax and diameter. Now according to tables 51 


conſtructed on the elements given by M. Newton, ad and 
annexed to a French tranſlation of Reil's introduction to 95* 


aſtonomy, it is found, * the 

. | 9% 

True Sun's Sun's * 74 Moon's place Moon's place x orb 

time | longitude N. declin . ang lat.] in its orbit | in ecliptic n Jer 
„ ER 0. 1 af © 6 O „ „% $29. 
8 12 210/12 11 11515 31 o[:7 50 25111 15 29 81 17 448%! 

$0 28 52112 16 40 815 42 4olt7 49 oliz 41 38 812 43 30 bb: 4 


* N. B. The obſervation was not made at Greſbam- college, 
but at the Royal-Society's houſe in Crane-Court; of which then. 
thor was not apprized till after his memoir was publiſhed: Never. 
theleſs the operation does in all reſpects fully illuſtrate the method 
propoſed by him above. | 


As 


vertical line. 
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As the moon was then not above 12* from the perihe . 
lion, its motion was nearly uniform during the time 

the eclipſe. Alſo by the proportional parts tis found, 
that — true conjunction happened at 9 39 54˙ true time 
in that point of the ecliptic paſſing thro* 12* 14' 56” 5, 
and i 4 that point of its orbit which paſſed thro* 12% 12˙ 


7 I Compute the Liſtens of the zenith of the obſerva- 
gory from the vertical and horizontal lines, for the times 
of the beginning and end; and *tis found, that at 8 12. 
21”, the diſtance from the vertical was 14227, 3 to the 
velt, and from the horizontal 278 7,4 ; alſo at 100 28 
52/ the diſtance from the vertical was 145",4 to the weſt, 
200 from the horizontal 22227 
III. On any plane draw a right line CD (Pl. 10. fig. 4) for 
the horizontal, and at right angles to it draw CR for the 
Make CR=2781",4, CS=2222%,7; and 
parallel to CD, draw RP=1422",3, SQ=145",4; then 
P and Q are the two poſitions of the zenith of Paris re- 
ſpectively to the right lines CD, CR. Thro* Q draw. 


KB parallel to RC, and join the points P, Q: Then in 
the right · angled triangle QKP, ſince QK= 558",7 and 


| KP=1276",9, the differences of the calculated diſtances 
therefore it will be found that the hy pothenuſe Q = 


1393˙8, and the angle KQP=56? 22 "6". 

IV. The argument of the moon's latitude at 90 30 
54" being 5 22% 2 387 and the inclination of the orbit 
5*17'6"; its latitude, by calculation, will be 43 530 N. 
and the inclination of the orbit to the circle of latitude 
95* 14 4 to the weſt. 'Thro* the point Q draw, towards 
the weſt, the right line QO making an angle with QB of 

95* 144, and QO repreſents the poſition of the moon's 
orbit. Take 1* 26'g" the moon's motion in her orbit 


during the time of the eclipſe, and fay, _ 
As 60 19% difference of the parallaxes of the ſun and 


moon 
To 60 22"= moon's parallax ; 
$01s51%26'9, < 
To 5183",2 the moon's path on the proje Tion; 
b 4 Make 
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Make QO=518F,2, and draw HO. 


V. In the triangle PQO, are known Pr 13930, the 

Q 2518 ˙ 2, and the comprehended angle =18 gfe: 

23 50% (=KQO—KQP= 84? 45 56"—66® 22! 6%; nor 

whence are found the angle QPO=1 55* 6' 8”, and PO= 100 

P VI. From 16:32", the horizontal ſemidiameter of the not 

moon, take 13˙ for the diminution in ſolar eclipſes, the hor 

- remainder 15 52% add to the ſemidiameter obſerved by the 

M. Ia Hire; and ſay, as 60“ 12" to 60! 22", ſo is 32! 11! ic 
the ſum of theſe femidiameters, to 1936",4 the Teal 


diameter of the penumbra. From the points O and P as 
centres with a radius equal to 1936",4 deſcribe the arcs 
V, X; now there are three caſes ; 1% The arcs may nei- P 
ther touch, nor interſect each other; 2% They may the 
touch; 35. They may interſect one another in two points; lef 
we 

va 

the 


either caſe is eaſily known by the computation; for the 
firſt happens when PO is greater than the diameter of the 
penumbra, the ſecond when they are equal, and the third 
when PO is leſs. 

Examination of the firft caſe. When PO is greater than pr 
the diameter of the penumbra, as here, where PO= ny! 
388 5˙,6, and the diameter of the penumbra is 3872; in 
then it is impoſſible to correct the errors of longitude and m 


latitude in the lunar tables, all the other elements of the Pe 
theory being preſerved, that is, the parallax, inclination E 
of the orbit, horary motion and the correction of the ra 
ſemidiameter. | li 
Io demonſtrate this, from the point Q with the radius 47 
of the penumbra 1936 4 deſcribe, towards the eaſt, an fl 
arc T; then, at the beginning of the eclipſe the centre of fl 


the penumbra ſhould be in ſome part of the arc V, and 

at the end, in ſome part of the arc T ; therefore the arc f 
of the orbit which the moon has run thro? between theſe 4 
two inſtants, ſhould be a right line AT equal and pa- - 
rallel to OO, and terminated in the arcs V and T; con- 

ſequently the right lines AT, QO, TQ, AO, form a pa- N 
rallelogram : But the radii of the arcs X and T being e- = 
qual, and the arcs X and V not meeting, a right line 2 
drawn from O to any part of the arc X cannot be equal | 
* 0 ˖ to 


n 
O0 


1 
1 _ 
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to a radius drawn from Q to that part of the are T where 
the thoon's orbit terminates, becauſe the right line is 
greater than this radius; therefore if the arcs V and X do 
not meet, . is impoſſible; and a right 
line parallel ual to QO, terminating in the arcs T 
and V cannot be drawn: Therefore the calculations will 
not agree with the obſervations, by preſerving the ſame 
horary motion, inclination, parallax and the correction of 
the ſemidiameter of the moon. 1.687 
As among theſe four elements, the moon's parallax is 
the moſt uncertain, it muſt be obſerved in what direction 
it ſhould change to make the reſt correſpond : Now it is 
ealy to ſee that the arcs X and V would meet if the point 
P was more to the weſtward ; therefore its diſtance from 
the vertical line ſhould be greater, which cannot be; un- 
lefs the radius of the projection is augmented, that is, the 
moon's parallax : Conſequently, according to the obſer- 
vations of M. Ia Hire, the parallax 60' 22 deduced from 
the tables according to M. Newton are too ſmall. — 
Examination of the ſecond caſe, Reject the errors of the 
preceding computation in the ſemidiameter of the 
nambra ; that is, without altering the moon's parallax, 
inſtead of ſubtracting 13˙ from the ſemidiameter of the 
moon, take only 7“; and then the ſemidiameter of the 
penumbra will be 1942”",8 equal to the half of PO. 
Thro' the point A, the middle of PO, draw AT pa- 
rallel to OO, and terminating in the arc T; this right 
line is the moon's true orbit as reſulting from obſervations: 


Therefore it is only wanted to know the true longitude of 


the point A or the point T, for to compare the obſerva- 
tions and computation. (Pl. 10. fig. 4.) 
No draw AR, and in the triangle APR are known, 
AP=1942",8, PR=1422*,3, and the angle APR=198* 
44 2” (the ſum of the angles _— QPO) ; hence the 
angle PRA=0® 43 514, and the fide RA=3365g". 
Alſo, in the triangle LRA are known, the angle ARL 
Sg 16 8"4. (the complement of PRA), the angle ALR 
=84* 45' 56”, and the fide RA=3365"; from whence 
are deduced the value of AL==3378*'8 ; which is that 
portion of the projected orbit of the moon * 
N wee” 


_ 


* 
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between the point paſſing thro 1212 50, and *. 


point where it was at 8* 12217, that is, at the beginning | 
of the eclipſe. This projected orbit is reduced to the true 


orbit, by ſaying, as 60' 22” are to 60 I2, ſo are 3378",8 


to 56' 94 3 which taken from 12 12 go N, leaves 11* 


1640 5 for the moon's true place in her orbit deduced 
from obſervations ;_ whereas by the calculation it ſhould 


be in 11* 15,29, Then 15 260 added to 11*16 40 
gives 12* 42 492 for the moon's. true place at 10b-28« 


5273 which according to the . ſhould be in 
12*41 38 &. 


| Examination of the third cafe. 11 the moon's pant 


uſed in the preceding operations had been taken at 61' 60, 
and its ſemidiameter at 16430, as they reſult from M. 
Caffini's tables; then PO — be leſs than the diameter 
of the penumbra : And in this caſe the. true place of the 
moon in her orbit is thus found. 

The parallax being 61' 50”, make (PI. 10. fig..5. ) CR 
22849 3. RP 1451“, 3. CS = 2276 % and SQ 

151",6; then QK=572 „6, and.KP=1300",7 ; there- 
fore PQ=1421", 2, and the angle KQP=66* 14 24 
Then in the triangle QEO, QP= 1421" ,2, QO=5183"%2, 
and the angle PQO=18* 31' 32” z conſequently QO 
154* 4337, and PO=3862” 25 alſo the ſemidiameter 
of the penumbra would be 1947 54, that is, 11” greater 
than what it was before found in Ne. VI. p. 376. 

From the points O, P, with a radius =1947” 4, de- 
ſeribe arcs X, V intertecting in A. D; thro' which, draw 
the right lines AT, DF, parallel to QO, and terminating 
in the arc T; then one of theſe lines repreſents the true 
projection of that arc of the moon's orbit deſcribed during 
the eclipſe. ' 

To find whether AT or DF be the true orbit, take 
CH = 43 50", the moon's latitude at the time of the con- 
junction (or, which will be more accurate, make CH= 
435 57 5 found by ſaying, as 60'12” : 60' 22” :: 43 50” 

43 57 9), and the point H is, according to the tables, 
the point by which the moon's orbit would paſs :: Now H 
being nearer to AT than to DF, therefore AT is the 
moon's true orbit, 

When 


S 2 8 T8 


sse uns 
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* 
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When the ſemidiameter of the penumbra is nearly equal 
to the half of PO, this kind of determination is uncertain ; 
but whatever be the right line taken for the'moon's true 


orbit, it no ways affects the accuracy of the computations 


where the latitudes do not enter, for they only eauſe the 
uncertainty. 

Draw AP, AO; then in the iſoſceles triangle PAO, 
are known all the ſides, viz. PASAO=1947 45 and PO 
=3682',2 ; therefore the angle APO=7* 25 O, and the 
reſt of the calculation 1 is the ſame as in the ſecond caſe. 
Draw AR, and in the triangle APR, „Ar ig 


PR=1451”,3, the angle RPA=174* 3* 47” ; therefore 


the angle PRA=3* 248 and RA=3392",6. Then 
in the triangle RAL, the angle RLEA=84* 45' 56", 


- LRA=93* 24.8”, and RA=3392",6 ;' from whence 


AL= 3400)” 8 which is reduced to 36 32 „the true arc 
of the moon's orbit; therefore at 8* 12' 21” the moon's 
true place in her orbit was 11* 16' 18's, and at 10. 28! 
52” in 1242 27" U. 
- It may be remarked, 1*. That as there is an uncer- 
tainty of 13 or 14” 1n the corre&tion that has been made 


of the ſemidiameter of the moon, it is neceſſary to ob- 


ſerve it during the eclipſe, that the true ſemidiameter of 
the penumbra may be known, and Ns waar the ex- 
act poſition of the moon's orbit. 

25. That by computing from the projection, it can be 
known if the moon's parallax is too ſmall, which cannot 


be found by common trigonometric operations; beſides 
by the laſt calculation the poſition of the moon's orbit 
after the obſervations, could not be rectified but by ten- 


tation, therefore the 2 from projection is pre- 


ferable to any other. 
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 ARTI1ICLE III. 


To calculate the difference of meridians, by comparing together 
7 two obſervations of a ſolar eclipſe. 


W HEN, after obſervations, the true orbit- of the 
moon is drawn on a projection, it is eaſy to com- 
pute the difference between the meridian of the plane for 
which the projection is made, and that where the fame 
eclipſe has been obſerved, provided its true latitude be 
known, and its longitude nearly. ö 

Thus knowing that London is ' of time to the eaſt- 
ward of Paris, it may be concluded that at gh 30 the 
fun comes to 12*4' 50; then calculate the ſun's alti- 
tude, and the angle between its vertical and circle of la- 
titude, whereby the diſtance will be known from London 
to the vertical and horizontal lines of the projection, at 
8*6' 13”, and at 10* 20' 19”, which are the times of the 
| beginning and end obſerved at London; then, ſuppoſing 
the moon's parallax. is 60' 22”, as in the ſecond caſe of 
the preceding article, there will ariſe, 


— — 


28 en Diſtances of London 
True Sun's ical ef ele Ft 
+ time Aude | ins |< ye of he. 
MO | latitade 12 14 50” 5]. 
41 h , TL 0% 2 SN 3 „ 14 0 
48-6 13131 32 30120 37, 30 108), 4 | 1 
10 20 19/48 . $© 40 235.6 $3,001 


But if the parallax be ſuppoſed 61 50“ as in the third 
caſe, there will ariſe, | HOW: 


Diſtances of London © 


Angle betw. 
True | Sun's | FE [nn from the | from the 
I ume | altitude | andcircle of | 1” of | vertical [horizont. 
— 4 | latitude latitude | line line 
ES; 41 181 © - 4 s | 7 un 1 
8 6 13031 32 30120 37 301 113,813 17, 52959, 2 
10 20 19/48 53 „ 5 40 40 2413] 120,512427,5| 


Then 


© CD 7 CÞ 
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Then (Pl. 10, Fg. 5.) draw CD, CE, at right angles, 
for the horizontal and vertical lines ; let P and Q be the 
two ſituations of London, making CR=2889" 0, RP 
1291”,1, CS=2370',0, and SQ=114",8 z find on the 
projection the true Place of the moon in her orbit at 8 
6' 13”, and at 10 200 19”, the reſult of the obſervations 
made at Landon; this may be done two ways. 

The firſt, although longeſt, yetis the ſureſt, when the 
beginning and end of a ſolar eclipſe has been obſerved at 
the place whoſe difference of longitude is fought; and the 

computations are like thoſe of the ing article. 
Thus, in the triangle KPQ, find the angle KF Q=66? 
11' 32”, and QP 1285”,7; then ſay, 

As 2* 16' 31” the duration of the eclipſe at Paris, 

To 518 3·2“ the moon's motion in her projected orbit 5 

So is 2 14 6. the duration of the eclipſe at London, 

To 5091,8 the diſtance ſhe has moved. 

Draw QO=5091",8, making with OB an angle =95* 
14 4 and in the triangle QO, there will be found 
QPO=155* 23'27', and the fide PO=3894 28: This 
value of PO is greater by 22” than twice 1936”,4=PA, 
as found inthe firſt calc of the preceding article; whereby 
it appears that M. Newton's parallax is here too ſmall. 
But to agree with the computations in the ſecond caſe, 
make PA=;PO=1947",4; draw AR, and 1 in the tri- 
angle APR, che angle RPA=179? 1155”, the angle 
PRA=0* 28 55”, and RA=3238'0: Alfo in the tri- 
angle RAL, the angle ARL=89* 31 5', RLA=84* 
45 56", therefore LA=3251' 4% which being diminiſtied 
in the proportion of 60 22” to 60 12”, becomes 543.3 
and LT=1840", 1 being diminiſhed in the ſame propor- 
tion, becomes 30 35"; therefore at 8 6 1 3 che moon's 
Place in her orbit was = 18 47 8, and at 10˙ 20'19 Lo 
was in 1243 25” U 

According to the calculations in the ſecond caſe of the 
preceding article, when it was 8* 12 21'at Paris, the 


moon's place was in 11* 16 40 K therefore in propor. 


tion of 15 26 9, to 20 16 31“, the moon was in 11167 

47 U when at Paris it was 85 15" 377, and at London 

86 13”; hence the difference of their meridians is 9 24 F. 
Alſo 
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- Alſo when it was 10" 28' 52" at Paris, the moon wy 
in 12 42 49% 3 therefore it was in 1243“ 25", 
when at Paris it was 10 29 47”, and at London 10 20 
197; hence the difference of meridians is 9 28”, _ 

But if the elements whereby the computation was made 
in the third caſe of the preceding article, be uſed ; then 
KRQP=66* 2 56', QP=1309',7, QPO=155* 3 21, 
PO=3874',3, PA=1947',4, OPA=5® 52 40, RPA 
=175* 6 65 PRA=2* 54 50, RA=3262", AL 

271,5, and LT=1819",3 ; now AL and LT being 
diminiſhed in proportion of 61 50" to 61' 407, gives 
54 23 and 30 14”; therefore the moon's place at 8 6 
13 was in 11 18 278, and at 10 20 19 in 12* 47 
4 8 : Theſe being compared to the places of the moon 
11* 16 18's, 12* 42' 27 8 ſeen at Paris, according to 
the calculations of the third cafe, there will reſult the dif. 


ference of the meridians, viz. g' 28" and 9 30's. 


M. Caſſini by graphical operations found them to be 
9 17 and 9 21, as ſhewn in the Memoirs of the aca- 
demy, which agrees with the calculations of M. Ja Caill: : 
So that the difference between the meridians of the Royal 


Obſervatory at Paris, and of Greſbam- college at London, 


may be ſettled at g' 28" of time. . 
The ſecond method is ſhorteſt, but leſs certain, and 


ſhould not be uſed but when only one of the principal 


phaſes of an eclipſe is obſerved ; thus if only the begin- 
ning of an eclipſe at 8* 6' 13" had been obſerved at Lo 


don. Renew the calculation of the third caſe of the pre- 


ceding article, where the poſition of the moon's orbit was 
ſettled by obſervations made at Paris; and in the tri- 


angle RLA (Pl. 10. fig. 3.) where RA=3392",6, the 


angle RLA=84* 45 56", and the angle LRA=93* 24 
8"; then LR will be 108", 9, which taken from CR= 


2849',3, leaves CL=2740,4. 


No having computed the diſtance of London from the 
vertical and horizontal lines to be 131 f and 2959,2, 


draw any horizontal line CD, and its vertical CR (Pl. 10. 


6.) make CR=29592, and RP=1317",5, which 


gives the poſition of London in P; make CL=2740",4 
and draw the indefinite right line LA, making with LC 


3 the 


— — 
—— 
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the angle CLA=95* 14 4, and conſequently repreſents 


the moon's true orbit deduced from obſervations made at 


Paris. 

In the rectangle triangle LRP, where RP=1317,5, 
and RL gz 18,8, the ſide PL will be found 1335 6, 
and the angle REP=80* 34 15. From the point P 
with a radius PA 194), 4 the ſemidiameter of the pe- 
numbra, cut the moon's orbit towards the weſt in A, 
which determines its true place when tis 8* 61 13“ at 

In the triangle LPA, are known LP=1335",6, PA 
1947,4, and PLA=4* 11' 41" the difference between the 
anglesRLA=84* 45 56", and RLP SO 34 15"; from 


whence LA will be 3275”, which reduced to the true or- 


bit, and valued, gives 54 28"; and this taken from 129 
12' 50's, leaves 111822“ for the moon's true place, 
when at London it was 8* 6' 13”; but the moon was in 
11 1611878, when it was at Paris 8* 12 217; there- 
fore at 8 15 33 the moon was in 11181227“; and 
conſequently the difference between their meridians is gf 
20"z, which is 77 different from the preceding deter- 
mination, . | | n 

This ſecond method is inconvenient becauſe it intro- 
duces CL into the calculation, whoſe value it is difficult 
to determine exactly by obſervation, becauſe its varia- 
tions are very great, while the values of PO and AP vary 


very little. 


ARTICLE IV. 


To compute the occultations of the fixed ftars by the moon, and 


thereby deduce the elements of aſtronomical tables. 


THERE need be little ſaid on this article, becauſe the 
operations are like thoſe for ſolar eclipſes: Now cal- 
culate four diſtances of the zenith of the place from the 
centre of the moon's penumbra, whoſe. intervals of time 
| are 
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are equal, and nearly one third of the duration of ihe e. 
clipſe; then by the formula, e E | 


compute the two inſtants when this diſtance will be equal 
to the moon's ſemidiameter, and when it will be the leaſt, 
by the method de maximis & minimis. 

Example. To determine by calculation from the lunar 

tables of M. Netoton, the times of the phaſes of the oc. 
cultation of Aldebaran by the moon, which happened on 
the 2d of October 1738, and by the obſervations thereof 
made at Montpellier, its immerſion was at 9 45' 2% in 
the evening, and the emerſion at 10 40 29” 5. 
HI be duration of this eclipſe then was 33 27”, whoſe 
third part is 18-29”; ſuppoſe it 20', and the unmerſion 
according to the tables was towards g* 40' c“; then con- 
ſtruct che following table. 4 | 


M . Diſt. of the moon| 
| * wh From the From the 
[parallax vert. line | bor. line 


by # 4 4 
53 44 2782,3W 2060,6 
53 4412189,9 129799 
53 44|1590,2 1z0g1,8] 
153 44 (1006, 270%, 


— — 


Having ſuppoſed the longitude of Aldebaran to be in 
68 10% , and its latitude to be 3 29 15” ſouth, the 
true conjunction will be found to have happened at Mont- 
pellier at 11 13' 48” in the evening: The latitudes of 
Aldebaran corrected by the table, page 358, are 5* 29 
; 13", t, 5 29 14 0, 5 29 145, 5 29 14 8, and 
hence are deduced the moon's diſtances from the hori- 
zontal and vertical lines as found in the table. | 
I The right aſcenſion of Aldebaran was then 65 14 20 
and its declination 15 57 300, conſequently it muſt have 
. paſſed the meridian of Montpellier at 15* 45 25; and 
the angle comprehended between its circles of * 
8 an 
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is GI 11415 33 
and latitude, was 9 38/537, the circle of declination being 
the eaſtermoſt 1 This premiſed, conſtruct the — | 


table. 


True Montpellier bet. 7 ke le , 
| time | the prom the fromthe|from the rem 
vert. line ¶ hor — hor, line] of Montp. 


| 1 r 1 u * 
9 40 193978 w 51378 8425 45592] 95730. 

j10 0194544 2460, 244,5 383,5 8 

10 20 [19339 2401, 343,7 300, 90 462,8 | 494,8=5 

10 40 1905, 42340, 8 $98,71233-3 928,5 | 29,1=c 


A 
* 
2 
8 
bes 
1 


Let 4a—2b44c=p= 8785 
Ja — 0 —2b == 2281 7,95 
34 — 3 0＋ TC r = 775, 9 


whereby the formula becomes x*%— Tard x, 


Now the moon's horizontal rarallax'i is 887 41 accord- 
ing to M. Newtons proportion of the moon's parallax to 
her ſemidiameter; then from 93)“, ö, the diſtance of Mons 6 
pellier from che centre of the penumbra at 9 400, take 
883%, 1, remains 74”,5 ; and the equation becomes x*— 
BED = xx + 2 74 253 or, x —3 m, 8 5876xx+87,0723 
x=8,41808 3 whoſe two leaſt roots are X=0,0996, and 
x#=2,9315 3 which valued gives 1 59 5 and 88 38“; 
therefore according to the tables, the immerſion of Alde- 
baran in the enlightned part of the moon appeared at 
Montpellier at g 4139 % and che emerſion out of the 
obſcure part at 10˙38 38 

To find the time of the apparent conjunction of the 
centre, of the moon with the ſtar, . or rather, the time 
when they were neareſt, let the fluxion of the formula 
Px" —qxx-+rx be put equal to o; then gr. —29 7 


conſequently x= (5 — N -=) 1,479, which 
— IIs 29363 this added to 940 O makes 


o 9 6 for n the centre of the moon was 
b | 
Cc And 


g 
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And to find the diſtance of the moon's centre from the 
ſtar at this inſtant, in the formula px*—qzx+7x, for x 
ſubſtitute its value 1,479, and there will ariſe 559',,, 
which ſubtracted from 957 ,6, the diſtance correſponding 
to 9 40 O,, leaves 398',2 or 6* 38" for the diſtance of the 
ſtar from the moon's centre, when, according to the 
tables, they were neareſt to one another. 
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ARTICLE V. 


To determine the moon's true place by obſervations of the oc. 
cultations of the fixed ftars. 


TH E occultation of Aldebaran by the moon which 
. * _ happened on the 2d of Oober 1738, was obſerved 
at Touloyſe by M. Garipuy, who determined the inſtant 
of the immerſion at g* 35* 18", and the emerſion at 10 
293“: From theſe obſervations and thoſe made at Moni. 
pellier, tis required to find the true place of the moon in 
her orbit. 5 | EL SID] 
Compute the Diſtances of Montpellier from the vertical 
and horizontal lines; then at 9* 45 2 2, they are found to 
be 1942, 4 to the weſt, and 2502 , 4; and at 10 40 294 
they are 1904“ o weſt and 2339, 2: Draw CD for the 
horizontal line, and CR far the vertical; (Pl. 10. fg. 7.) 
make M, m, the two poſitions of Montpellier to be calcu- 
lated; and the difference. of their diſtances, from the ho- 
rizontal line gives Km g 637, 2, and from the vertical line 

gives KM=38",4 ; therefore in the rectangle triangle 

EKM, the angle KM 137 14 267, and M= 16756. 

 _ Having found by the calculations in the preceding ar- 
ticle, that the true conjunction of the moon with Aldeba- 
ran was in 6* 8' 10*n, the moon's node being in 1923 
187% , and the inclination of the orbit 3˙ G 28“; it fol- 
lows, that at the inſtant of the conjunction, the inclina- 
tion of the moon's orbit to her circle of latitude was 88, 
31" 48" to the weſt; then make the angle BuO=88* ZN 
| * 48 


1. 


0s 


Fes 


8 8 


+ 


in Grwnterart 397 

4%: Now by the computations in the ſame article, it ap- 
pears chat in the interval of 35 27", the duration of the 
occultation, the moon had moved in her orbit 1650",7 1 
therefore make mO=1650",7, draw MO, and in the tri- 

le MMO, are known wM-=167» 6, mO=16zcv 7, the 
angle MnO=78* 13 46"(=KmO—KmM=91* 28' 12— 

19* 1446"); therefore the angle MO = 58 20", and 
MO=1624",9. 9160 | 

From the points M, O, as centres, with a radius = 
$831 the moon's horizontal ſemidiameter, deſcribe arcs 
interſecting in A and G, then one of theſe points muſt be 
the true poſition of the moon's centre at the inſtant of the 
ſtar's immerſion : Now by the calculations in the preced- 
ing article, the moon's latitude at the inſtant of her con- 
junction with Aldebaran, ſhould be 4* 53' 32", whereas 
her latitude-is 5˙ 29 15”, their difference is 2143" ; then 
making CH=2143", it appears that A is the point where 
the moon was at the time of immerſion ; and AL drawn 
parallel to O will be the poſition of the moon's true 
orbit. Wy N ebdi, 

In the iſoſceles triangle MAO, whoſe three ſides are 
known, the angle AMO will be 2354 237 which ſub- 
trated from OMm=95* 58' 20", leaves 72 53" 55", 
add the remainder to the angle MK 76“ 45 34%: Then 
in the triangle AMR, are known, RM= 1942 4, MA= 
883˙, f, and the angle AMR 149 39' 29"; from whence 
will be found, the angle MRA=9? 21 59', MAR=209 
58' 32%, and AR=2941",1, | FIT? 
In the triangle ARL, there is AR=2y41", 1, the an- 
gle ARE=80* 38117, and the angle ALR=91* 28 12"; 
it follows, that AL=2904",6, and LR=371,7 ; ſub- 
tract RL from CR=25027,4, remains CL=21 30*,7, 
ſhewing the difference of the latitudes, or'rather, the dif. 
ference of the fines of the latitudes 'of the moon and of 
Aldebaran at the time the moon paſſes the circle of latt- 
tude correſponding to 6* 8' 10˙n. | 

Alſo, in the rectangle triangle LAF, where AL 


-2504%6, and the angle FLA=889 31148, find AF= 


45 3"x, and this is the difference between the longitudes 
of the moon at the time of immerſion, and the point of 
3 the 
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the ecliptic R. ro” n therefore when it was Uh 
at Montpellier, the moon's true was g 23 a; 
and becauſe the moon had run thro 2% 30'in longitude 
during, 55 27 while the eclipſe laſted, her true place a 
100 40 29 T Was 5* 50 30TH. 

Wich regard to the obſervations of M. Gariph, by 
making the ſarhe kind of com it will be found 
that the diſtance of Toulouſe from the vertical line was 
19348, and from the horizontal 2329, 2, Xy'35 18 
the time of the immerſion ; and at 20 29 37 the time of 
emerſion, the diſtance from the vertical line was 1922, 
and from the horizontal 2374. Nom ſuppoſe M and 
m (Pl. 10. fig. 7.) the two politions of Taulouſe, and tak. 
ing the ſame conſtruction as for Monipeliier, in the tri- 
angle MK, there is KM=1e%;2, mK=154',5, the 
angle KmM=4* 30 54% then M155 17 in the tri 


45 21 


angle MO, M= 55" 57, MO=1 599 4, ad the an- 
gle MmO=86 $7.4 18”, . — angle NO 57 
27 50 and 01598” „7½½lIn the iſoſceles triangle 


MAO, there is MO=1598”,7,  MA=ZAO=883" \l; 
therefore the angle AMO=25* 9 10“ In, the triangle 
RMA, where RM=1934'",8," AM==883",z,: and the 
angle AMR=147* 47:46”; it follows that the angle 
ARM=9?* 55 9“ the angle MARZZ2 15'5", 
 AR=2716",7.; In che triangle AR L., AR 2717 
the angle ARL=80*2' 51", — the angle ALR=91* 
8 22"; nerd , l. Ned. - Nor 
LR taken from CR=2 529%, 2; remains CL=2128",3, 
differing but 17 from that which was found by the com- 
putation for Montpellier, which is à proof of their agrec- 
ing: Again, in the rectangle tri ALF, where AL= 
2676" 12s and the angle ALF=z88* 37 ' 48", then AF= 
44' ' 36”, Which taken from 68 10%, gives 5 23 
24” i for the moon's true place when it wa 95 a 
Tauluuſe, and in 5* 50 g' ch . n 3 


ARTICLE 


In Grenzn AL 32007 
Ax TIL E VI. 


To find 2 difference of Meridians, by comparing tat 
the ee of the eccultatians of the fixed Fan by the 


WW HEN the moon's longitude is found, for one of 


the two inſtants in each place where the obſerva- 
tions of the immerſion and emerſion have been made, it 
is then very eaſy to deduce the difference of meridians : 
For example; ſince by the calculations in the preceding 
__ the moon was in 5* 235 U u when it was 9 45 
z in the evening at Montpellier, and in 5* 2334, 1 
whas? it was 9 35' 15" at Toulouſe ; it is eaſy to conclude, 
that the true ' horary motion of the moon being then 29 
47 , it was 9* 34 22" at Toulouſe when the moon was in 

*23 6˙ n; and conſequently, that the difference be- 
tween the meridians of Montpellier and Toulouſe is 10 40), 
Toulouſe being the weſtermoſt. 

Alſo, when 1 it was 10" 40 29 3 z at : Montpellier, the moon 
was in 5* 50 36˙ n, and in 3 50 37 when it was 100 
29, 3. at Toulouſe 3 therefore when the moon was in 5* 
50 36˙ u it was 105 29' 50" at Toulouſe ; z; conſequently 
the ence of the meridians is 10 39"z z by the — 
tions of the emerſion. 

But when the correſponding obſervations are not com- 
pleat, the ſecond method of Article III. is to be uſed. 
Thus, at Paris M. Monnier could , only obſerve the im- 
merſion of Aldebaran at 9h 30 10”, 

Compute the poſition of Paris with Ward to the ver- 
tical and horizontal lines, the one is foynd 17027 o weſt, 
and the other is 2646",7 : Make CQ=2646,7, (Pl. 10. 
fig. 7.) QP=1502”, join PL, and from the point P as a 
centre with a radius PI=883" 1, the moon's ſemidiame- 
ter, cut AL, the moon's orbit determined by the obſer- 
vations at Montpellier, in I; then in the rectangle tri- 
angle LP, where QP= 1702" o, and QL=516%0(= 
CQ-—-CL=2646",9—2130",7 as found in the preceding | 
article) z it is found that the angle QLP=73* 8' 2", and 


PL=1778 55. | la 
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In the triangle PLI, PL=1778",5, Pl=883",r, and 
the angle PLI=$8* 20'10", then IL=23571",4. 
Alſo in the rectangle triangle LIF, it is found that 
 TF=.9' go", which being taken from 6 8" 10˙ , giutz 
5 25 40% for the moon's true place, when it was gi 50 
100 at Paris; but the moon's true place was in 5 23 
643n when it was 9* 45 2" at Montpellier ; therefore 
the moon was in g 23 u when it was h 38, 3) at 
Paris; conſequently. the difference of meridians is 6';', 


F Paris being ſo much to the weſt of Montpellier. 


This concluſion, from the compariſon of the obſerva. 
tions of Aldebaran, differs but 6“ from 61 117, which is 
the difference between the meridians, deduced from com- 
pPutation. 998 * 8 


e 
5 
. ACS, \ Z4FE75 
| er 


„ 
0 1. 


BOOKS Printad ſor and Sold J. Nouksz. 
"EMOIRS of the Royal Society z or, A New 
Abridgment of the Philoſophical Tranſactions. 
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